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ABSTRACT: A three-moment bulk microphysics scheme is modified to treat melting in a size-dependent manner that

emulates results from a spectral bin scheme. The three-moment bulk framework allows the distribution shape to change and

accommodate some direct effects of melting on both the hail and raindrop size distributions. Reflectivity changes and shed

raindrop sizes are calculated over discrete size ranges of the hail particle spectrum. Smaller ice particles are treated as

melting into drops of the same mass, whereas large particles shed drops as they melt. As small ice particles are lost, the size

spectrum naturally becomes narrower and the mean size of small hail can increase. Large hail with a narrow spectrum,

however, can decrease in size from melting. A substantial effect is seen on the rain median volume diameter when small

drops are shed from large melting hail. The NSSL bulk scheme is compared with bin microphysics in steady-state hail shafts

and in a supercell storm case. It is also shown that melting (or any substantial removal of mass) induces gravitational size

sorting in bulk microphysics to increase hail size despite the design of the process rates to maintain the mean size of the

melting ice. This unintended side effect can be a correct behavior for small hail, but not for large hail with a narrow

distribution, when mean hail size should decrease by melting.
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1. Introduction
Cloud physics parameterizations are known to be significant

contributors to errors and biases in convection-allowing sim-

ulations (e.g., Clark et al. 2012), andmany processes contribute

to the wide variations noted among different microphysics

schemes (e.g., Morrison et al. 2015; Khain et al. 2016; Fan et al.

2017; Han et al. 2019). The melting process is important for

cold pool formation and rain characteristics, and has generally

been treated relatively simply in bulk microphysics schemes,

which predict one or more integral moments (e.g., total mass

and particle number) of a prescribed analytical function rep-

resenting the particle size distribution (PSD). Rasmussen et al.

(1984) demonstrated that the characteristics of melting and

raindrop shedding depend rather dramatically on the size of

the melting ice particle. These behaviors affect hail and rain-

drop sizes, which in turn drive polarimetric radar features (e.g.,

Jung et al. 2012; Dawson et al. 2013, 2014; Johnson et al. 2016;

Putnam et al. 2017; Snyder et al. 2017). Spectral bin schemes

can treat processes dependent on hydrometeor size in a

straight-forward manner. Bulk schemes generally use integra-

tions over the prescribed PSD, which precludes a nonanalytic

size dependence. Here, we explore the use of a three-moment

bulk scheme with integrations over a few specific size ranges

in a ‘‘quasi-bin’’ or ‘‘bin-emulating’’ approach to the problem

that retains computational efficiency compared to a full bin

scheme.

Most multimoment bulk microphysics schemes predict the

total mass (third moment in diameter), number concentration

(zeroth moment), and, for three-moment schemes, reflectiv-

ity (sixth moment) (e.g., Milbrandt and Yau 2005a; Dawson

et al. 2014). Other choices are possible, however, as shown for

two-moment schemes by Straka et al. (2005) and in two- and

three-moment schemes by Milbrandt and McTaggert-Cowan

(2010) (for sedimentation). More sophisticated configura-

tions are possible as in Farley and Orville (1986) and Johnson

et al. (1993), who used a spectral bin method for hail

combined with bulk physics for the other species. Another

method is the hybrid-bin approach, where microphysics

rates are found by transforming the bulk distributions into

temporary spectral bin classes or by using lookup tables of

bin calculations to compute moment rates (e.g., Feingold

et al. 1998; Morrison 2012; Loftus et al. 2014; Kudzotsa et al.

2016; Paukert et al. 2019).

The present work builds upon Milbrandt and Yau (2005b),

Mansell et al. (2010), and Dawson et al. (2014) with the use of a

three-moment bulk scheme and its key advantage (over the

two-moment bulk scheme) of allowing the shape parameter

a to vary within the assumed gamma function size distribution

in diameter:
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where Nx is the total number concentration of hydrometeor

species x, G is the complete gamma function, and Dn is the

characteristic diameter, which is the reciprocal of the com-

monly used slope parameter l:
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where qx is the mass mixing ratio, and cx and dx define the

mass–diameter relationship (Table 1). The effective width of

the distribution can range from very wide (e.g., a # 0) to quite

narrow (e.g.,a. 6). A primary process that can cause narrowing

of the spectrum is gravitational size sorting (Milbrandt and Yau

2005a; Mansell 2010; Milbrandt and McTaggert-Cowan 2010;

Dawson et al. 2014; Loftus et al. 2014), where the downward

leading edge of a 1D precipitation shaft is led by the largest (i.e.,

fastest-falling) particles. In a three-moment scheme, the leading

edge develops a narrower distribution as the large particles

outrun the smaller ones before reaching the ground.

In addition to transient size sorting (e.g., as in Milbrandt and

Yau 2005a; Mansell 2010) steady-state size sorting can be

achieved bymaintaining a constant source aloft in the presence

of horizontal wind, which maintains a vertical size sorting

‘‘leading edge’’ profile by the relative horizontal advection of

mass (e.g., Kumjian and Ryzhkov 2012; Dawson et al. 2014,

2015). Melting can have a similar effect in a steady 1D hail

shaft, as will be demonstrated below, by removing mass from

the hydrometeors, much like horizontal advection.

In Milbrandt and Yau (2005b) and Dawson et al. (2014), the

microphysical reflectivity moment rates for a given processes

(e.g., accretion) were diagnosed from the rates for number

concentration and mass. The reflectivity rate calculation as-

sumed that the process had minimal effect on the shape pa-

rameter. For some processes, however, it can be relatively

straightforward to integrate the reflectivity change directly,

which allows the shape parameter to be directly affected, as in

the three-moment warm rain scheme of Naumann and Seifert

(2016). Melting of graupel or hail, for example, should remove

smaller particles more rapidly from the distribution than larger

particles and lead to a narrower distribution. (At least in the

case here where liquid fraction on ice is not predicted, which

requires immediate transfer of meltwater to the rain category.)

In this paper, melting of graupel and hail as described by

Rasmussen et al. (1984) is treated by integrations over specific

size ranges in a bin-emulating approach, which has similarities

to the ice parameterization of Morrison and Milbrandt (2015),

which defined ice particle properties that varied over parts of

the size spectrum. The method is described and then applied

first to a simple, steady-state 1D hail shaft and second to a

supercell storm simulation. Results are then tied back to

Dawson et al. (2014), who related gravitational size sorting of

hail and rain to simulated polarimetric radar variables.

2. Model and microphysics

a. Model

The Collaborative Model for Multiscale Atmospheric

Simulation (COMMAS;Wicker andWilhelmson 1995; Coniglio

et al. 2006; Mansell et al. 2010) is used for all experiments.

COMMAS uses the Klemp and Wilhelmson (1978) atmo-

spheric equation set, using the same strategy of integrating sound

waves on a split time step. Time integration uses a third-order

Runge–Kutta scheme (RK3; Wicker and Skamarock 2002).

Advection of both scalars and momentum typically uses a fifth-

order upwind-biased stencil for the first two steps of theRK3, and

for the third step either the same stencil or a fifth-, seventh-, or

ninth-order weighted essentially nonoscillatory (WENO) scheme

(Balsara and Shu 2000). Hydrometeor sedimentation uses a

forward-in-time first-order upwind scheme (Mansell 2010), which

can take multiple substeps depending on the fall speed Courant

number. In full 3D simulations, the surface is treated as free-slip,

and radiative lateral boundary conditions are employed.

b. Bulk NSSL scheme: ‘‘Control–bulk’’ and ‘‘bin–bulk’’
The bulk microphysics scheme used here is the multimo-

ment National Severe Storms Laboratory (NSSL) parameter-

ization (Mansell et al. 2010; Ziegler 1985). The two-moment

version of the scheme is essentially the same as in the Weather

Research and Forecasting (WRF) Model and Cloud Model 1

(CM1; Bryan and Fritsch 2002). It has six hydrometeor cate-

gories (cloud droplets, rain, cloud ice, snow, graupel, and hail),

for which mass and number concentration are predicted. The

reflectivity moment (sixth moment in diameter) can be pre-

dicted for fast-falling species (rain, graupel, and hail) (Dawson

et al. 2014). The PSD shape parameters ax are found by an

iterative method (appendix C). The average particle density

can be predicted for graupel and hail by tracking the total

particle volume (Mansell et al. 2010; Mansell and Ziegler

2013). Note that ice density prediction is only used here for the

supercell simulation, and constant values are used for the

steady-state hail-shaft experiments for simplicity and com-

parison with the spectral bin scheme. Cloud condensation

nuclei (CCN) number concentration is also predicted (e.g.,

Mansell and Ziegler 2013). For the experiments herein, grau-

pel and hail do not collect liquid at temperatures greater than

08C, although the collection rate is calculated for use in the

melting equation in the control simulations. The only explicit

rain breakup in the bulk scheme is the application of a limit of

6mm applied to the mass-weighted diameter. An implicit

breakup is applied in the form of gradually reducing rain self-

collection as the mean-mass rain diameter increases toward

2mm and is turned off for larger sizes. The unmodified bulk

scheme will be referred to as ‘‘control–bulk’’ and the new

version with bin-emulating melting will be ‘‘bin–bulk.’’

The NSSL scheme’s hail category is designed to emulate a

‘‘true’’ hail that arises from rapid (wet) riming growth of dense

graupel (Mansell et al. 2010). This differs from the more

common categorization of graupel and hail species by density

in both bulk (e.g., Ferrier 1994; Milbrandt and Yau 2005b;

Loftus et al. 2014) and spectral bin schemes such as Khain and

Sednev (1995) and the Takahashi bin scheme used herein

(Takahashi 1976a), where the hail category includes smaller

frozen drops. The predicted bulk particle density allows

graupel to have characteristics ranging from low density

graupel (from rimed ice or snow) to high-density frozen drops.

Frozen raindrops are therefore converted to high-density
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graupel instead of hail, which helps avoid undesirable dilution

of the hail size aloft (Milbrandt and Yau 2006).

c. Takahashi spectral bin scheme (‘‘bin scheme’’)

The Takahashi (1976a) spectral bin microphysics scheme

was employed to compare melting-related results with the

NSSL bulk scheme. The code was adapted from Takahashi and

Shimura (2004) as described in appendix B. Briefly, as in

Fig. B1, there are 34 mass bins for liquid particles (cloud

droplets, drizzle, rain), 45 bins each for low-density rimed ice

(graupel, rg 5 300 kgm23) and high-density hail/frozen drops

(rh 5 900 kgm23). Ice crystals are predicted on 2D grid of

TABLE 1. Symbols used in the text.

Symbol Meaning/reference Value SI units

ax Factor in fall speed relationship, yx 5 axD
bx (Mansell et al. 2010) m(12bx)s21

ar Factor in rain fall speed relationship, gar[12 exp(2frD)] (Dawson et al. 2014) 10 m(12bx)s21

ah Ventilation coefficient for heat, ah 5 c1 1 c2Sc
1/3Re1/2

am Ventilation coefficient for mass, am 5 c1 1 c2Pr
1/3Re1/2

bx Exponent in fall speed relationship

cp Specific heat of dry air at constant pressure 1004 J kg21 K21

c1 Constant in ventilation term [Beard and Pruppacher 1971, Eqs. (8) and (9)] 0.78 or 1.0

c2 Constant in ventilation term [Beard and Pruppacher 1971, Eqs. (8) and (9)] 0.308 or 0.108

cx Coefficient in mass–diameter relationship mx 5 cxD
dx kg m2dx

CD Drag coefficient (Mansell et al. 2010) 0.45–1.0

Cw Water heat capacity, 4243 1 0.3471T2

d or D Particle diameter m

dx Exponent in mass–diameter relationship, mx 5 cxD
dx

D0r Rain median volume diameter 5 (3.67 1 ar)Dn,r m

Dm1 Diameter below which no shedding occurs (Dcrit) 9 mm

Dm2 Diameter between shed drops of 4.5 and 3.0mm 16 mm

Dm3 Diameter above which shedding produces 1.5mm drops 19 mm

Dn,x Characteristic diameter of species x (1/lx) m

DMxMas Diameter of maximum mass (also the area-weighted diameter) mm

Dx Mean-mass diameter of species x mm

fr Exponential factor in rain fall speed relationship (Dawson et al. 2014) 516.575 m21

g Acceleration due to Earth’s gravity 9.81 m s22

Ka Thermal conductivity of air, Ka 5 hKa,0/Ka,1 (Straka and Mansell 2005) J m21 s21 K21

Ka,0 Thermal conductivity coefficient 2.43 3 1022

Ka,1 Thermal conductivity coefficient 1.718 3 1025

Lf Heat of fusion (Straka and Mansell 2005) J kg21

Ly Heat of vaporization (Straka and Mansell 2005) J kg21

n(x) Number of particles in mass bin x cm23

Nx Total number concentration of hydrometeor category x m23

qx Mass mixing ratio of water substance category x kg kg21

qy Mass mixing ratio of water vapor x kg kg21

qy,s Saturation water vapor mixing ratio (with respect to liquid) kg kg21

qy,s,0 Saturation water vapor mixing ratio (with respect to liquid) at T 5 273.15K kg kg21

Re Reynolds number, Re 5 2ry/n 5 Dyt/n (for sphere)

Sc Schmidt number, Sc 5 n/C
T Temperature K

ycrit Critical drop freezing volume cm3

ytx(D) Terminal fall speed of particle of species x with diameter D m s21

Zx Reflectivity moment of hydrometeor category x m23

a Shape parameter in the gamma size distribution function

amin Minimum shape parameter for rate equations (graupel/hail/rain) (can be set

as low as 20.95)

0

amax Maximum shape parameter for rate equations (graupel/hail/rain) 15

amxmlt Limiting graupel/hail shape parameter in bin–bulk melting 14.5

h Dynamic viscosity of air (rairn) m22 s21

g Fall speed factor (b 5 1/2 for bulk, 0.39 for bin ice crystals) (ro/rair)
b

lx Slope parameter in the gamma size distribution function

n Kinematic viscosity of air (Straka and Mansell 2005) kgm22 s24

rair Air density kgm23

ro Reference air density 1.225 kgm23

C Water vapor diffusivity (Straka and Mansell 2005) m2 s21
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radius (21 bins) and thickness (5 bins), where radius is affected

by deposition, sublimation, aggregation, and melting, and

thickness changes via riming growth. For the 1D sedimentation

tests, only melting is active, and this process is sufficiently

similar that the bin and bulk schemes can be reasonably di-

rectly compared. For 3D simulations with all processes active,

however, spectral bin schemes are not necessarily more reli-

able than bulk microphysics as shown, for example, by Xue

et al. (2017), but can be capable of producing comparable

forecast solutions (e.g., Fan et al. 2017). The Takahashi

scheme will interchangeably be referred to as simply the

bin scheme.

One of the most important upgrades to the Takahashi

scheme was the addition of incremental melting rates, which

replaces the original method of instantaneous complete parti-

cle melting at specified temperatures. The bin scheme only

calculates ice–liquid collection when T , 08C. A relatively

simple collisional drop breakup parameterization (Young

1975) was also added. In the sedimentation tests, liquid drop–

drop interactions (coalescence and collisional breakup) were

deactivated in the bin scheme (except where otherwise speci-

fied) for better direct comparison with the bulk results. For

comparisons with the three-moment bulk scheme, gamma

function shape parameters are estimated from the bin distri-

bution by summing the appropriate moments and then using

the same iterative solution method as in the bulk scheme

(appendix C).

d. Bin-emulating melting
This section describes the details of implementation of a

parameterization of melting based on the results of Rasmussen

et al. (1984), who documented a range of distinct melting

modes of ice spheres suspended in a wind tunnel. Figure 1

summarizes their results as used in the parameterization here.

In their study, ice spheres with initial diameters from 3 to

20mm were suspended in airflow. Larger spheres melted and

then shed part of the meltwater until the particle (ice core plus

liquid shell) reached a diameter of about 9mm (Dm1 in Fig. 1).

No shedding occurred for sizes less than about 9mm, and in-

ternal circulations appeared as the water fraction increased

with further melting. Shedding from larger particles (D.Dm3)

could take the form of small drops (about 1.5mm diameter)

while intermediate ice particles (from Dm1 to Dm3) were seen

to shed larger drops (3–4.5mm). The hail spectrum is divided

into four ranges: (i)D#Dm1 with no shedding, (ii)Dm1,D#

Dm2 with larger drop (4.5mm) shedding, (iii)Dm2 , D #Dm3

with medium drop (3mm) shedding, and (iv) D . Dm3 with

shedding of smaller drops (1.5mm). The hail size ranges were

also expressed in terms of Reynolds numbers, which could

perhaps be more accurately applied at higher altitude, but the

diameter ranges are used here for simplicity of integration. The

Rasmussen et al. (1984) experiment used highly idealized

spherical ice that was loosely tethered horizontally to prevent

tumbling, although some spinning was possible, whereas real

hailstones can take a variety of shapes and often have irregular

lobed structures and gyrations. Therefore, the results may not

capture the considerable uncertainty in real situations, such

as with tumbling (e.g., Knight and Knight 1970) or gyrations

[e.g., Lesins and List (1986), although they examined shedding

during wet growth rather than melting]. Rasmussen et al.

(1984) also documented collisions between drops and melting

ice that caused ejection of smaller drops, but this process is not

parameterized here. Sensitivity of the melting effects to the

value of Dm1 is tested by varying it over a range from 7 to

11mm in a 1D hail-shaft experiment.

Following Wisner et al. (1972), using Reynolds number

Re 5 ytxD/n but neglecting accretion of liquid particles, the

mass melting rate for an ice particle of diameter D is given by
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where the bracketed term is the ventilation factor (Beard and

Pruppacher 1971), and the particle fall speed is ytx. (See Table 1

for definitions of symbols.) Fall speeds for graupel and hail are

parameterized as power law: ytx 5 gaxD
bx , where x refers to a

given species of ice (e.g., graupel or hail), and g is an adjust-

ment for air density. The fmlt factor contains the rates of heat

conduction and latent heat of vaporization as

f
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(Mason 1956).

The total ice mixing ratio melting rate can then be found by

integrating over the entire size distribution as
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FIG. 1. Illustration of melting regimes based on Rasmussen et al.

(1984), where Dm1 5 9mm, Dm2 5 16mm, and Dm3 5 19mm.

Complete melting reduces the hail number concentration

(dNh/dt, 0) in region (i), but shedding only reduces particle mass

and not the particle number (dNh/dt 5 0) in regions (ii)–(iv). The

curve represents an arbitrary hail size distribution with a total

number concentrationN5 1m23, characteristic diameterDn5 7mm,

and shape parameter a 5 1.5.
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The melting over the range (Dm1, ‘) introduces the upper in-

complete gamma function G(x, y)1 in the ‘‘xvent’’ term
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The melting rate for the range (0,Dm1) of region (i) is then the

difference between the complete integral (0, ‘) and the inte-

gral over (Dm1,‘) (also known as the lower incomplete gamma

function). Then for region (ii) a similar difference is taken

between integrals over (Dm1, ‘) and (Dm2, ‘), likewise for

region (iii). Region (iv) simply integrates on (Dm3, ‘). The
liquid production in each range (ii)–(iv) is used to find the

number of shed drops by dividing by the mass of the corre-

sponding drop size.

For computational efficiency, lookup tables for incomplete

gamma functions are generated at the first time step for a range

of arguments (e.g., Verlinde et al. 1990; Ferrier 1994; Morrison

and Milbrandt 2015) of the function G(a 1 ax, r)/G(b 1 ax),

where r is the ratioD/Dn,x and a and b are constants particular

to each equation. For example, the first numerator term of (10)

has r 5 Dm1/Dn,x, a 5 2, b 5 1, and the second term has the

same except a 5 2.5 1 bx. The lookup tables have a range of r

from 0 to 100 and a from amin to amax (i.e., 0 to 15 in this work),

withDr5 1/4 andDa5 1/16. A large value of r generally means

the integral is over only the outer tail of the distribution and

therefore small. The largest r values result fromDm3/Dn,xwhen

the characteristic hail (or graupel) diameter Dn,x is small. The

division by G(b 1 ax) yields a smoother function than the nu-

merator alone, and thus requires lower resolution for a given

interpolation accuracy.

Multimoment bulk schemes, including the NSSL scheme,

typically preserve the mean ice particle mass during melting by

calculating the ice particle number loss rate as the simple di-

vision of the mass melting rate by the current mean particle

mass, i.e., Nmelt 5 qmelt(N/q) (e.g., Ziegler 1985; Zrnić et al.

1993; Ferrier 1994). This is a reasonable strategy in a two-

moment scheme but has the effect of removing a fraction of

both large and small ice particles because the distribution

shape stays constant. The three-moment framework allows the

calculation of both the complete melting of small particles

and the partial melting and shedding from large particles. This

can change the mean particle mass depending on the ratio of

the number concentration loss (from whole particle melting at

0,D#Dm1) to the total mass loss. For example, small mean-

mass hail can increase in mean diameter as the smallest par-

ticles are removed. If the mean-mass hail size is large (i.e.,

sufficiently larger than Dm1) with a narrower spectrum, then

concentration loss is minimal and the mean size shrinks.

The number loss from ice melting in the size range 0 toDm1

is treated as complete melting of a fraction of particles at each

diameter (see appendix A) as

dN
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and g*(x, y) is the lower incomplete gamma function.2 Note

that nventD1
is invalid for a # 1 and becomes large as a / 1.

Thus, an alternate approximation is calculated for a # 1.5 by

subdividing the diameter range [0, D1] into two or more size

ranges or ‘‘bins.’’ The mass melting rate in each bin is calcu-

lated as above and then divided by the average particle mass

for the bin to derive the number loss rate. The bin average

particle mass is the ratio of total bin mass to total bin number,

as calculated using incomplete gamma functions. A simple

three-bin calculation (0–1.5, 1.5–4.5, and 4.5–9.0mm) yields

sufficient accuracy compared to four to six bins. As will be seen

in the results, the shape parameter can quickly exceed 1.5 as

melting begins, so the alternate calculation is generally con-

fined to the top of the melting layer.

The strategy of whole particle melting attempts to preserve

the net number of particles of a given mass, but this has a side

effect on the resulting spectrum of small ice particles because

liquid fraction is not tracked here. For example, if one begins

with N ice particles with mass m0, at a later time (under the

1 G(x, y)5
Ð ‘
y
tx21e2t dt. 2 g*(x, y)[G(x)2G(x, y).
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effect of melting only) there will still beN particles of the same

mass, having melted by some fraction f. Here, the particles are

represented as fN raindrops and (1 2 f)N unmelted ice parti-

cles. In reality, of course, there areN particles with ice cores of

mass (1 2 f)m0, so this method misrepresents this ice mass as

the equivalent number of unmelted particles. In the Takahashi

bin scheme, this means that ice particles with D , Dm1 only

reach the surface by surviving through the whole melting layer.

Particles that start withD.Dm1 can shrink until they become

‘‘stuck’’ at D 5 Dm1, so that ice at D , Dm1 does not neces-

sarily represent a natural ice spectrum. These particles can be

thought of as representing the remaining total ice mass in

mixed phase particles that would contain smaller ice cores,

which could be tracked with an additional variable to the

model to track the amount of liquid that develops on the ice as

it melts (e.g., Phillips et al. 2007).

The integrated reflectivity change for whole particle melting

(w.p.mlt; appendix A) across the entire spectrum is
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Because shedding induces twice the reflectivity change of ice as

fractional whole particle loss (appendix A), (14) is integrated

over the limits (Dm1, ‘) to get the rate for shedding particles,

which yields the same form as (15), with the replacement of

zvent by zventD1 and the introduction of the upper incomplete

gamma function:
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Again, the reflectivity rate for the range (0, Dm1) is found by

subtraction. The hailZ rate for shedding over (Dm1, ‘) is simply

twice the whole particle melting rate for the same interval.

If the number loss by melting is greater than the control–

bulkcontrol–bulk amount, the mean particle mass increases

since the total mass loss is the same in both methods (for the

same starting PSD). This generally forces the shape parameter

to increase, depending on the reflectivity loss. The value of a

(of any species) is limited to a maximum value of amax5 15 for

process rate equations, both for numerical and practical rea-

sons: certain terms become very large but ratios change slowly,

such that allowing larger values has diminishing returns.

The moments are allowed to evolve such that the actual shape

parameter may exceed amax, but the calculated value is simply

capped (appendix C), and moments are not scaled or adjusted

to force the actual shape parameter to be consistent with this

limit. Thus, to prevent the newmelting scheme (bin–bulk) from

trying to narrow the hail distribution beyond amax, the N and Z

tendencies are switched to the original control–bulk scheme

when the shape parameter exceeds a threshold of amxmlt5 14.5.

(The mass tendency remains the same regardless of ax.) Note

that the rain moment tendencies are still calculatedwith the new

method, and only the graupel and hail tendencies are directly

affected by amxmlt. Currently, a is also limited to a minimum

value of 0, but slightly negative values (i.e., a . 21) are physi-

cally valid and may be allowed in future work.

A sophisticated three-moment hail scheme was also devel-

oped by Loftus et al. (2014) that is in some ways comparable to

the one presented here, and each of the parameterizations has

unique features. The Loftus hail includes prediction of liquid

water fraction retained on hail particles (via the total heat

content), whereas the NSSL scheme used here assumes that all

liquid is immediately shed. [An experimental version of the

NSSL scheme with an explicit water fraction prediction has

been developed by Silveira (2016) that follows Ferrier (1994).]

In the Loftus scheme, liquid is shed as 1-mm drops from larger

(D $ 9mm) hail particles (with the amount based on lookup

tables), but the reflectivity change in hail is assumed not to

affect the shape parameter. Very small ice particles that can

melt in one time step are transferred to rain in the Loftus pa-

rameterization, but partial melting of larger hail particles

contributes to the liquid fraction and are retained. Thus, the

Loftus scheme may have less direct impact on the shape pa-

rameter due to melting, but this is not clear.

Other spectral bin schemes have also implemented parame-

terizations of Rasmussen et al. (1984). Phillips et al. (2007) in-

corporated the results into the two-dimensional Hebrew

University Cloud Model (HUCM; Khain and Sednev 1995), but

the maximum hail diameter in that scheme was smaller than

9mm diameter, so no shedding effects were possible from large

hail. More recently, Kacan and Lebo (2019) presented an up-

dated spectral scheme with predicted liquid fraction of mixed-

phase hydrometeors, withmaximumhail diameter around 10 cm.

A hybrid-bin version of hail melting was also set up to check

consistency with the bin-emulating equations. Here, the hybrid

bin is applied only for melting of graupel and hail, which are

converted to bin distributions to calculate rates. Hydrometeors

are otherwise kept in bulk form (moments only) for all other

processes (e.g., advection, turbulent mixing). The bulk hail

DSD was discretized within the microphysics routine using the

same mass grid and calculations as in the Takahashi bin

scheme. The bin calculations produced resulting spectra of hail

and rain, which were transformed into bulk rates for number,

mass, and reflectivity. The hybrid results agreed very well with

the bin–bulk results and thus are not shown.

3. 1D steady hail shaft

a. Setup

This first set of tests uses a 1D framework similar to the

pure sedimentation experiments of Milbrandt and Yau (2005a),
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Mansell (2010), and Dawson et al. (2014). The sedimentation

results of Loftus et al. (2014) and Dawson et al. (2014) both

included melting in differing frameworks. Loftus et al. (2014)

took the common approach of releasing a single pulse of ice

particles, which convolves the time-dependent behavior of

both melting and transient size sorting. Dawson et al. (2014)

set a constant source of ice particles that eventually reached a

steady-state solution, which is revisited later in section 5. In the

1D hail shaft, we take this latter approach of a constant hail

source, but with no source-relative horizontal wind (i.e., zero

winds), which at steady state has no wind-induced size sorting

and focuses on the effects of melting alone.

As in Dawson et al. (2014), an imposed size distribution of

hail is maintained at the top of the domain and allowed to fall

and melt until a steady-state profile is reached (30min).

Deposition and evaporation are disabled, and the thermody-

namic profile is maintained as a constant background state (i.e.,

no feedback frommicrophysics). The hail has a fixed density of

900 kgm23 and initial ah 5 2. In the small hail case, the mean-

mass diameter is 3mm and mixing ratio is 6 g kg21, and for the

larger hail case they are 15mm and 0.5 g kg21, respectively. An

additional test with 15-mm hail uses an initial ah 5 8. The

vertical grid has 32 levels with constant grid spacing of 200m

for a depth of 6400m, and the time step is 5 s. The profile is a

southern plains supercell storm environment (Calhoun et al.

2014) with surface and top temperatures of 30.38 and214.78C,
with the 08C level at about 4400m (Fig. 2).

b. Small 3-mm hail
For hail starting with a mean-mass diameter of 3mm, the

control–bulk, bin–bulk, and spectral bin melting results have

similar profiles of mass content and reflectivity (Figs. 3a,d,g),

indicating that the melting rates are quite comparable across

the three schemes. Hail mass content (e.g., at 1 km altitude)

and hail reflectivity (e.g., at the ground) for bin–bulk, however,

show a better match to the bin result. Hail reflectivity in bin–

bulk is about 12 dBZ higher at the ground than in control–bulk.

The more dramatic change is in the hail-shape parameter

(Figs. 3b,e,h), where bin–bulk quickly increases to amxmlt,

similar to the bin result. Bin–bulk maintains higher hail re-

flectivity by having higher mean-mass diameter and mass

content than control–bulk (cf. Figs. 3c,f), although these are

slightly offset by the higher shape parameter. It should be

noted that control bulk has slightly greater melting rates than

the others because it includes a contribution from rain col-

lection, which is neglected by bin–bulk and bin. If the rain

collection is also neglected in control–bulk, the hail mass

content and reflectivity increase slightly (Fig. 3a), while the

shape parameter and diameters decrease slightly (Figs. 3b,c)

because of slightly decreased melting-induced size sorting, as

discussed below.

Raindrop sizes are comparable in both bulk schemes be-

cause the hail diameters are small enough that drop production

is dominated by the 0 to Dm1 portion of the hail spectrum. At

the top of the melting layer (2.5–3.5 km), bin–bulk has smaller

rain diameters from the assumed complete melting of smaller

ice particles (Figs. 3c,f), which is also seen in the bin result

(Fig. 3i). If rain size sorting is disabled, the diameter profile

remains nearly unchanged for bin–bulk (not shown), which

indicates that it is primarily driven by the size of melting ice.

The bin scheme was run without drop–drop interactions for a

fairer comparison with the bulk schemes, but Figs. 3h and 3i

have additional raindrop profiles with collection and collisional

breakup turned on. The drop interactions produce small

breakup fragments that result in a lower mean drop diameter

and push the rain shape parameter toward zero.

Further comparison is given by the hail particle size distri-

butions (PSDs) at the surface in Fig. 4a. The bin scheme result

has larger numbers in the tail than the equivalent gamma

function fit. The thick tail is partly an artifact of nonconser-

vation of reflectivity in a spectral scheme that predicts only one

variable (particle number) per bin. When mass is lost by

shedding, the shrinking particle becomes split between its

current and the next smaller bin, which preserves number and

mass but not necessarily reflectivity. Khain et al. (2008) de-

veloped an extra constraint for the reflectivity, which has been

applied in Fig. 4a as the ‘‘Z-cons’’ plots. The reflectivity con-

straint does shrink the tail, but can cause negative values, which

have been filled by borrowing mass from neighboring bins.

(This causes the zero bin value at 0.013m in Fig. 4a.) The result

is better reflectivity conservation at the cost of small departures

from number conservation, while mass is still conserved pre-

cisely. The gamma distributions for both bin results are quite

close to each other, with Z-cons being slightly narrower mainly

because of its slightly lower reflectivity moment. Both of the

bulk scheme PSDs have obvious differences from the bin

gamma fits, but bin–bulk sees a better match to the bin-fit

gamma distribution at the larger diameters. Relatively poor

agreement is expected at smaller diameters since the bin

scheme can completely remove smaller particles and here has

zero particles for D , 2.1mm (because small ice cannot

shrink). The gamma fits for the bin results have shape param-

eters of 29 or higher, which is much larger than the limit of 15

in the bulk scheme. Nevertheless, the larger value of a in bin–

bulk does reduce the number of tiny particles compared to

control–bulk.

c. Sensitivity to Dm1

Variation of the nonshedding/shedding threshold diameter

Dm1 has direct consequences on the hail diameter, as shown in

Fig. 5 for both the bin–bulk and bin schemes. A lower value of

Dm1 (e.g., 7mm) in the hail-shaft experiment reduces the net

number concentration loss, which leads to smaller final hail

diameters (i.e., less increase of the mean diameter). The

smaller Dm1 causes an increase in shedding and therefore re-

flectivity loss, such that the maximum shape parameter is

reached at a higher altitude (corresponding to the inflection

point in the diameter profile in bin–bulk). Likewise, an in-

crease ofDm1 (e.g., from 9 to 11mm) allows a larger increase in

hail mean diameter via the greater loss of number by whole

particle melting. In terms of the melting rates, Dm1 shifts the

ratio of melted mass between small (D#Dm1) and large (D.
Dm1) particles as well as the proportional change in number

concentration. These perturbations to Dm1 have little to no

effect on the rain diameter in the 3-mm hail case (not shown).

Similar small shifts are also seen for the 15-mm hail tests with
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bin–bulk, and only very small changes in the bin scheme as a

larger majority of ice mass is carried in sizes larger than 11mm.

d. Size sorting induced by melting
In Figs. 3b and 3c the control–bulk shape parameter and

mean-mass hail diameterDh can be seen to increase toward the

surface, even though the number loss rate by melting does not

directly change the mean hail diameter. The maximum mass

diameter DMxMas (equivalent to the area-weighted diameter)

follows the same pattern, and is shown because it is sensitive to

a and gets closer toDh when a is large. This is also seen in bin–

bulk below the level where amxmlt is reached and reflectivity

and number rates are reverted to the same method as control–

bulk. Figure 3e has an additional curve for amxmlt 5 12, which

shows the continued increase in a at the same rate as in Fig. 3b.

What explains this behavior? The answer is that melting re-

moves mass and thus induces size sorting, much like a source-

relative horizontal wind. Without any melting or other mass

loss, the steady-state sedimentation fluxes become balanced,

and the hail size and shape parameter become constant with

height, as seen in Fig. 6.

Gravitational size sorting can be disabled by using only the

mass-weighted fall speed for sedimentation of all moments

(N, q, and Z), for example as done in Dawson et al. (2014).

FIG. 2. (a) SkewT–logp soundings for 3D simulations of 1 Jun 2008 (solid) and 1D hail shaft

(dashed). (b) Hodograph for the 1 Jun 2008 at the model levels. [Slight differences from

Dawson et al. (2014) are a result of sampling at different model levels.]
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FIG. 3. Steady-state hail and rain profiles with 3-mm hail constantly released at 6.1-km altitude for

(a)–(c) control–bulk, (d)–(f) bin–bulk, and (g)–(i) bin schemes. Variables are (left) mass content and

reflectivity, (center) spectrum shape parameter (predicted or fitted value), and (right) mean-mass and

maximum-mass (i.e., area-weighted) diameters. Also shown in (a)–(c) are the slight changes in hail when

liquid accretion is neglected from the melting rate. In (e), the amxmlt 5 12 curve illustrates the continued

increase of a from size sorting alone. Also (h) and (i) indicate the changes in rain when collisional

breakup is allowed.
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For control–bulk, the hail shape and diameter again become

constant as in the no-melting case (Figs. 7b,c). When gravita-

tional size sorting is disabled in the bin–bulk parameterization,

however, the effects on the shape parameter and hail size are

still quite similar (Figs. 7e,f) as with sorting. The rate of in-

crease in shape parameter is slightly less without size sorting,

as would be expected. The test with amxmlt 5 12 also shows

that size sorting was responsible for the continued increase in

hail size below 1.5 km altitude. Whether or not the melting-

induced size sorting is considered physical, it at least has the

correct effect for small hail. For a three-moment scheme, size

sorting is automatically controlled by feedback through an in-

creasing shape parameter. In a two-moment schemewith a small

shape parameter (e.g., a 5 0), however, melting may lead to or

exacerbate excessive size sorting unless some correction is ap-

plied. If a liquid fraction on icewere predicted (e.g., Ferrier 1994;

FIG. 4. Hail particle size distributions (PSD) at the lowest model level at steady state

for (a) 3- and (b) 15-mm starting mean diameters. The Z-cons bin model variant applies a

constraint to conserve the reflectivity moment.
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Loftus et al. 2014; Silveira 2016; Cholette et al. 2019), then the

size sorting effect could be lessened by the retention of more

mass within the ice category.

e. Large 15-mm hail

In contrast to the 3-mm hail results, the bulk schemes have

hail characteristics for the 15-mm hail case (Figs. 8a–f) that are

more similar to each other as well as to the bin scheme

(Figs. 8g–i). The hail PSDs at the lowest model level (Fig. 4b)

showmostlyminor differences.Here again theZ-cons constraint

on the bin scheme results in a slightly narrower distribution

(reduced number of larger particles) and better agreement

with the bin–bulk PSD. It is again obvious that the gamma

function fit does not represent the small end of the spectrum

where the bin scheme can completely remove small particles

(although this is partly unrealistic, as noted above). A bulk

scheme always has small numbers of small ice within the

distribution, so the continuous removal of small particles in

bin–bulk may be responsible for the slightly greater mean

hail diameter compared to the bin result (Figs. 8f,i).

The bin scheme hail spectra in Fig. 4b exhibit a steep drop-

off in number for diameters less than the peak value at about

8mm, which is similar to the best-sampled (i.e., largest number

of hailstones) case in Ziegler et al. (1983, their collection case

‘‘B’’). Collection B occurredwithin a hail core (C. Ziegler 2019,

personal communication), which suggests that storm-relative

winds perhaps played a lesser role in sorting out smaller stones.

The peak in Fig. 4b at 9mm arises from the shrinking particles

becoming ‘‘stuck’’ at this size, as noted in section 2. In nature,

the ice cores would continue to melt within a liquid shell, but

with the same total particle mass. This would reduce and shift

the peak inN(D) in terms of ice cores, and there would still be a

peak of same-mass mixed-phase particles (except for collisions

causing breakup of the liquid portion). We speculate that the

slope would still be fairly steep, as these particles still represent

the total ice mass for D , Dm1 but would be spread out to

smaller sizes.

The major difference between the bulk schemes for the 15-mm

hail is seen in the rain reflectivity and diameter, as well as

the rain shape parameter (Figs. 8a–f). The rain diameters of

bin–bulk are a good match to the bin scheme (Figs. 8f,i), al-

though rain content is slightly lower in bin–bulk (Figs. 8d,g).

Control bulk, on the other hand, produces large raindrops

with greater total reflectivity than the others. This results

from a simplistic conversion, where raindrop masses are set

equal the mean ice particle mass or the prescribed maximum

FIG. 5. Hail maximummass diameter for different values ofDm1

for (a) bin–bulk and (b) bin. As in Fig. 3, the initial hail mean di-

ameter is 3mm, and the default Dm1 is 9mm. The control–bulk

result is shown in (a) for reference.

FIG. 6. Steady-state (bulk scheme at 30min) profile with 3-mm hail constantly released at 6.1-km

altitude, but with melting disabled (i.e., pure sedimentation). Results are essentially identical for the bin

scheme (not shown).
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mass-weighted rain diameter (6mm here), whichever is smaller.

Thus, the melting in control–bulk is producing only large drops,

which also results in larger rain reflectivity (Fig. 8b) and a narrow

size distribution (i.e., large shape parameter; Fig. 8b). For

control–bulk, an alternate rain size parameterization (‘‘Alt-

Rain’’) was implemented that improved the rain characteristics

somewhat. This Alt-Rain approach uses the maximum mass

(i.e., area-weighted) hail diameter DMxMas to select a single

melting regime in Fig. 1. ForDMxMas#Dm1 (complete melting),

the rain size is again set by themean hail mass, but forDMxMas.
Dm1 the single corresponding shed drop size is used to set the

diameter of the new raindrops (i.e., 4.5, 3, or 1.5mm). In the

3-mm hail case, the alternate rain size has negligible effect

because the hail maximummass diameter is within the complete

melting regime. At diameters less than about Dm2, however, it

still predicts excessive rain diameters because it does not

account for the substantial contribution of smaller shed drops

at D . Dm2, as will be seen in the following section.

Another aspect of the new melting scheme is that the mean

hail size can be decreased when melting is dominated by par-

ticles withD.Dm1. This can occur with sufficiently largemean

hail diameter and shape parameter. As a demonstration, the

15-mm hail shaft was repeated with the initial shape parameter

increased from 2 to 8. Figure 9 overlays the mean hail diame-

ters for control–bulk, bin–bulk, and bin for comparison. Bin–

bulk and bin show a reduction in mean hail size toward the

ground, which is the physically correct behavior for a narrow

distribution of large ice particles. Control–bulk, on the other

hand, sees a slight increase in diameter that is caused by the

melting-induced size sorting.

4. Supercell simulation

a. Setup

The second group of tests compares simulations of the

1 June 2008 supercell thunderstorm case that was used in

FIG. 7. Steady-state profile with 3-mm hail as in Fig. 3, but with size sorting of hail disabled for (a)–(c)

control–bulk and (d)–(f) bin–bulk. For comparison, (e) repeats the shape parameter plots from Figs. 3e

and 3h for bin–bulk and bin.
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FIG. 8. Steady-state profiles as in Fig. 3, but with 15-mm hail constantly released at 6.1-km altitude for

(a)–(c) control–bulk, (d)–(f) bin–bulk, and (g)–(i) bin schemes. Control–bulk in (a)–(c) includes rain

profiles for the alternate shedding scheme (Alt-Rain) based on hail maximum-mass diameter.
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Dawson et al. (2014), and the initial model profile is shown

in Fig. 2. This nontornadic hailstorm occurred in northwest

Oklahoma and had clear hail signatures in the dual-polarization

radar data (Kumjian et al. 2010) that were comparedwithmodel

simulations by Dawson et al. (2014). Our focus here is mainly to

compare the control–bulk and bin–bulk melting results, with the

bin scheme added to assess consistency with bin–bulk. The

horizontal domain was 100 km 3 100 km with a grid spacing of

500m. The model depth was 20 km with stretched vertical

spacing (50 levels), starting with 200m at the lowest level and

increasing by about 3.5% per level up to a maximum of 500m at

about 9-km altitude. The concentration of cloud condensation

nuclei was set as a function of height {1000[rair(z)/r0] cm
23} for

both the bulk and bin schemes. The Takahashi bin microphysics

used the continental size spectrum (Takahashi 1978) for nucle-

ated cloud droplets, which is somewhat narrower than the as-

sumed droplet distribution in the NSSL bulk scheme.

Convection was initiated by a combination of thermal

perturbation and updraft forcing via an acceleration term

(Mansell et al. 2010). A spheroidal region (radii of 15 and 3 km)

was centered at 3-km altitude with a maximum temperature

perturbation of 3K, andwater vapor was added tomaintain the

original relative humidity. A spheroidal region of acceleration

forcing was used to simulate convergence in the boundary

layer, with a central value of 0.12m s22. The forcing was hor-

izontally centered at the thermal location, but set at 1.7-km

altitude with radii of 10 and 1.5 km. The forcing region had a

grid-relative motion of 21.67m s21 westward and 6.67m s21

northward, which was estimated from the initial storm motion.

The forcing was maintained for the first 40min of simulation.

b. Supercell results

Simulations of the 1 June 2008 supercell storm show features

among the melting schemes that are analogous to the hail-shaft

examples. The simulated reflectivities in Fig. 10 (at 70min) are

calculated by a T-matrix-based S-band radar emulator (Jung

et al. 2008; Dawson et al. 2014) with a setting that all ice par-

ticles are considered to have dry surfaces because it does not

currently support a wet surface for the Takahashi bin micro-

physics. At 70min, there are minimal reflectivity differences

between the bulk schemes (Figs. 10a,c), and they generally

match the radar observations of a strong reflectivity forward

flank (Dawson et al. 2014). The Takahashi bin reflectivity

(Fig. 10e) compares less well, having weaker values in the right

(south) flank of the core and slightly higher values in the left

(northern) flank, but still has recognizable supercell charac-

teristics. The control–bulk rain median volume diameter D0r

values (Fig. 10b) are excessively large in the reflectivity core

region where larger graupel and hail are melting, even when

the Alt-Rain method is applied (Fig. 10b inset). The small drop

shedding from larger hail in bin–bulk and bin (Figs. 10d,f), on

the other hand, results in similar patterns of maximum D0r in

the transition region from larger to smaller melting ice. The

three simulations all have quite comparable patterns of D0r

farther out (north and east) in the forward flank region (i.e.,

outside of the main core).

The rain diameters in bin–bulk, although less excessive than

control bulk, may still be too big. Disdrometer measurements

from supercell storms presented by Friedrich et al. (2013)

suggest that values ofD0r larger than 5mmwould be quite rare,

but also difficult to sample adequately. Drop size measure-

ments at the ground also have various uncertainties, but it

seems likely that collisional or other breakup could be im-

portant. The bin scheme here does include collisional breakup

and shows consistently lowerD0r than bin–bulk, but this could

also be related to lower precipitation rate and lower simulated

reflectivity. A test with the bin scheme in which collisional

breakup was turned off yielded substantially similar results

(not shown), suggesting that breakup is less important.

The hail shape parameters in Fig. 11 echo the 1D examples:

Control–bulk has the lowest values (widest distributions),

whereas bin–bulk and bin exhibit similar patterns, but with

higher values in bin–bulk (similar to Figs. 8b,e,h), which could

be related to poor representation of the gamma function fits for

the bin scheme PSDs. The vertical cross sections for bin–bulk

and bin (Figs. 11d,f) exhibit melting features over a continuum

of hail sizes (larger atX5 35–45 km to smaller atX5 70 km, as

shown in Fig. 12). The smaller ice particles melt more rapidly

with height (slower fall speeds) and more quickly reach larger

shape parameter values. Both of the bulk schemes have a

FIG. 9. Size profiles of hail and rain when hail has an initial mean

size of 15mm and shape parameter ah 5 8 instead of ah 5 2. Rain

diameters from the Takahashi bin are similar to the bin–bulk result

(not shown).
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FIG. 10. Simulated (left) radar reflectivityZH and (right) rain median volume diameterD0r of the 1 Jun 2008

supercell for (a),(b) control, (c),(d) new bin-emulatingmelting, and (e),(f) spectral binmicrophysics at 0.93 km

AGL. All panels include simulated Z line contours at 10, 30, and 50 dBZ.
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prominent column (up to 5 km) of high shape parameters on

the back (west) side of the updraft (Figs. 11b,d, dashed

box area), and this feature is clearly enhanced by melting

in bin–bulk. The bin scheme has a shorter, narrower feature

(Fig. 11f), but it does have a similar distinct hail shaft on

the west side of the bounded weak-echo region as in the bulk

results (not shown).

Hail diameters shown in Fig. 12 roughly follow expectations

from the 1D hail-shaft examples, although independently

evolving 3D wind and microphysical fields complicate the

comparisons. The bin–bulk DMxMas values (Fig. 12b) are gen-

erally larger than control–bulk (Fig. 12a) near and outside

the 50-dBZ contour, where sizes are about 8 mm or smaller.

In the higher reflectivity core, however, control–bulk di-

ameters are larger, which is a combination of similar, though

slightly larger, mean-mass diameter (not shown) along with

lower shape parameter values (Figs. 11a,c). The high shape

parameters in bin–bulk likely help to limit further diameter

increases when the mean diameters exceed about 9 mm, as

seen in the 1D tests. The 3D sedimentation example in the

following section shows the hail shrinking effect in a more

controlled manner. For the bin scheme, Fig. 12c shows mean

diameter Dh rather than DMxMas because the PSD generally

consists of small numbers of larger particles. Some very

FIG. 11. Hail shape parameters (a, color fill) for simulations of 1 Jun 2008 for (a),(b) control–bulk, (c),(d) bin–

bulk, and (e),(f) spectral bin microphysics. (left) Horizontal cross sections at 0.93 km AGL. (right) Vertical cross

section at Y5 44.75 km as indicated by dashed lines in (a), (c), and (e). Line contours of reflectivity are as noted in

the legend. In (b), (d), and (f), the dashed box indicates the column of larger shape parameters.
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small numbers of larger bin diameters may be numerically

valid but are not necessarily physically meaningful, and

even less so when weighted by area or mass. Outside of the

core of large diameters, the bin and bin–bulk schemes agree

fairly well given the differences in reflectivity. All three

simulations consistently place the largest hail on the

southern edge of the storm along or near the 30-dBZ

contour.

The emulated differential reflectivity ZDR fields in the bulk

schemes (Figs. 12b,d) have similar structures as the simulations

inDawson et al. (2014) for the same case with an earlier version

of theNSSL three-moment scheme.As inDawson et al. (2014),

the hail is allowed to have a wet surface for calculating ZDR:

At points where hail and rain are both present, part of the

rain mass is transferred to the hail as a diagnosed liquid

fraction. This option has not been developed for the

Takahashi bin scheme, thus no comparable field is shown.

Control–bulk and bin–bulk have very similar ZDR patterns,

but bin–bulk has higher values outside of the hail core. This

is a result of slightly increased hail diameters, that, when

assumed to be water coated, can act like large raindrops. The

low ZDR in the hail core for both bulk results is an indication

that the hail dominates the emulated signal such that the very

different rain D0r in the two schemes (Figs. 10b,d) has little

influence.

5. 3D steady-state hail shaft

a. Setup
The third and final set of simulations examines the hail and rain

size differences seen in the supercell simulations with control–bulk

and bin–bulk, but without the complication of storm evolution.

This also provides a follow-up on the three-dimensional sedi-

mentation experiments of Dawson et al. (2014). They examined

the effects of the same1 June 2008windprofile (Fig. 2) ona steady-

state hail shaft, finding that hail size sorting was crucial for the

formation of a pronounced ZDR (differential reflectivity) radar

signature.As inDawson et al. (2014), a constant size distribution of

hail is imposed in a circular area (radius of 3km) at the top of the

domain (12km) and allowed to fall and melt until a steady-state

profile is reached (40min). The hail has a fixed density of

900kgm23 (i.e., not variable), initial shape parameter of 0, mean-

mass diameter of 4mm, and amixing ratio of 5 gkg21 at the center

of the circle and tapering to zero at the edge via a cosine-squared

function. The wind fields are held constant by turning off all mo-

mentum tendencies. The time step is 5 s as in the 1D hail shafts.

b. Results
The surface fields for the control–bulk result in Fig. 13

closely match the patterns in corresponding figures in Dawson

et al. (2014), including the band of higherZDR values that wrap

FIG. 12. (left) Hail diameters at lowest model

level (0.1 km) for 1 Jun 2008 maximum mass hail

diameter Dh,MxMas for (a) control–bulk and

(c) bin–bulk and mean-mass diameter Dh for

(e) bin. (right) Differential reflectivity ZDR at

0.93 km for (b) control–bulk and (d) bin–bulk.

Panels include simulatedZH line contours at 10, 30,

and 50 dBZ. Model time is 70min.
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counterclockwise into the northwest edge of reflectivity (Fig. 13e).

Also notable are the large rain median volume diameters D0r

[instead of mean diameter in Dawson et al. (2014)] in the

southwest quadrant coincident with larger hail and low ZDR.

As noted above for the supercell result, the low ZDR region in

the southwest results from large hail despite the large drop

diameters that would otherwise promote higherZDR. The base

reflectivity fields for control–bulk and bin–bulk are nearly

FIG. 13. 3D steady-state hail shafts using the 1 Jun 2008 sounding and either the (left) control–bulk or (right) bin–

bulk microphysics at 100-m altitude. A constant hail source is set at 12-km altitude. Fields shown are (a),(b) simulated

radar reflectivity ZH, (c),(d) differential reflectivity ZDR, (e),(f) rain median volume diameter D0r, and (g),(h)

maximum-mass hail diameterDh,MxMas. Panels include simulatedZH line contours at 10–50 dBZ in intervals of 10 dBZ.
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indistinguishable (Figs. 13a,b), but in bin–bulk theZDR band is

cut off from the northwest. The D0r pattern in bin–bulk

(Fig. 13f) implies that smaller drops from shedding hail are

reducing the ZDR in the northwest section. The result again

highlights ambiguities of interpretation when the radar signal is

dominated by one hydrometeor type that masks the returns

from others.

The hail mean-mass diameters in Figs. 13g and 13h are

similar to each other, but in bin–bulk the values are slightly

increased to the east of the reflectivity core, as in the supercell

result (Fig. 12). Additionally, the maximum values ofDh at the

southwest edge in bin–bulk are slightly smaller. This occurs

because they are in the regime of large diameter coupled with

high ah, as seen in Fig. 9 for the 1D hail shaft, that leads to

reduction of Dh. Larger values of Dh actually occur at higher

points along the fall trajectories (not shown), which is consis-

tent with melting dominated byD.Dm1. The maximum-mass

diameters in Figs. 13i and 13j take ah into account, as well, such

that the differences east of the core are reduced by lower shape

values in control bulk (ah; 7–10) compared to bin–bulk (ah5
15). Both bulk schemes havemore similarah (6–10) on thewest

side of the core, such that the diameter differences are roughly

the same as for Dh.

The differences seen in D0r and Dh,MxMas patterns parallel

the full simulation results in Figs. 10b,d and 12a,b, respectively.

The rain median volume diameters have strong reductions in

bin–bulk where the hail sizes are large and favor the shedding

of smaller drops. Bin–bulk shows slightly enhanced Dh,MxMas

(by roughly 1mm) compared to control–bulk in the regions

downshear of the main reflectivity core, where values are

generally smaller than about 9mm. In and near the core,

however, bin–bulk shows lower hail diameter than control–

bulk, which can be attributed to reduced number concentration

loss at larger hail size and shape parameter.

6. Conclusions
An application of the Rasmussen et al. (1984) hail melting

and shedding results has been implemented in both a three-

moment bulk ice scheme and a spectral bin microphysics

scheme, with similar realistic physical effects produced in both.

The modified bulk NSSL scheme (bin–bulk) was set up to

emulate the bin method by integrating melting rates over dis-

crete size ranges that have particular characteristics of shed-

ding (different drop sizes produced) or not shedding at all (at

smaller hail diameters). Melting causes the mean ice diameter

to increase and the spectral shape to narrow in both the bin and

bin–bulk schemes when the hail spectrum is wide or hail di-

ameter not too large. For large mean diameter and narrow size

spectrum, the bin and bin–bulk schemes correctly reduce the

mean hail diameter. The unmodified bulk scheme (control–

bulk), however, always increases the hail size through induced

gravitational size sorting. The resulting rain sizes in the mod-

ified schemes are strongly affected by the melting process

when a substantial fraction of the melting is at ice sizes (D .
9mm) that shed smaller drops. It turns out that the effects of

larger hail on the rain DSD via small drop shedding may be

more substantial than hail size effects, considering the very

minor changes in reflectivity compared to large effect on rain

size in the supercell and 3D hail-shaft simulations. This sug-

gests that a two-moment scheme could also benefit just from an

improved treatment of shed drop size.

A secondary highlight of these results is the explicit recog-

nition that melting induces size sorting in a bulk microphysics

scheme, whether three moment or two moment, by maintain-

ing a leading edge type of profile. Any substantial removal of

mass as a function of height in the column would have a similar

effect. The mass loss rates effectively define a size-sorting

profile in a steady-state hail shaft, and the induced sorting is

analogous to the effects of source-relative horizontal wind

(Kumjian and Ryzhkov 2012; Dawson et al. 2014, 2015). In a

two- or three-moment scheme, this can have the correct effect

to increase mean hail diameter (except for larger, narrower

hail spectra), though perhaps for a physically incorrect (or

unintentional) reason. Excessive size sorting is generally rec-

ognized as a potential problem in two-moment schemes for

fast-falling hydrometeors, but rapid melting of slower-falling

snow may also adversely affect ice size via induced sorting. In

the 1D test with 3-mm hail, there is a suggestion of a similar,

but opposite, effect on rain from having source terms as

function of height that emulates a ‘‘trailing tail’’ phenomenon

that tends to reduce the mean particle size just below the

melting level. Other physics that are neglected, however, may

mask this effect. One approach to mitigate either effect is to

track the liquid fraction on ice so that less (or no) mass is re-

moved from the ice category. Last, while polarimetric radar has

provided many insights to stormmicrophysics, ambiguities still

remain, particularly for particles that contribute weakly to the

signal. In situ observations are thus still crucial for evaluating

model results.
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APPENDIX A

Reflectivity Rate from Melting
Given a population of N ice particles of diameter D and

particle mass m (and total mass M 5 Nm), the effect of dif-

ferential melting can be considered in two approaches, where

the total mass melting rate is Ndm/dt. One approach is to re-

move the same mass dm/dt from all particles of that size (i.e.,

shrink all particles), as would be appropriate for sufficiently

large ice particles that shed most of the meltwater. In this case

dN/dt 5 0. Smaller ice particles (D , 9mm), however, do not

shed but gradually develop liquid water shell around an ice

core (e.g., Rasmussen et al. 1984). If liquid fraction on ice is not

predicted, the second approach is to emulate this process by

removing a fraction of whole particles to account for the

melting, such that dN/dt5 (dM/dt)/m, and the ice particles lose

number but do not change size. As noted in the main text, this
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is a trade-off which preserves the number of particles of a given

mass but does not allow small ice cores to shrink.

Starting with reflectivity as simply D6,

Z(D)5 n(D)D6 . (A1)

Differentiation of (A1) produces two terms:

›Z(D)

›t
5

›n(D)

›t
D6 1 6n(D)

›D

›t
D5 . (A2)

The first term on the right-hand side represents smaller parti-

cles (D # Dcrit) that melt completely (i.e., do not shed, with a

change in particle number but not radius), and the second term

is for larger particles (D.Dcrit) that partially melt and shed off

mass (with a change in radius but not particle number). Thus,

for a given hail (or graupel) size, only one termwill be nonzero:

›Z(D)

›t

����
D#Dcrit

5
›n(D)

›t
D6 , (A3)

›Z(D)

›t

����
D.Dcrit

5 6n(D)
›D

›t
D5 . (A4)

Since the parameterization used here does not treat mixed-phase

particles (i.e., does not track liquid on ice), we take the total

melting rate of small particles ›M/›t and transform the number

rate using ›n(D)/›t 5 [›n(D)/›m]›m/›t 5 [n(D)/m]›m/›t, so

that (A3) becomes

›Z(D)

›t

����
D#Dcrit

5
n(D)D6

m

›m(D)

›t
(A5)

5
n(D)D62dx

c
x

›m(D)

›t
, (A6)

where mass m has been replaced by using mass–diameter re-

lationship m5 cxD
dx .

The same mass–diameter relationship can then be used to

substitute the diameter time derivative for a mass derivative

in (A4):

›m

›t
5 c

x
d
x
Ddx21 ›D

›t
. (A7)

And then substitute for ›D/›t for large particles:

›Z(D)

›t

����
D.Dcrit

5 6n(D)
D52(dx21)

c
x
d
x

›m(D)

›t
. (A8)

And by setting dx 5 3 and cx 5 (p/6)rx, the equations become

›Z(D)

›t

����
D#Dcrit

5n(D)
D3

c
x

›m(D)

›t
, (A9)

›Z(D)

›t

����
D.Dcrit

5 2n(D)
D3

c
x

›m(D)

›t
. (A10)

Thus, there is a factor-of-2 difference between treating the

melting as removing whole particles compared to particles

shedding off the meltwater and becoming smaller.

APPENDIX B

Updates to Takahashi Spectral Bin Microphysics
The spectral bin microphysics were adapted from the ver-

sion used in Takahashi and Shimura (2004), which closely

followed Takahashi (1976b,a, 1983). The bin categories are

summarized in Fig. B1. The number of rain size bins was

changed from 33 to 34, which increased the maximum radius

from 3.2 to 4.1mm. A main modification was the addition of

incremental melting of graupel, hail, and ice crystals. A num-

ber of further changes weremade to the bin scheme to align the

physical parameterizations with the NSSL bulk scheme, for

example in particle terminal fall speeds, ice crystal nucleation,

and drop freezing, as noted below. Formulations of saturation

pressures and temperature-dependent latent heating rates

were also implemented to be consistent with the bulk scheme.

a. Ice crystals

Ice crystal characteristics are retained from Takahashi (1976a)

with aD2 dependence for mass that is consistent with observations

of snow (e.g., Cox 1988; Brandes et al. 2007; Szyrmer andZawadski

2010). Ice crystal fall speedsuse the samefitof data fromJayaweera

and Cottis (1969) for the relationship between the Reynolds

number (Re) and the Best (or Davies) number (Be) for disks

Re
crystal

5 exp[0:65 log(Be)2 1:38], (B1)

where

Be5
2hD2

h2
r
ice
r
air
g (B2)

and

V
crystal

5
hRe

Dr
air

. (B3)

FIG. B1. Hydrometeor classifications in the updated Takahashi

spectral bin scheme, adapted fromTakahashi (1976a). Size bins are

exponential in particle radius, with drops, graupel, and hail starting

at r0 5 2mm, up to 34 bins for drops and 45 for graupel/hail. Ice

crystals grow in radius (21 bins, from 20mm to 20.5mm) and

thickness (Kmax 5 5, from 10mm to 1.5ri).

3380 JOURNAL OF THE ATMOSPHER IC SC IENCES VOLUME 77

Brought to you by NOAA Central Library | Unauthenticated | Downloaded 09/23/21 03:40 PM UTC



All base fall speeds are calculated using sea level air density

and then modified by a factor of g 5 (r0/rair)
0.39. The ex-

ponent of 0.39 was found by calculating fall speeds at vari-

ous air densities and finding a best fit. Vapor nucleation of

ice crystals and riming ice multiplication follow Mansell

et al. (2010).

b. Fall speeds
Rain, graupel, and hail fall speeds are initially calculated as

in Takahashi (1976a), Eqs. (10)–(15), with the modification

that the conditional particle radii are adjusted for each type to

match the intersection points of the curve fits. Instead of testing

the value of the Best number, the fall speeds are limited by the

formulas used in the bulk scheme (Mansell et al. 2010), which

generally applies to particles with diameters larger than 1mm.

Raindrops in the bulk scheme use a fit of the Gunn and Kinzer

(1949) data:

y
t,r
(D)5 a

r
[12 exp(2f

r
D)] , (B4)

and graupel and hail use

y
t,x
(D)5

�
4Dr

x
g

3C
D
r
0

�1/2

, (B5)

where the drag coefficient CD depends on the particle density

as in Mansell et al. (2010). The resulting base fall speeds are

continuous functions, shown in Fig. B2 for the parameters used

in the present study. Rain fall speeds level off at large sizes,

which is not captured by the original power law formulation.

For the values used here, the hail bin fall speeds were always

less than the bulk formulation (by about 10% for d . 1mm)

and thus were not affected by (B5).

c. Drop freezing

Spontaneous drop freezing uses the results directly from

Bigg (1953), where the critical drop volume as a function of

temperature is given by

y
crit

5 exp[16:21 (T2T
0
)]. (B6)

Drop freezing by interaction with ice crystals produces frozen

drops if yxtal , ydrop and mdrop . mxtal/2 and otherwise results

in riming of the crystal.

d. Conversions between graupel and frozen drops/hail
Conversions between the high density ice (frozen drops and

hail) and low density ice (graupel) are based on the sustained

riming density concept of Ferrier (1994) using a time scale of

120 s. Graupel (g) is converted to frozen drops/hail (h) only

under wet growth conditions. The graupel particle number Ng

conversion rate is

dN
g,j

dt

����
g/h

5
1

Dt
Min

"
Dt

120
,
Dm

rime,j

m
g,j

#
N

g,j
, (B7)

wheremg,i is the particle mass and Dmrime,j is the riming growth

rate of the jth graupel bin. Meanwhile, frozen drops/hail in dry

growth mode can be converted to graupel when the average

rime density, rrime is less than 0.5 g cm23, as

dN
h,j

dt

����
h/g

5
f
cnv

Dt
Min

"
Dt

120
,
Dm

rime,j

m
h,j

#
N

h,j
, (B8)

where

f
cnv

5

(
1:752 2:5(r

rime
1 0:2) for 0:1# r

rime
, 0:5 g cm23

0 for r
rime

$ 0:5 g cm23 .

The condition of wet growth is checked by diagnosing the ice

surface temperature (e.g., Nelson 1983; Farley and Orville

1986). Here, the wet growth formulation from Farley and

Orville (1986) is used:

dm
j

dt

����
wet

5
2pd

j
[2a

h
(j)K

a
(T2T

0
)2 a

m
(j)CL

y
r
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(q

y
2q

y,s,0
)]

L
f
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w
(T2T
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)

1
dm

ice

dt

"
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C
i
(T2T

0
)

L
f
1C

w
(T2T

0
)

#
,

(B9)

where dmice/dt is the ice crystal collection rate. The ice tem-

perature is found by iteration as in Farley andOrville (1986). If

the wet growth condition is met, excess water is shed as drops

of diameter 1.02mm (Lesins and List 1986) and the sticking

efficiency of ice is set to unity.

e. Melting of ice
The melting rate of graupel and frozen drops/hail again

follows Farley and Orville (1986), but currently neglects the

contribution of accreted liquid:

dm
j

dt

����
melt

52
1

L
f

2pd
j
[2a

h
(j)K

a
(T2T

0
)

2 a
m
(j)CL

y
r
air
(q

y
2 q

y,s,0
)]. (B10)

In the whole particle melting regime, meltwater from particles

of mass mx,k is together converted to the number of drops

FIG. B2. Hydrometeor fall speeds in the updated Takahashi

spectral bin scheme.
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with a mass that is the lesser ofmx,k and the maximum drop bin

mass (mr,l534). When particles are allowed to shed and shrink,

ice particles with d # Dm1 are still treated as full particle

melting, but particles of size d . Dm1 shed meltwater as

in Fig. 1.

Ice crystal melting uses the same equation form with the

appropriate capacitance (disk) and Reynolds number [Eq. (B1)]

for the ventilation coefficients

dm
i,k

dt

����
melt

52
1

L
f

4d
i,k
[2a

h
(i, k)K

a
(T2T

0
)

2 a
m
(i,k)CL

y
r
air
(q

y
2q

y,s,0
)]. (B11)

f. Ice crystal conversion to graupel
In the original bin scheme, the ice crystals in bin k 5 kmax

were assigned a thickness equal to the particle diameter.

Particles that rimed beyond this thickness were then converted

to graupel. Since these particles may be considered to be al-

ready graupel particles, a refinement here reduces the maxi-

mum thickness to hi,5 5 0.75di, and additional riming then

causes conversion to graupel.

g. Collisional drop breakup
Takahashi (1976a) included the spontaneous breakup term

of Srivastava (1971), but this by itself may be unrealistic

without including some kind of collisional breakup (e.g.,

McTaggart-Cowan and List 1975; Young 1975). Here, a rela-

tively simple collisional breakup has been implemented that

follows Brazier-Smith et al. (1972), Brazier-Smith et al. (1973),

and Young (1975). Compared to more complex breakup pa-

rameterizations (e.g., Low and List 1982; Straub et al. 2010),

this simpler scheme is essentially a failure to coalesce: the

two colliding drops are returned with reduced masses, and

the lost mass produces three new smaller drops. As in Young

(1975), the three satellite drops are assumed to take masses

of 1.6%, 11.4%, and 87% of the mass loss from the two

original drops (Brazier-Smith et al. 1973). Future updates

will consider adding a more complex parameterization.

Spontaneous breakup is applied only to drops larger than

6.6 mm diameter (following Young 1975), which affects only

the largest rain bin.

The stochastic collection–breakup equation is given as

›n(x)

›t

����
coll

5
1

2

ð‘
0

n(y)n(x2 y)E(y, x2 y)K(y, x2 y)dy

2 n(x)

ð‘
0

n(y)K(x, y) dy1

ð‘
0

n(m) dm

ðm
0

[12E(m, y)]K(m, y)P(x;m, y)n(y) dy, (B12)

where the first term is the source from coalesced drop pairs

(masses y and x2 y), the second term is the loss resulting from

all collisions, and the third term is the source term of fragments

produced by breakup collisions. The coalescence efficiency is

E, and the breakup efficiency is then 12E. Brazier-Smith et al.

(1973) and others have split the second term into separate

losses for coalescence and breakup collisions, which effectively

normalizes the fragment distribution. This separation is un-

necessary, however, if the fragment distribution conserves

mass (Feingold et al. 1988), in which case the loss term can

simply count all collision pairs. In other words, as long as

Ecoal 1 Ebreakup 5 1, the original SCE loss term in the pure

coalescence case (Ecoal 5 1) includes all losses. The collision

kernelK(x, y) includes the geometric sweep out and the collision

efficiency (Ogura and Takahashi 1973; Takahashi 1976b).

APPENDIX C

Shape Parameter Solution Method
Using the gamma size distribution function of diameter,

Milbrandt and Yau (2005a) derived a relationship between the

moments of mass mixing ratio q, total number concentration

NT, and reflectivity Z:

Z
x
5
G(a)

c2x

(r
air
q
x
)2

N
Tx

, (C1)

where cx is from themass–diameter relationship,mx 5 cxD
dx , and

G(a)5
(61a)(51a)(41a)

(31a)(21a)(11a)
. (C2)

Multiplying both sides by (a 1 1) and then subtracting 1 iso-

lates a against (11a)G(a)5G*(a) in an equation that can

be solved iteratively:

a
n11

5
G*(a

n
)

c2x

(r
air
q
x
)2

N
Tx
Z

x

2 1: (C3)

Here, n is the iteration index, and the starting value of a0 is

default value used in the two-moment scheme (but can be any

reasonable value). The new valuean11 goes back into the right-

hand side, and iterations continue until the convergence cri-

terion of jan112 anj, 0.01, which almost always occurs before

the maximum number of iterations (n5 10) is reached. Values

are constrained to the range (amin, amax). If the final value is at

the lower limit ax 5 amin, the true value could actually be a,
amin, thus the current parameterization ensures consistency of

the moments by recalculating Zx using amin, qx, and Ntx. No

action is taken for ax 5 amax. For spectral bin species, the

three moments are calculated first by summing the distribu-

tion with appropriate coefficients and then used in the itera-

tion of (C3). Irregularities in bin spectra such as bimodal

structure or sharp cutoffs will of course affect the goodness

(and appropriateness) of the gamma fitting, and more so-

phisticated techniques are possible that would provide sta-

tistical measures of accuracy.
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Equation (C3) can also be iterated by a Newton–Raphson

method employing the derivative. This was tested for com-

parison, and it was found that although it requires fewer iter-

ations, the greater computation per iteration makes the cost

about the same.
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