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A NUMERICAL EXPERIMENT WITH SPIRAL SCAN SUCCESSIVE
OVER-RELAXATION

Walter James Koss

A variant of successive over-relaxation (SOR), in which
the iterant spirals in toward the center of the mesh during
the numerical solution of the model problem, is compared with
standard SOR for a square mesh; Haltiner (1971) states that
the use of this variant in a meteorological forecast model
yielded an increase in convergence rates. Results here
indicate that the Spiral Scan method has a smaller conver-
gence rate than SOR; also, there is an increase in execution
real time, which is necessitated by additional machine coding
when using the Spiral Scan iteration. Hence, it is concluded
that the use of a Spiral Scan iterate is not economically
feasible, regardless of the scale of the computer used when
numerically solving the model problem.
1. INTRODUCTION
Various methods for obtaining the numerical solution of the
Dirichlet problem on a rectangle are now available which, under special
circumstances, offer rapid convergence rates and/or relatively economical
computer execution times. Of these methods, the iterative SOR (successive

over-relaxation) and ADlI (alternating direction iterations) methods offer

rapid convergence, with the ADI methods being somewhat ,!lfasterM than the
SOR method (O'Brien, 1972). The ADI methods, though, offer two distinct
disadvantages in their application: (I) one must determine iteration
parameters which yield rapid convergence (Isaacson and Keller, 1966;
Young, 1970, and (2) the difficulty of programming the method for a
digital computer. The optimal acceleration parameters for SOR methods

are wel !l known (Young, 1971) as well as the convergence theory for these

techniques.



Of the direct methods, the one given by Lindzen and Kuo (1969)
requires extraordinary computer capability for relatively large matrix
systems, and does not offer a substantial increase in operational speed
(O'Brien, 1972), whereas the method of Hockney (1965) has proven to be
extremely effective when used in conjunction with the Fast Fourier Trans-
form (FFT). Hockney's method requires that the solution be periodic in
at least one coordinate direction, a condition not often satisfied in
closed region problems; hence, Hockney's method has limited applicability
in this respect.

The standard point-by-point iteration SOR method is extremely simple
to program for a digital computer when using a programming language such
as FORTRAN. Variants of this method, wherein the mesh points are re-
numbered in the iteration procedure, are in a sense equivalent to the
standard SOR method, and their convergence rates can be estimated by
knowing the eigenvalues of the SOR coefficient matrix (Young, 1971).
Programming a variant which might offer an accelerated convergence over
SOR, and the concomitant computer execution times, could possibly make
the use of such a variant economically unfeasible.

In this memorandum, we shall examine a variant of SOR in which the
point-to-point iteration resembles a spiral over the mesh (fig. 1). At
this time the question as to whether the coefficient matrix for the
Spiral Scan iteration is consistently ordered (and therefore has Property
A) as defined in Young (1971) wvill not be answered. The convergence
rates and computer execution times for the Spiral Scan relaxation wvill be

compared with standard SOR computations in order to determine the
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Figure 1. The Spiral Scan for a 6x6 iIinterior mesh. The scan path is
indicated by the line connecting the interior mesh points, J and k

are the usual index parameters.



feasibility of the use of this SOR variant in reducing the computing time
needed for solving the Dirichlet problem on a rectangle.

A recent discussion of the use of relaxation methods in a meteoro-*
logical forecast problem (Haltiner, 1971, P* 115) mentioned an increase
in convergence rates when using the spiral iterant. The discussion did
not indicate if there was a reduction in real computing time associated

with the more rapid convergence.

2. THE EXPERIMENT
We shall consider the numerical solution of the second order

partial differential equation
vV2u = g(x,y) 1)

where xe [0,1], and ye [0O,1], with boundary conditions
u@)y) = iy,

u(ly) « f2 V) .

u(x,0) f (x), and
3

u(x,1) = Ff4(x%).
The reader is directed to lIsaacson and Keller (1966) for the develop-
ment of the finite difference analog of (1).
The standard SOR point-to-point iteration is given at the (v + 1)
i terate by

Uj,k(v+1)
2



where

(v+1) (v+1) (V)
vk —e*(\/i,k + NN\
+ \/uj->tuj.wid t6,'|j,k- @)
e - 2 , & = —E*leeen , and 62 = ANAy?2
X 2(Ax2+Ay?2) y  2(AXx2+Ay2) 2(Ax2+Ay?2)
l < jJ, 1 <k <K j, Jd, k, and K are positive integers; v = 0,1,2,3,...,
Ax = 1/J; and Ay = 1/K. The acceleration parameter is a), and Sj is the
value of S at the interior mesh point ( ,k) = (Xj, ¥y, where Xj = jAX,
and y™ = KkAy.
(v+1)
The (v+1) iteration proceeds by first computing IL | and then
the other elements on the coordinate line j = | for k = 2(1)K. The same
procedure is then done for j = 2(1) J.
(v+1)
For the Spiral Scan iteration, the expression for Vj ¢ has four
>
distinct variants depending on the path of the iteration. The paths,

given schematically

in figure 1, are categorized below:

path ! j fixed, k increasing,
path 2 k fixed, j increasing,
path 3 j fixed, k decreasing, and
path 4 k fixed, j decreasing.

The wvariants of VJ (I.

(v+1)

pathl: Vj>k

v+1
) are given below:

(v+1) (V)
ex(Uj-1,k + Uj+1,k)

(v+1) V)
+ NN\ — A+ \+1>+ 5 9j.k



Here

problems are considered

(v+1) (v+1) (V)
path 2: v | = e (u + U
J >k X J-1,k j+1 .k
(V) (v+1)
ekt Y s
(v+1) V) (v+1)
: = Mu. ‘
path 3: Vj " XuJ"i,k + UJ+1 K
V) (v+1)
+ ey//(u\j,k_1 + Uj,k+1
(v+1) ) (v+1)
path 4: vk = BXUI - + Uj+1,k
(v+1) (%)
+ Mu. + U
y J>k-1 jk+1

+ <$2g

The (v+1) iterate proceeds point-to-point,

J = K= 20 for all the numerical

Problem 1: 9g(Xxj, yk)

]l <k <K, and f =Ff =F

u(x,

center of the region of the

each

u(x,

— a1 =
y) =1 xy(x - 1) (v -

relaxation is u(x, y)

as indicated in figure 1.

integrations. Two di

in the experiment.

= X3(xj - 1) + yk(yk “ 1) for !

=f =0.
3 4

stinct

<j < J,

The analytic solution is

1); this function has a maximum value at the

= 0.

integration.

Problem 2. g—Ff—Ff—Ff—F—O.
a = 3 4
(guess) field for each relaxation

y) = 0. The initial

generated net function given by u(x_, yk) =

J

The

initial (gues

s) field for

The analytic solution is

2Q -

1, where Q

uniform distribution of random numbers such that 0 < Q < 1.

field

is the same for each

relaxation.

is a randomly
is from a

The guess



.The acceleration parameter 0) was stepped through the interval

[1L.61, 1.79] in steps of 0.01 to determine the optimum value (000pt) of
the parameter on the basis of iteration count. The real-time estimate
for each relaxation was obtained for each case in order to measure
qualitatively the effect of the additional machine instructions needed to

carry out the Spiral Scan iteration. Finally the computer programs were

compiled under two different compilers! for Problem 1. One compiler,

(FTN, Opt = 2) yields a machine program which is optimized compared with

the other (RUN 23), and hence yields shorter execution times.

3. RESULTS

Figure 2 shows the results of the integrations for Problem 1. On

the basis of iteration count, the Spiral Scan (a) gives a slight

e Spiral Scan — RUN Compiler: Iterations
e—-« Spiral Scan — RUN Compiler: Time
R eSpiral Scan -— FTN Compiler! Time
a------ a SOR — RUN Compiler! Iterations
a------ a SOR - RUN Compiler ! Time
a------ a SOR - FTN Compiler! Time

€nicr*

Figure 2. Iteration count and real
execution time versus the accel-
eration parameter a for Problem 1.

171 172 173 174 175 1.76 1.77 1.78 1.79
ttf —»

1All computations were performed on a CDC 6700 computer system.



reduction in the amount of computing needed, but, (b) on a real time

basis, SOR performs the integrations in less time for each compiler mode.
From (a) we could infer that the convergence rate is larger for the
Spiral Scan, but 3 * is larger than 03opt for the SOR method, which may
not be the case on a theoretical basis. For the SOR computations,

wQpt = 1.73 agrees with the theoretical estimate (Young, 1970 -

Figure 3 gives the results for Problem 2. All computations were
made with computer coding generated by the optimizing compiler FTN.
Figure 3 (top) is for a cut-off tolerance e = 10~6.2 Clearly, in this
case, SOR is superior in both havinga larger convergence rate, and in
taking lessreal time per iteration. For the Spiral Scan, Bopt= 1.72;
whereas, ~opt for SOR is 1.66. The latter value is suspect since the
theoretical estimate for thiscase is 1.729. Figure 3 (bottom) shews
the results from computations with e= 107’9, and € = 10-12. Asfor the
cases with e = 10-6 the SOR converges faster than the Spiral Scan method
in both iteration count and real time. It is interesting that 03opt for
the Spiral Scan remains near 1.73 as e is varied, but that toopt for SOR
approaches the theoretical value as £ is decreased. This behavior of
a) for SOR may be related to the method of testing for convergence;

opt
a percent change in u. criteria may have given a more reliable distri-
J

bution of 1 versus iteration count.

2The cut-off tolerance e is defined by |Residuall| <.£, where

(v+1) v)
u. |, = u, , + o)*Residual.
J >k I.K
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Figure 3. (a) Iteration count and real execution time versus the
acceleration parameter () for Problem 2. The relaxation cut-off
tolerance (£) is 10-6 in these computations. (b) Same as for (a)

except that £ has the values 10~9 and 10-12, and the real execution

time (in brackets) is given for the minimum iteration count only.



4. CONCLUSION

Based on the computations reported on here, the SOR method is
superior to the Spiral Scan method for the model problem in a square
equally spaced mesh. The results for Problem ! indicated that the Spiral
Scan had a slightly larger convergence rate, but we feel that these
computations are biased in the sense that the solution function and the
scanning method are strongly correlated. The results for Problem 2 are
rather general since here the test was against a null field beginning
with a randomly generated noise pattern. An interesting result from
Problem ! is that the two methods which have essentially the same conver-
gence rate can differ markedly in real-time execution rates, especially
when the machine code is generated by an optimizing compiler. Since the
Spiral Scan method incurs longer computer running times compared with
SOR, we do not recommend it as a method for use in numerically solving

the model problem.
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Figure 1. The Spiral Scan for 6x6 interior mesh. The scan path is
indicated by the line connecting the interior mesh points.
J and k are the usual index parameters.

Figure 2. Iteration count and real execution time versus the accelera-
tion parameter @ for Problem 2.

Figure 3. (a) Iteration count and real execution time versus the
acceleration parameter (o for Problem 2. The relaxation
cut-off tolerance (e) is 10”6 in these computations.

(b) Same as for (a) except that £ has the values 10'9 and

10"11, and the real execution time (in brackets) is given
for the minimum iteration count only.
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