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Measurement of Ocean Wave Directional Spectra
Using Airborne HF/VHF Synthetic Aperture

Radar: A Theoretical Evaluation
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Abstract— Currently, images obtained with microwave
synthetic aperture radars (SARs) are widely used for measuring
directionality of ocean waves on a global and continuous scale.
However, with all the advantages of the microwave SAR systems,
the effectiveness of wave spectrum retrieval from SAR images is
still debated. In this paper, we demonstrate how the directional
spectrum of relatively long sea waves can be measured using
aperture synthesis method in conjunction with relatively low
radio frequencies (HF and VHF bands). This approach has
advantages over HF ground-based radars used for ocean wave
studies in coastal zones. In this paper, we theoretically evaluate
this technique for the system mounted on aircraft. A favorable
combination of the parameters for both ocean surface waves
and HF electromagnetic waves allows an accurate analytical
description of scattering from the sea surface based on the first
approximation of the small perturbation method. In this case,
scattered electromagnetic field becomes a linear functional of
sea surface wave elevations. An analysis of the signal processing
pertaining to this situation is presented, and a practical example
is discussed. The proposed approach can be used even in the
case when the radar platform is moving nonsteadily and/or
along the curvilinear trajectory.

Index Terms— HF radar, sea surface electromagnetic (EM)
scattering, synthetic aperture radar (SAR).

I. INTRODUCTION

THE spectrum of sea waves is an important parameter
characterizing air–sea interactions and dynamics of the

upper ocean. In situ instruments such as pitch-and-roll buoys
provide frequency spectra, but their ability to accurately
measure the directivity of sea waves is very limited. Over
several decades, various remote sensing techniques using a
wide range of the EM frequencies have been tested for more
accurate measurements of the ocean wave directional spectra
(see [1]–[10]). Since the late 1970s, it was recognized that
synthetic aperture radar (SAR) images can provide useful
information about sea surface waves (see [11], [12]). Satellite
SARs allow acquiring global and continuous information about
ocean waves from SAR imagery. However, with all technolog-
ical advances achieved in the satellite microwave SAR ocean
imagery, the effectiveness of the wave spectrum retrieval from
SAR images is still debated (see [13], [14]).
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The physical mechanism of the microwave SAR imaging of
ocean waves is well studied in the literature [11], [12]. At the
same time, it was long recognized that due to the nonuniform
motion of the scatterers on the time-dependent sea surface, the
SAR imaging process is, in general, strongly nonlinear [12].
Two most important mechanisms are involved in the ocean
wave microwave SAR imaging: 1) the radar cross section
modulation by the distribution of Bragg resonant ripples and
2) the distorting effect of the orbital motion of the water
particles associated with the long ocean surface waves known
as “velocity bunching” (see [12]). As a result, the retrieval of
sea wave amplitudes from the SAR data represents a difficult
nonlinear problem.

Since the interpretation of standard microwave SAR images
of the sea surface in terms of wave directional spectra encoun-
ters difficulties mentioned above, other approaches for mea-
suring sea wave spatial spectra were also tried. For example,
an airborne scanning radar altimeter (and its successor, Wide
Swath Radar Altimeter) was used successfully in the past
to map wave directional spectra, but this instrument is quite
unique [8]–[10], [15]. Also, images obtained with shipborne
real aperture radars have been used for the determination of
ocean wave directionality in the vicinity of a ship, but the
spatial coverage of such systems is rather limited [7].

Apart from the microwave sensors, the HF sensors using
signals with meter, or tens of meters, wavelength are capa-
ble of measuring wave directional spectra using resonant
Bragg scattering by long surface gravity waves without the
abovementioned nonlinearity problems. Indeed, sea surface
waves have rather limited RMS elevations (not exceeding the
order of meters), and for not too strong winds they have
small slopes. Under these circumstances, it seems expedient
to use longer radio waves with wavelength exceeding RMS
surface elevations. For such waves, scattering is due to Bragg
resonant mechanism, which was first confirmed experimentally
by Crombie [16] who observed Doppler spectra of the 13 MHz
radio signals scattered from the rough sea surface using a
coastal installation. Later Barrick [17] (see also [1]) introduced
a theoretical model for the HF sea-echo Doppler spectrum,
which relates it to the ocean wave directional spectrum and
the surface current velocity. Such a theoretical model is
particularly simple for sufficiently long radio waves possess-
ing a small Rayleigh parameter when the small perturbation
method is applicable and the scattered EM field becomes a
linear functional of wave elevations. These advances led to
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development of coastal HF radar systems for the remote sens-
ing of sea-surface parameters. Since then, they have become
available for producing current maps and retrieving wave
directional information [2]–[6]. Also, the theoretic models
of the HF ocean wave scattering became more advanced
(see [18]). Among the deficiencies of such HF systems are
a spatial coverage, which is limited to coastal areas, and a
rather modest spatial resolution.

Although coastal (or ship-borne) HF “non-SAR” radar sys-
tems have been used for this purpose long ago, they have
limitations with respect to coverage and resolution. To obtain
high azimuthal directivity, rather large and expensive antenna
arrays (such as WERA) are employed in HF coastal radar
systems [5]. Here, we propose to utilize the synthetic aperture
concept in the HF/VHF band for measurements of ocean wave
directional spectra from aircraft, which should significantly
reduce limitations typical for the coastal HF radar systems.

The early algorithms of SAR signal processing relied on
the fast Fourier transformation (FFT). If radar is moving
nonsteadily and/or along the curvilinear trajectory, and/or the
scene is not stationary, then an FFT is not quite adequate,
and resolution might degrade significantly. The modern high-
resolution SAR processing is still using the FFT at differ-
ent stages of signal processing but it is not limited to it
(see [19]). In terms of SAR signal processing, our approach
invokes a time-domain consideration, which makes it similar
to time-domain back-projection (TDBP) algorithms proposed
in [20] and [21], which at present have become computation-
ally feasible and rather popular. Those algorithms are very
flexible in treating cases when the radar platform is moving
nonsteadily and/or along the curvilinear trajectory.

It should be stressed here that the proposed technique does
not intend to produce any SAR type imagery of the overflying
ocean scene. The received signal will be processed in such
a way that the output will yield the wave directional spectra
for some spatial area surveyed by the aircraft. In contrast to
microwave SAR systems, in this case, the surface waves of a
particular wavelength are directly sensed by appropriate radio
waves in the HF/VHF band, roughly by a double wavelength.

Some similarity exists between the suggested approach and
the technique, which employs shipborne high frequency sur-
face wave radar (HFSWR) for measuring wind direction [22].
Namely, when scattering is measured from a moving ship,
signals coming from different directions experience different
Doppler shift, which is proportional to the cosine of the angle
between ship velocity and direction of propagation of Bragg
scattering waves. For ship-mounted radar, scattering always
proceeds under very small grazing angle, and the wavelength
of the Bragg scattering waves is two times shorter than the
electromagnetic wavelength and is practically fixed. In the
case of aircraft, however, the wavelength of Bragg scattering
waves depends on the varying grazing angle between aircraft
and various portions of the scattering scene. Taking advantage
of this fact allows one to retrieve the wavenumber dependence
of a sea wave spectrum within certain limits.

The approach considered here and a standard SAR process-
ing have both similarities and differences. The similarity is
in using of broadband signals and antenna aperture synthesis.

The differences (besides those already discussed above) are:
1) modeling of EM sea surface scattering using the first-
order perturbation method, which is not applicable in the case
of microwave SAR and terrain scenes, but is adequate for
relatively long EM waves and a sea surface and 2) direct
interpretation of measurements in terms of sea surface spectra.

To sum up, this paper presents a theoretical development of
the method, which uses HF or VHF EM waves in conjunction
with the aperture synthesis approach for the measurement of
ocean wave directional spectra for wavelengths starting from
5 to 10 m and longer. It can be viewed as a generalization
of the coastal HF radar technique for the case of a fast-
moving airborne platform with a synthesized rather than a
real aperture. It is important to stress that for the aircraft
implementation, the proposed technique is not limited to
a straight and uniform movement of the platform. It can
be used for platforms that are moving nonuniformly along
curved trajectories including circular ones. This also can be
very useful for a better sampling of localized scenes and
longer coherent integration times. Extending this technique
to space-borne platforms is, in principle, possible, but it is
a challenging problem because of adverse ionospheric effects,
limited statistics, and a limited set of directions from which
a given ocean area can be illuminated (to this point, see
also Section III).

We avoid discussing the technical implementation of the
proposed method here. However, we can direct interested
readers to publications on existing airborne HF SAR systems,
which can be used as a prototype for our system. For example,
SARs working in HF frequencies have become attractive for
application in reconnaissance through foliage, vegetation and
biomass measurements, Arctic ice studies, etc. [23]–[25]. Let
us emphasize that in our approach, a transmitting/receiving
antenna with a broad radiation pattern is employed, which
must be known in advance. This might present a problem that
needs to be addressed in the practical implementation of this
technique.

Our approach is outlined in Section II. The discussion
of results is presented in Section III. The derivation of the
expression for the scattered field can be found in Appendix A.

II. OUTLINE OF THE APPROACH

In Section I, we pointed out that our approach has much
in common with the time-domain aperture synthesis method,
which is based on a coherent summation of signals received by
small subapertures sequentially occupying various locations of
the virtual aperture. To start with a derivation of the expression
for the received signal, we need to describe the scattered field.
For this, we will use a general expression (A21) obtained in
Appendix A for the complex amplitude of the monochromatic
scattered field measured at the point (�r0, z0) at the moment of
time t0.

We will assume that the scattered field � is measured at a
set of points (�rn, zn) at different moments of time tn , where
n = −N, . . . , N is a radar pulse index of 2N + 1 pulses
altogether (see Fig. 1). Let �n(ω) is a complex amplitude
originating from the Fourier transformed time series of the
nth transmitted and received pulses after “pulse compression”,
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Fig. 1. Illustration of the measurement geometry. Indices n − 1, n, n + 1, . . .
indicate antenna locations from which radar pulses were sent and received.

i.e., the ratio of the complex amplitudes of the received, �rec,
and transmitted, �tr , pulses

�n(ω) = �rec(�rn, zn, tn;ω)
�tr (n, ω)

= �rec(�rn, zn, tn;ω)[�tr (n, ω)]∗
|�tr (n, ω)|2 . (1)

It is assumed that we are dealing with a broadband signal,
and that none of its frequency components within a certain
band turns into zero: |�tr (n, ω)|2 �= 0. Values �n(ω) are thus
known from measurements; they are actually used in certain
SAR applications. Since we will be performing the coherent
processing, all pulses should be processed in the same time
frame. In particular

�tr(n, ω) = �tr(0, ω)eiωtn . (2)

We will assume that the time interval of measurements is not
too long so the amplitudes of surface waves can be considered
constant. In Appendix A, the following expression for �n(ω)
was obtained [see (A21)]:
�n(ω) =

∫
d�ξei�ξ �rn+2izn qξ/2(ω)D(�ξ , ω)

×[a(�ξ)e−i f (ξ)tn + a∗(−�ξ)ei f (ξ)tn ] (3)

where �ξ is the wave vector of a surface gravity wave and
a(�ξ) and f (ξ) = √

gξ are its complex amplitude and circular
frequency, respectively. In (3), qξ/2 is a vertical projection
of the wave vector of the plane wave selected due to the
Bragg-scattering mechanism from the superposition of plane
waves radiated by the source. Function D represents the
radiation pattern of the antenna, and it also accounts for
the spherical divergence and the intensity of Bragg scattering
(see Appendix A for details).

In (3), the dependences of factors qξ/2 and D on fre-
quency ω are explicitly indicated; in Appendix A ω was
considered as a parameter.

Equation (3) represents a linear set inverting which one
can principally infer unknown surface wave amplitudes a(�ξ).
In practical cases, the number of available frequencies can
be of the order of 104 or even larger; the number of pulses

can be of the order of 103–104. An extremely large number
of resulting equations makes a brute-force solution of the
linear set impractical. However, as it is explained below, the
summation of pulses with proper phase factors with respect to
index n and the Fourier transform of the result with respect to
the frequency will collapse the kernel of the integrand in the
RHS of the resulting equation into a function with a narrow
support on the �ξ -plane, which makes these equations much
easier to solve by iterations. Moreover, we are interested in
statistically averaged squares of amplitudes of the sea surface
waves rather than in individual realizations of the wave field.
Such an averaging results in some simplifications of final
expressions.

The transformations of (3), which will be presented below,
are similar to two main steps of a standard SAR processing,
namely selection of signals coming from certain directions by
calculating Doppler spectrum and selection of signals coming
from a certain distance by time gating. However, HF SAR
imaging of the sea surface is not our goal, and the suggested
below processing scheme is technically different as compared
to standard SAR processing methods; it can be considered as
a version of “back projection” approach [21]. Note that our
processing does not rely on the trajectory of the radar being
a straight line; this might be an advantage when integration
time increases, and/or circular flights are used.

By making use of �n(ω), let us calculate the following
function:
F(�k) = 1

π1/2�

∫
dωe

− (ω−ω0)
2

�2
p

π1/2 N

×
N∑

n=−N

�n(ω)e
−i�k�rn−2izn qk/2(ω)+i f (k)tn−p2n2/N2

. (4)

Substituting representation (3) into (4), one obtains

F(�k) =
∫

[T+(�k, �ξ)a(�ξ)+ T−(�k, �ξ)a∗(−�ξ)] (5)

where

T+(�k, �ξ)

= 1

π1/2�

∫
dωD(�ξ , ω)e− (ω−ω0)

2

�2 × p

π1/2 N

N∑
n=−N

×ei(�ξ−�k) �rn−2izn (qξ/2(ω)−qk/2(ω))+i( f (k)− f (ξ)) tn−p2n2/N2
(6)

and T−(�k, �ξ) differs from T+(�k, �ξ) defined by (6) only by
the plus sign in front of f (ξ) in the exponent. Parameter ω0
in the first exponent in (6) is a center (angular) frequency
of the transmitted signal and parameter � is supposed to be
somewhat less than the frequency bandwidth so that contri-
butions from terminal frequencies in (6) are withered away.
Thus, parameter � is an effective frequency bandwidth of our
processing.

Let us first consider the meaning of the sum in (4). As it
is clear from (6), that exponential factors in the sum in (4)
are chosen such that phase shifts due to varying locations and
times of the measurements will be compensated in all pulses
for the Bragg-scattered waves with �ξ = �k. For this reason, one
might expect function T+(�k, �ξ) to have a maximum around
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point �ξ = �k on the �ξ -plane. Similar to the exponential fac-
tor exp(−(ω − ω0)

2/�2), the factor exp(−p2n2/N2) withers
away the contribution from terminal pulses; thus, parameter p
should somewhat exceed unity. Both smoothing factors are
introduced to remove undesirable side lobes in functions
T±(�k, �ξ) on the �ξ -plane making their support more compact.

As it will become more evident in what follows, the
summation over pulses in (4) and (6) is similar to the Doppler
frequency filtering and the sum in (6) has in fact maximum not

for �ξ = �k only, but for all Bragg-scattered waves having close
Doppler frequencies. To reduce dimensionality of the support
of functions T±(�k, �ξ) on the �ξ -plane, integration over ω in (4)
is added. This integration selects the Bragg-scattered waves
that have close propagation time toward the sea surface and
back what as we will also see below is equivalent to selection
of waves with |�ξ | = |�k|.

In the case of a spatially homogeneous statistical ensemble
of surface waves, one has

〈a(�k)a(�k ′)〉 = 0, 〈a(�k)a∗(�k ′)〉 = 1

2
W (�k)δ(�k − �k ′) (7)

where W (�k) is a directional spectrum of surface waves with
usual normalization

〈h2〉 =
∫

W (�k)d �k. (8)

Now, from (5), one finds

〈|F(�k)|2〉 = 1

2

∫
[|T+(�k, �ξ)|2W (�ξ)+ |T−(�k, �ξ)|2W (−�ξ)]d�ξ.

(9)

Equation (9) can be considered as a linear integral equation
with respect to the wave spectrum W .

In the general case of arbitrary trajectory, bandwidth, and
antenna radiation patterns, functions T±

(�k, �ξ
)

can be calcu-
lated numerically according to (6). To obtain insight into their
structure we will consider a particular case of an airborne
platform moving uniformly with velocity �u along a straight
horizontal path and set: tn = nτ , �rn = �utn , zn = z0. Let us
also assume the case of narrowband pulses

� 	 ω0. (10)

Then, we obtain

T+(�k, �ξ) = D(�ξ , ω0)

π1/2�

∫
dωe− (ω−ω0)

2

�2 e−2iz0(qξ/2(ω)−qk/2(ω))

× p

π1/2 N

N∑
n=−N

ei(�ξ−�k+ f (k)− f (ξ))nτ−p2n2/N2
(11)

where the weak dependence of function D(�ξ , ω) on frequency
within narrow frequency band was neglected.

For sufficiently small τ , the sum in (11) can be replaced
by a corresponding integral, which we will extend to infinite

limits and find

p

π1/2 N

N∑
n=−N

× exp{i [(�ξ − �k)�u + f (k)− f (ξ)] nτ − p2n2/N2}
= exp

{
−
(

Nτ

2 p

)2

[(�ξ − �k)�u + f (k)− f (ξ)]2

}
. (12)

One can see that the expression in the bracket represents
a difference of Doppler frequencies of the Bragg-scattered
waves with horizontal projections of the wave vectors equal to
�ξ and �k. If one neglects the presence of the term f (k)− f (ξ) in
the right-hand side of (12), the bracket will turn to zero along
the straight line that passes through vector �k in the direction
perpendicular to vector �u: (�ξ − �k)�u = 0. The width of the
ridge around the line nullifying the bracket in (12) is inversely
proportional to the total coherent integration time, 2Nτ . When
performing integration over ω in (11) under condition (10) we
will approximate the expression in the exponent by the first
two terms of the power expansion with respect to (ω − ω0):

qξ/2(ω)− qk/2(ω)

≈ qξ/2(ω0)− qk/2(ω0)+ ξ2 − k2

4

ω0

c2

1

qξ/2(ω0)+ qk/2(ω0)

× (ω − ω0)

qξ/2(ω0) qk/2(ω0)
. (13)

As we will see shortly, for sufficiently large z0 one has ξ ≈ k.
For this reason, we can simplify (13) and obtain

qξ/2(ω)− qk/2(ω) ≈ qξ/2(ω0)− qk/2(ω0)

+ kω0(ξ − k)

4c2q3
k/2(ω0)

(ω − ω0). (14)

In this approximation one finds

1

π1/2�

∫
dωe

− (ω−ω0)
2

�2 e−2iz0(qξ/2(ω)−qk/2(ω))

= e−2iz0(qξ/2(ω0)−qk/2(ω0))

× exp

⎡
⎣−

(
�z0k2ω0

4c2q3
k/2(ω0)

)2(
ξ − k

k

)2
⎤
⎦. (15)

Let us introduce incidence angle θ instead of parameters
k/2, qk/2 in the coefficient of the second exponent in the
right-hand side of (15) according to the relations

k = 2
ω0

c
sin θ, qk/2 = ω0

c
cos θ. (16)

As a result, (11) takes the form

T+(�k, �ξ)
= e−2iz0(qξ/2(ω0)−qk/2(ω0))D(�ξ , ω0)

× exp

{
−
(
�z0

c

sin2 θ

cos3 θ

)2 (
ξ − k

k

)2

−
(

Nτ

2 p

)2

[(�ξ − �k)�u + f (k)− f (ξ)] 2

}
. (17)

The expression for T−(�k, �ξ) follows from (17) after replac-
ing f (k)− f (ξ) by f (k)+ f (ξ).
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One can see from (17) that the relative width of functions
T±(�k, �ξ) on the �ξ -plane with respect to modulus of vector �ξ
for small and moderate incidence angles is of the order of

ξ − k

k
∼ c

�z0

1

sin2 θ
. (18)

This relation determines the characteristic value of the minimal
incident angle for which kernels T±(�k, �ξ) are still narrow
enough

sin θmin ∼
(

c

�z0

)1/2

. (19)

It is interesting that, as the simple geometry shows, prac-
tically the same restriction on the incidence angle follows
from the necessity to remove specularly reflected pulse by
time gating. The wavelength of the longest surface wave λmax,
which can be sensed by this approach, correspondingly reads

λmax = 2π

kmin
∼ πc

ω0

1

sin θmin
= πc

ω0

(
�z0

c

)1/2

. (20)

The width of functions T±(�k, �ξ) on the �ξ -plane with respect to
azimuthal angle ϕ (calculated with respect to vector �u) follows
from the second bracket in the exponent in (17) and reads

δϕ ∼ 1

π

2π

k

p

Nτu sin ϕ
= 1

π

p

sin ϕ

λs

Nτu
. (21)

As expected, the main parameter here is the ratio of the
wavelength of surface wave λs = 2π/k to the length of
synthetic aperture 2Nτu.

Note, that if for function T+(�k, �ξ) both brackets in the

exponent in (17) turn to zero at �ξ = �k, for function T−(�k, �ξ)
the zero of the second bracket

(�ξ − �k)�u + f (k)+ f (ξ) = 0 (22)

is located at a slightly shifted direction; the shift is small
since the phase velocity of surface waves f (k)/k is usually
significantly less than speed of the airborne platform u. Let us
designate a corresponding vector as �k f . If the total coherent
integration time 2Nτ significantly exceeds a period of the
surface wave 1/ f (k), corresponding maxima at the points
�k and �k f will not overlap, and contributions from the surface
waves propagating toward and away from the radar [the first
and the second terms in (9)] can be principally separated.

If parameters�z0/c and Nuτ/λs are large, and the supports
of functions T±(�k, �ξ) are correspondingly small enough, vari-
ations of spectrum Wwithin the supports can be neglected in
the first approximation. Note that function T+specified in (17)
for a given �k has, in fact, two maxima on the �ξ -plane. These
maxima which we denote as �k and �k ′ are symmetrically located
on both sides of vector �u. The same pertains to the second term
of (9). As a result, (9) can be approximately represented as

〈|F(�k)|2〉 = 1

2

∑
�ξ=�k,�k′

W (�ξ)
∫

|T+(�k, �ξ +��ξ)|2d��ξ

+ 1

2

∑
�ξ=�k f ,�k′

f

W (−�ξ)
∫

|T−(�k, �ξ +��ξ)|2d��ξ

(23)

where the integrals over ��ξ proceed over small areas around
the origin. The presence of double sums in (23) leads to
a certain ambiguity, which is briefly addressed in the next
section.

If the direction of vector �k is not too far away from the wind
direction, then W (−�k) 	 W (�k). Let us assume also that the
radar antenna pattern although broad dominates nevertheless
in the direction �k as compared to �k ′: D(�k, ω0) � D(�k ′, ω0).
Then, only one term in (23) survives and we obtain

W (�k) ≈ 2〈|F(�k)|2〉
(∫

|T+(�k, �ξ)|2d�ξ
)−1

. (24)

This solution can be considered as a first approximation of an
iterative solution of the linear equation (9). Next iterations will
take into account the three neglected terms in the RHS of (23),
as well as variations of the spectrum within the supports of
functions T±(�k, �ξ).

III. DISCUSSION OF THE RESULTS

In this paper, we theoretically demonstrated the feasibility
of measuring the directional spectrum of ocean surface waves
by HF/VHF radar with synthetic aperture in a monostatic
configuration. RMS elevations of ocean waves for not too
strong winds do not exceed a few meters, and the wavelength
of the carrier in the range of 10–20 m might be a reasonable
choice. The Bragg wavelength increases without a limit when
the look direction approaches the nadir; for this reason, the
long-wave part of the ocean wave spectrum can be retrieved.
The shortest surface waves for which the spectrum can be
principally measured by this approach correspond to roughly
half of the electromagnetic wavelength calculated at the center
of the frequency band. If the length of synthetic aperture
2uτN significantly exceeds the wavelength of surface waves,
the angular resolution will be rather high. This is the main
advantage of the proposed approach.

Let us make some numerical estimates. Let the carrier
frequency be ω0 ∼ 2π · 20 MHz, which corresponds to
the wavelength of the electromagnetic wave λE M = 15 m.
The Rayleigh parameter will be reasonably small for not too
strong winds so that the first-order approximation of the small
perturbation method should be adequate. Let us also assume
z0 ∼ 2 · 103 m and � ∼ 2π · 2 MHz. Then from (20), one
finds λmax ∼ 70 m, which seems to be enough for moderate
winds. λmax can be increased by increasing z0 and/or �.
The smallest wavelength of the surface waves that can be
sensed by the Bragg scattering mechanism will be in this case
λmin = λEM/2 = 7.5 m. If the length of synthetic aperture
2Nτu = 2 km, according to (21) the angular resolution will
be of the order of a few degrees for surface waves of the order
of λs ∼ 70 m, and for shorter waves the angular resolution
will be even finer.

It is worthwhile to mention that, in fact, this estimate of
angular resolution corresponds to the first-order solution (24).
Further iterations of the basic equation (9) will increase the
angular resolution even further. For an iterative solution to be
stable the width of the support of functions T±(�k, �ξ) should not
be too large as compared to the scale on which spectrum W (�k)
varies; otherwise, the solution may become inaccurate if SNR
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is not high enough. Assuming the aircraft speed being of the
order of u ∼ 150 m/s, one finds that the coherent integration
time required to create a synthetic aperture of 2-km length
will be ∼13 s which is twice as much as a period of
70-m length surface wave. Thus, surface waves propagating
toward and away from the radar could be resolved. By reduc-
ing the carrier frequency ω0, one can probe the case of higher
winds characterized by larger amplitudes and wavelengths of
surface waves.

Since the resolutions given by (18) and (21) increase with
increase of elevation z0 and synthetic aperture length 2Nτu,
it is interesting to consider a possibility to use a space
borne platform for measurements. However, one has to have
in mind possible obstacles for doing this. First, ionospheric
effects should be taken into account. Second, there might
be a problem in collecting enough realizations to perform
statistical averaging, since the platform quickly passes over
the areas where the surface wave fields can be considered as
statistically homogeneous. Third, probably the sphericity of
the Earth has to be taken into account. As far as ionospheric
effects go, assertions can be found in the literature that
destructive ionospheric effects can be successfully compen-
sated for by means of adaptive 2-D processing of received
signals [26], [27].

Another interesting application maybe an attempt to retrieve
individual realizations of the sea surface based on (5) without
statistical averaging. In this case, however, the oscillating
factor in front of the function D in (17) has to be taken into
account. To reduce its negative impact, one has to increase the
width of the frequency band and make it comparable to the
carrier. Another problem might be the fast variation of phases
of different waves within the support of T± functions. This
possibility requires a separate investigation. If successful, one
might try to mitigate the defects of microwave SAR caused
by orbital velocities of longer waves by taking into account
time-dependent topography of these waves retrieved from
HF SAR measurements.

As (21) shows, angular resolution decreases in the directions
close to the direction of velocity �u. To make angular resolution
uniform, one might try to use measurements from a few
different directions of �u. This will also help to resolve the
ambiguity associated with two maxima of functions T± and
allow one an internal check of the procedure, since the
retrieved spectrum W (�k) should not, of course, depend on �u.

Note that in view of a relatively large wavelength of
electromagnetic waves, keeping track of the antenna position
with λE M/10 ∼ 1.5 m accuracy during aperture synthesis
should not be too difficult.

An extension of the approach presented in this paper can be
also formulated for the case of bistatic VHF SAR. This type
of SAR was demonstrated recently in [28].

APPENDIX A

Let us introduce some notations. Let �r , �r0, be horizontal and
z, z0 vertical coordinates of the observation point, and source
location, respectively (z-axis is directed upward)

R =
√
(�r − �r0)2 + (z − z0)2, (A1)

�k is a horizontal projection of the wave vector of a plane wave,
and

qk =
√
(ω/c)2 − k2 (A2)

is a vertical projection of the wave vector. A well-known
representation of the field of an omnidirectional point source
of a unit amplitude in the form of a superposition of plane
waves reads

ei(ω/c) R

(ω/c)R
= i

2π

c

ω

∫
d �k
qk

ei�k(�r−�r0)+iqk |z0−z|. (A3)

Correspondingly, the field �tr propagating downward due to
a transmitting antenna with a radiation pattern dtr (�k) located
at a point (�r0, z0) can be represented as follows:
�tr(�r , z) = i

2π

c

ω

∫
d �k0dtr(�k0) q−1/2

k0
e−i�k0 �r0+iqk0 z0

×q−1/2
k0

ei�k0�r−iqk0 z (A4)

where the integration variable �k is replaced by �k0. If the
incident field is calculated in the far zone, the principle of
stationary phase can be applied to the integral in (A4). As a
result one obtains an isotropic spherical wave from the left-
hand side of (A3) multiplied by dtr(�k(st)). Here, �k(st) = ω/c�n
is a stationary point, with �n being the horizontal projection of
the unit vector directed from the transmitting antenna toward
the observation point. Using this relationship one can easily
represent function dtr(�k0) in terms of any other parameters
characterizing the antenna radiation pattern and gain. Note
that due to the normalization employed in (A3), the radiation
pattern dtr (�k0) is a dimensionless function.

The last factor in (A4) represents an individual plane wave
propagating downward. It is convenient to represent the scat-
tered field in terms of scattering amplitude, which is defined
as follows. Let the incident field is a plane wave from (A4).
Then the expression for the total field ψ at the point �r , z > 0
reads

ψ = q−1/2
k0

ei�k0�r−iq0z + ψsc (A5)

where

ψsc =
∫

q−1/2
k ei�k�r+iqk z S(�k, �k0) d �k (A6)

represents the scattered field as a superposition of plane waves
propagating upward, and S(�k, �k0) is a scattering amplitude of
the plane wave with the horizontal projection of the wave
vector �k0 into a plane wave with the horizontal projection
of the wave vector �k [29]. Here, scalar ψ represents an EM
wave of certain polarization. Using a superposition principle,
one finds the received field due to the incident field from (A4)
as follows:
�rec(�r , z) = i

2π

c

ω

∫
dtr(�k0) q−1/2

k0
e−i�k0 �r0+iqk0 z0

×
∫

d �kdrec(�k) q−1/2
k ei�k�r+iqk z S(�k, �k0) (A7)

where similarly to the case of incident field we have intro-
duced the radiation pattern of the receive antenna drec(�k).
If the wavelength of the incident wave significantly exceeds
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elevations h(�r) and the latter have small slopes then the
small perturbation method applies and the expression for the
scattering amplitude reads [29]

S(�k, �k0) = VF (�k0) δ(�k − �k0)

− 2i(qkqk0)
1/2 B(�k, �k0) ĥ(�k − �k0) (A8)

where

VF (�k0) = B(�k0, �k0) (A9)

is the Fresnel reflection coefficient from the plane surface with-
out roughness, and ĥ(�k) is the roughness elevation spectrum

ĥ(�k) =
∫

e−i�k�r h(�r) d�r
(2π)2

. (A10)

The first term in (A8) represents the specularly reflected
field and the second term describes Bragg scattering.
B(�k, �k0) in (A8) is a dimensionless regular function; for the
case of VV polarization it is

B(�k, �k0) =
(ε − 1)

(
q(ε)k q(ε)k0

�k�k0
kk0

− εkk0

)
(
εqk + q(ε)k

) (
εqk0 + q(ε)k0

) (A11)

where ε is a complex dielectric constant of sea water, qk is
given by (A2), and

q(ε)k =
√
ε(ω/c)2 − k2 (A12)

is a vertical projection of the wave vector in the sea water,

with Im q(ε)k > 0. Explicit expressions for B for EM waves
of other polarizations can be found in [30].

For monostatic radar, locations of the transmitting and
receiving antennas are the same. The specularly reflected
component can be removed by the time gating and will
be omitted in what follows [see also the comment made
after (19)]. Substituting (A8) into (A6) gives

�rec(�r0, z0) = c

πω

∫
d �k0d �kdtr (�k0) drec(�k) B(�k, �k0)

× ei(�k−�k0) �r0+i(qk+qk0 ) z0 ĥ(�k − �k0)

= c

πω

∫
d�ξ ĥ(�ξ)ei�ξ �r0

∫
d �k0dtr(�k0) drec(�k0 + �ξ)

×B(�k0 + �ξ, �k0) e
i(q|�k0+�ξ |+qk0 ) z0 . (A13)

If ωz0/c � 1, the inner integral over �k0 can be calculated
using the stationary phase method. The stationary point �k(st)

0
follows from

d

d �k0
(q|�k0+�ξ | + qk0) = − �k0 + �ξ

q∣
∣
∣�k0+�ξ

∣
∣
∣

− �k0

qk0

= 0 (A14)

whence

�k(st)
0 = −1

2
�ξ . (A15)

The calculation of the determinant of the corresponding
Hessian gives

det
∂2

∂k0i∂k0 j

(
q|�k0+�ξ | + qk0

)∣∣∣∣�k0=−�ξ/2
= 4

ω2

c2

1

q4
ξ/2

(A16)

and the expression for the scattered field (A13) in the far zone
becomes

�rec(�r0, z0) =
∫

d�ξei�ξ �r0+2iz0qξ/2 D(�ξ)ĥ(�ξ) (A17)

where

D(�ξ) = i
c2

πω2z0
q2
ξ/2dtr

(
−�ξ

2

)
drec

( �ξ
2

)
B

( �ξ
2
,−�ξ

2

)
.

(A18)

The physical meaning of (A17) is straightforward: each
sinusoidal harmonic of the surface roughness with wave vec-
tor �ξ scatters back the plane wave from the superposition
of incident plane waves, which satisfies the Bragg scattering
condition (A15). The exponential factor (A17) represents the
phase of the plane wave, which it acquires propagating toward
the sea surface and back, and D(�ξ) accounts for spherical
spreading, directivity patterns of the transmitter and receiver,
and polarization-dependent intensity of Bragg scattering rep-
resented by B . Since the first order of the small perturbation
method is used, amplitude of the backscattered field is directly
proportional to the amplitudes of the surface waves ĥ(�ξ).

Sea surface waves with the scales of meters and longer can
be represented as a superposition of linear waves over time
intervals of the order of 10 s. Thus, we have

h(�r , t) =
∫

d �ka(�k)ei�k�r−i f (k)t + c.c. (A19)

where a(�k) are constant complex amplitudes of sea waves
and f (k) = √

gk is the circular frequency of a sea wave
with wave number k (the dispersion relation) and “c.c.” stands
for complex conjugation. The field of sea surface elevation,
h, is, of course, time-dependent. Since, however, speed of
surface points, ḣ, is negligible as compared with the speed
of light, expression (A19) can be directly used in (A17) with
time t being treated as a parameter. This is the quasi-static
approximation: for a given radar pulse sea surface is “frozen,”
and scattering proceeds from a snapshot of the sea surface.

For ĥ(�ξ) calculated at a time t = t0 from (A10) and (A19),
one finds

ĥ(�ξ) = a(�ξ)e−i f (ξ)t0 + a∗(−�ξ)ei f (ξ)t0 . (A20)

Finally, substitution of (A20) into (A17) gives the following
expression:
�rec(�r0, z0, t0) =

∫
d�ξei�ξ �r0+2iz0qξ/2 D(�ξ)

×[a(�ξ)e−i f (ξ)t0 + a∗(−�ξ)ei f (ξ)t0]. (A21)

Equation (A21) was obtained under the assumption that the
point source given by (A3) has a unit amplitude. For this
reason, �rec in (A21) corresponds to �n in (3).
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