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A NOTE ON THE HYDROSTATIC EQUATION IN THE 
NHEML TWO-DIMENSIONAL HURRICANE MODEL

Michael S. Moss and Stanley L. Rosenthal
The finite difference form of the hydrostatic equation 

derived for the UCLA (1974) general circulation model is 
examined. It is shown that the equation used to obtain the 
geopotential height in the lowest model layer has a large 
inherent truncation error. A modification of the scheme 
is suggested in which this height is computed by assuming 
that the lapse rate between the surface and the adjacent 
model level is dry adiabatic. The UCLA (1974) thickness 
formulation is then used to compute the heights at the 
remaining levels. This scheme yields much more accurate 
heights throughout the depth of the atmosphere.

1. INTRODUCTION

The development of a new two-dimensional numerical hurricane model is an 

important part of the Modeling Group research effort at the National Hurricane 

and Experimental Meteorology Laboratory (NHEML). The vertical differencing 

scheme is the same as that employed in the new UCLA (1974) general circulation 

model. In the NHEML two-dimensional hurricane model, geopotential heights 

were found to be in error by approximately 100 m. The error was further 

confirmed by comparisons with known heights in idealized atmospheres. In 

this paper, we illustrate these errors and present a technique that remedies 

the situation.

2. MODEL STRUCTURE AND PERTINENT EQUATIONS

Figure 1 illustrates a generalization of the model structure proposed 

by UCLA (1974). At the odd k levels, the horizontal velocity, W, tempera­

ture, T, specific humidity, q, and the geopotential, height, <f> = gz (g is the 

gravitational acceleration), are defined. At even k levels, the vertical



motion, tto, where a = da/dt (t is

time), is defined. The vertical 

coordinate is

 

a
• 7T

(1)

where

k
0

2

wa =0, <t = — I
V.T.q,*

kx-l-----------------------------------------------------W,T,q ,<f>
kx ----------------------------------------------------  ir &i o =0
kx+1---------------------------------------------------- V,T,q,<*>

k-l ----------------------------------------------------  tr&
k ------------------------- V.T.q,*
k + I -------------------------------------- 7T O

K-2----------------------------------------------------V.T.q,*
K“ I ----------------------------------------------------  7T <T
K ---------------------------------------------------- \V,T,q,<£
K+I ------------------------  7T a =0, cr = I
Figure 1. UCLA. (1974) generalized 

model structure.

7T

c II "d M
1 Po for Po 1 Pk 1 Pk

IT. = nL PK+1 " PkI for Pkj < Pk - P( (2)

p. is the pressure at the kth level, tt is the pressure difference between 
k. u

the level and the top of the model atmosphere (level 0), and is the

pressure difference between the surface (level K+l) and k^ (fig. 1). It 
/ should be noted that p^ is a constant pressure and for p £ p^ the 

isobaric surfaces are also sigma surfaces. Figure 2 shows the vertical 

structure of the UCLA (1974) model for p >_ p^ = 100 mb. Figure 3 illustrates 

a vertical structure similar to that used in the NHEML two-dimensional 

hurricane model. Here p^ = PQ = 0 (tt = ttl = pK+1 - pQ) and we are left 

with the original o-coordinate system of Phillips (1957).

In the derivation of the finite difference form of the hydrostatic 

equation for the UCLA model, it is demanded that total energy be conserved 

under an adiabatic, frictionless process. The resultant equations become

(fig- 1)
2
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'K * *K+1 + 1_. Vk IT A°k <3>

K-2
-z k+l p k+1 k+1
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and

\ = +fcf2 + Cp (pk+2 _ Pk>0k+1 (4) 

ira, a =0
p(mb.)
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-800 ----------------------- - <r
—900 ----------------------- W.T.q.f
~ 1000 —---------------------------------- ------------- tr <r =0, a* = 1

Figure 2. Vertical structure of the 
lower layers of the UCLA (1974) 
general circulation model.

where is summation over odd k, R is the gas constant for dry air,

is the specific heat capacity at constant pressure for dry air, k = R/c^,

= k+1 - ak-1 (5)

ln°k ln°k+2
k+1

k+2
1
0,

(6)

and

0k
1

KPk
(7)

3



k
k: ------------------------------------ 7T 6- =0, o- =0
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(In the computational results presented in the following section, we have 

chosen ^K+l °-) If we sum (3) over the depth of the atmosphere, we 

obtain the geopotential at the midpoint of the lowest model layer. Equation 

(4) is then used to obtain the thickness of the remaining layers and, with 

(3), enables us to compute the geopotentials at the remaining levels.

An obvious test of this system is to make comparisons with known heights 

for an idealized atmosphere. The generality of the constant lapse rate 

atmosphere makes it practical for this purpose. It can be shown (Hess, 1958) 

that the height for this atmosphere is given by

where y(= -3T/8Z) is the (constant) lapse rate, T is the sea level
K T 1

temperature and pR+1 is the sea level pressure. Some special subsets 

of the constant lapse rate atmosphere are the isothermal atmosphere (y = 0),

4



the dry adiabatic atmosphere (y = g/c^) and the homogeneous atmosphere 

(y = g/R)• We obtain the vertical distribution of the required dependent
variables by specifying the sea level temperature (300°K) and pressure

(1000 mb), and then computing the height at the designated pressure levels 

from (8). Finally, the temperature at the various levels is given by

(9)

3. RESULTS AND DISCUSSION

Table 1 lists the actual and computed heights and layer thicknesses 
for an idealized atmosphere with y = 7 x 10 ^ °K’m ^. The vertical dis-

tribution of the dependent variables is the same as that illustrated in 

figure 3. A comparison of the second and third columns in table 1 reveals 

a large error in the computed heights that is further evidenced by the large 

root-mean-square (RMS) error. On the other hand, a comparison of the fourth 

and fifth columns along with the corresponding RMS deviation shows that the 

thickness calculations (4) are quite accurate. Therefore, the error clearly 

arises from the use of (3) to obtain the geopotential height of the lowest 

level. Hydrostatic calculations for the UCLA (1974) vertical structure 

(fig. 2) yield essentially the same results, albeit the RMS height errors 

are less (table 2).

Table 3 lists the actual and computed individual sums on the right 

side of (3) for various constant lapse rate atmospheres. The actual values 

of the sums are given by the following expressions (UCLA Staff Members, 1974)

k°"kL^k p.
k=kT+lk=k +1

(10)
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and

ak+lCp0k+l (pk+2 " pk) ■ ^ v °k+l(4>k " <*>k+2) 

li k=k_+l
(11)

where the geopotential heights at the given levels are known. Apparent

from table 3 is that the sum on the left-hand side of (11) is relatively

accurate, whereas the sum on the left-hand side of (10) is less accurate.

Even though the percentage error in the latter sum is less than 3 percent

for the cases examined here, the sum itself is large; thus it is mainly

responsible for the error in the height computed from (3). Figure 4

illustrates the percent error in the height at the lowest level versus the
3 o 1number of levels for an atmosphere with constant y = 7 x 10 K-m . Note 

that the percentage error decreases with an increasing number of levels; 

hence the error alluded to above is due to truncation. Furthermore, since 

the sum on the left-hand side of (10) is exact for the homogeneous atmos­

phere (y = g/R), the truncation error arises from the implicit assumption 

of constant specific volume (RT^/p^) over each layer in (10) and (3).

To circumvent the error, we replace (3) with the following expression:

KK w + CpGKPK+l (12)

in which, now, the lowest geopotential is obtained by extrapolating the 

temperature dry adiabatically to the surface. Expression (4) is retained 

to compute the geopotential heights at the remaining levels. The system 

of equations (12) and (3) is hereafter referred to as the modified UCLA 

hydrostatics. The assumption of constant 0 between the surface and the

9



h- 15

'0 1000 5000 10000 15000 20000 25000 30000 35000 40000 45000
NUMBER OF LEVELS------------- —

Figure 4. Percent heights error at the lowest applicable level versus the 
number of levels for an idealized atmosphere with constant y = 7 x 10~3 
°K*rrT+.

adjacent information level is close to physical reality, provided that the 

latter is within the planetary boundary layer (Deardorff, 1972). The results 

of the modified UCLA hydrostatic computations, for an atmosphere with 
constant y = 7 x 10 ^ °K*m \ are listed in table 4. It is readily apparent 

that these computations are a substantial improvement over those obtained 

using the original UCLA hydrostatics (cf. table 1).

A cause for concern, however, are errors that may arise through the

violation of the conservation of total energy invoked in the derivation of

(3). Therefore, numerical experiments were performed with an adiabatic

inviscid version of our two-dimensional hurricane model with both of these

hydrostatic formulations. Some of the model parameters are listed in

table 5. The vertical distribution of the dependent variables is exactly

the same as that illustrated in figure 3. At the initial instant, the

radial and tangential winds are 0, the surface pressure is specified so that

it monotonically decreases towards the center, and the potential temperature

is uniform on the constant sigma surfaces. From the known distribution of
10
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surface pressure and potential temperature, the temperature, and then the 

geopotential height, are calculated. The time integration is carried out 

according to the Matsuno (1966) scheme.

Table 5. Some model parameters used in the NHEML two-dimensional
hurricane model

Parameter Value
Time increment   30 sec

Radial increment ............................... 20 km

Radial 
domain 

limit of computational
  400 km

The results of the experiments, for a 24-hour integration, are 

illustrated in figure 5 where we have plotted the percentage change in 

time of the total energy (E^_) from the initial total energy (Eq) . Here,

ti:
*0*1 w|2 + <f> + c T)dodr P

(13)

where r is the radial limit of the computational domain. The totalmax r
energy loss beginning at about 1 hour in both experiments is caused by 

the Matsuno (1966) time integration scheme that damps the high speed gravity 

waves generated by the initial wind-pressure imbalance. Clearly, there is 

little difference in the conservation of total energy between the two 

techniques over the 24-hour (2880 time step) period.

12
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Figure 5. Percent change in the total energy from the initial value as a 

function of time for the modified and ordinary UCLA (1974) hydrostatics.

4. SUMMARY

The application of the recently proposed (total energy conserving)

UCLA (1974) hydrostatic formulation produces erroneous geopotential heights. 

The error is due to truncation in the equation used to obtain the geopotential 

height of the lowest model information level. Furthermore, the source of 

the truncation error itself arises from the implicit assumption of constant 

density over the individual model layers. To correct the error, we replace 

the above equation with the assumption that the lapse rate in the lowest 

half-layer of the model is dry adiabatic. We, therefore, avoid summing over 

the entire model depth of the model and integrate only from the earth's

13



surface to the lowest model level. To compute heights at the remaining 

levels, we apply the UCLA (1974) thickness equation. The modified scheme 

provides accurate geopotential heights and preserves total energy conser­

vation as well as the original formulation.

5. ACKNOWLEDGMENTS

The writers thank Drs. Robert W. Jones and Walter J. Koss for a number 

of stimulating discussions on the topic.

14



6. REFERENCES

Deardorff, J. W. (1972): Parameterization of the planetary boundary
layer for use in general circulation models. Mon. Wea. Rev., 100, 
93-106.

Hess, S. L. (1958): Introduction to Theoretical Meteorology. (Holt,
Rinehart and Winston, New York), 362 pp.

Matsuno, T. (1966): Numerical integration of the primitive equations
by a simulated backward difference method. J. Met. Soc. Japan, 44, 
76-84.

Phillips, N. A. (1957): A coordinate system having some special ad­
vantages for numerical modeling. J. Meteor., 14, 184-185.

UCLA Staff Members (1974): The UCLA general circulation model. Notes
distributed at the Workshop 25 March - 4 April 1974 (Department of 
Meteorology, University of California, Los Angeles, California).

15
fSOOMM ■ ML


	Structure Bookmarks
	AQC807.5U6W5no.26
	CONTENTS
	ILLUSTRATIONS
	TABLES
	ABSTRACT
	1. INTRODUCTION
	2. MODEL STRUCTURE AND PERTINENT EQUATIONS
	3. RESULTS AND DISCUSSION
	4. SUMMARY
	5. ACKNOWLEDGMENTS
	6. REFERENCES





