
NOAA TR NOS 42

.1)651
no.42A UNITED 

DEPARTM
COMM
PUBLICi NOAA Technical Report NOS 42

U.S. DEPARTMENT OF COMMERCE 
National Oceanic and Atmospheric Administration 
National Ocean Survey

Computational Procedures for the 
Determination of a Simple Layer Model 
of the Geopotential From 
Doppler Observations

BERTOLD U. WITTE

ROCKVILLE, MD. 

April 1971



noflfi
NOAA TECHNICAL REPORTS 

National Ocean Survey Series

il Ocean Survey (NOS) provides charts and related information for the 
of marine and air commerce. The Survey also furnishes other earth 

»—iTom geodetic, hydrographic, oceanographic, geomagnetic, seismologic, 
gravimetric, and astronomic surveys , observations, investigations, and measurements-- 
to protect life and property and to meet the needs of engineering, scientific, defense, 
commercial, and industrial interests.

Because many of these reports deal with new practices and techniques, the views 
expressed are those of the authors, and do not necessarily represent final Survey 
policy. NOS series of NOAA Technical Reports is a continuation of, and retains the 
consecutive numbering sequence of, the former series, ESSA Technical Report Coast 
and Geodetic Survey (CSGS), and the earlier series, C&GS Technical Bulletin.

Reports in the series are available through the Superintendent of Documents, U.S. 
Government Printing Office, Washington, D.C. 20402. Those publications marked by an 
asterisk are out of print.

Coast and Geodetic Survey Technical Bulletins

*C§GS 1. Aerotriangulation Adjustment of Instrument Data by Computational Methods. 
William D. Harris, January 1958 (Superseded by No. 23.)

*C§GS 2. Tellurometer Traverse Surveys. Lt. Hal P. Demuth, March 1958.
*C§GS 3. Recent Increases in Coastal Water Temperature and Sea Level--California to 

Alaska. H. B. Stewart, Jr., B. D. Zetler, and C. B. Taylor, May 1958.
*CSGS 4. Radio Telemetry Applied to Survey Problems. Richard R. Ross, February 1959. 
*CSGS 5. Raydist on Georges Bank. Capt. Gilbert R. Fish, April 1959.
CSGS 6. The Tsunami of March 9, 1957, as Recorded at Tide Stations. Garrett G. 

Salsman, July 1959. Price $0.15.
*CSGS 7. Pantograph Adjustment. G. C. Tewinkel, July 1959.
*C§GS 8. Mathematical Basis of Analytic Aerotriangulation. G. C. Tewinkel, August 

1959 (Superseded by No. 21.)
*CSGS 9. Gravity Measurement Operations in the Field. Lt. Comdr. Hal P. Demuth, 

September 1959.
*C§GS 10. Vertical Adjustment of Instrument Aerotriangulation by Computational Methods. 

William B. Harris, September 1959 (Superseded by No. 23.)
4 *C$GS 11. Use of Near-Earth Satellite Orbits for Geodetic Information. Paul D. Thomas, 

January 1960.
*C§GS 12. Use of Artificial Satellites for Navigation and Oceanographic Surveys. Paul 

D. Thomas, July 1960.
C§GS 13. A Singular Geodetic Survey. Lansing G. Simmons, September 1960. Price $0.15. 
*C§GS 14. Film Distortion Compensation for Photogrammetric Use. G. C. Tewinkel, 

September 1960.
*C§GS 15. Transformation of Rectangular Space Coordinates. Erwin Schmid, December 

1960.
*CSGS 16. Erosion and Sedimentation--Eastern Chesapeake Bay at the Choptank River.

G. F. Jordan, January 1961.
CSGS 17. On the Time Interval Between Two Consecutive Earthquakes. Tokuji Utsu, 

February 1962. Price $0.10.

(Continued on inside back cover)



0(°SI
ro'V2

c > X

10)

doc

U.S. DEPARTMENT OF COMMERCE
Maurice H. Stans, Secretary

NATIONAL OCEANIC AND ATMOSPHERIC ADMINISTRATION 
Robert M. White, Administrator

NATIONAL OCEAN SURVEY 
Don A. Jones, Director

NOAA Technical Report NOS 42

Computational Procedures for the 
Determination of a Simple Layer Model 
of the Geopotential From 
Doppler Observations

BERTOLD U. WITTE
LIBRARY

OCT - 6 1993

N.O.A.A.
U S. Dept, of Commerce

ROCKVILLE, MD. 
APRIL 1971



UDC 528.27:528.375:621.3.093.2:629.783

528 Geodesy
.27 Gravity measurement 
.375 Geopotential height measurement 

621.3 Electrical engineering 
.093 Radio-frequency phenomena 

.2 Doppler effect
629.78 Astronautics - Space vehicles 

.783 Artificial earth satellites

For sale by the Superintendent of Documents, U.S. Government Printing Office 
Washington, D.C. 20402 - Price 65 cents

li



CONTENTS

Page

Abstract 1

1. Introduction 2

2. Observational Equations 2

3. Determination of Partial Derivatives of the
Doppler-Equation 5

3.1 Evaluation of Derivatives of Doppler Frequency
With Respect to Station Coordinates 5

3.2 Evaluation of Derivatives of Doppler Frequency 
With Respect to Parameters Influencing the Orbit 8

3.3 Evaluation of the Derivative for the Bias
Parameter 9

4. Tropospheric Refraction Model 10

5. Representation of the Geopotential 14

6. Partial Derivatives of the Potential W 17

6.1 Gradient of the Potential U 18
6.2 Second Derivatives of the Potential U 19

7. Variational Equations 24

8. Orbit Integration Procedures 31

8.1 Runge-Kutta-Gill Method 33
8.2 The Adams-Bashforth Method 34
8.3 The Adams-Moulton Method 36
8.4 The Stormer Method 37
8.5 The Cowell Method 37
8.6 Integrating Procedure for Variational

Equations 38
8.7 The Lagrangian Interpolation Method 39

iii



Page

9. Forces Besides the Earth's Gravity Field Acting
Upon a Satellite 41

9.1 Attraction of the Sun and the Moon 41
9.2 Direct Solar Radiation Pressure 46
9.3 Atmospheric Drag 48

10. Adjustment of Observations 52

Acknowledgment 60

References 61



Computational Procedures for the 
Determination of a Simple Layer Model 

of the Geopotential from Doppler Observations

Bertold U. Witte

ABSTRACT. The geopotential of the earth is rep­

resented by the potential of a simple layer dis­

tributed over the earth’s surface. Density val­

ues of this layer for 104 surface elements have 

been determined from Doppler observations. Com­

putational procedures using this method are pre­

sented here. Numerical integration is employed 

to compute satellite orbits with time sequenced 

Doppler observations given as input. The geo­

potential forces acting upon the orbit are de­

scribed as well as the attraction of the sun and 

moon, solar radiation pressure, and air drag. The 

results of the orbit fits are combined in an ad­

justment to determine the density values of the

104 surface elements.
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1. Introduction

The determination of the earth's gravity field from 

Doppler observations using a simple layer model follows an 

approach outlined by Koch [1968]. The first results ob­

tained by this method, from optical satellite observations, 

have been published by Koch and Morrison [1970]. These 

results showed good agreement with existing solutions, so 

this approach was applied to other available data.

Many stations of the worldwide satellite triangulation 

network [Schmid, 1969] are close to the Doppler tracking 

sites of the U. S. Navy Doppler Tracking Network (TRANET) 

[Anderle 1965] and connected by local survey to the BC-4 

stations of the worldwide triangulation network. In order 

to combine the results of both systems the Doppler observa­

tions are as a first step processed by means of the simple 

layer potential. Results are given by Koch and Witte 

[1970], whereas the computational procedures are described 

here.

2. Observational Equations

Let r be the vector of the apparent position of the 

satellite and
rT = [x,y,z] (2-1)

where x, y, z are the geocentric rectangular coordinates of
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the satellite; the origin is the center of mass of the earth; 

the z-axis is identical to the instantaneous axis of the 

earth, and the x-axis points at an angle east of the true 

vernal equinox which equals the precession and nutation in 

right ascension since 1950. Since the orbit computations 

extend over arcs not longer than 7 days this coordinate system 

is a good approximation to an inertial system.

The rectangular coordinates of the station vector 

(u ,v ,w ) are given in a geocentric coordinate system whose 

orientation coincides with the worldwide satellite triangula­

tion network; that is, the w-axis points towards the mean 

pole 1900-1905 and the u-axis towards the intersection of 

the Greenwich meridian (i.e. the zero meridian of the 

Bureau International de l’Heure UTl-System) with the equator.

By means of the polar motion as determined by the 

Bureau de l’Heure and the sidereal angle as defined by 

the Smithsonian Institution [1966] the station coordinates 

are rotated into the x,y,z system.

r = s

X s
ys
z s

= S
u s
V s
ws _

S =
cos§
sin©
a

sin§
COS0
-b

-a cos6 - b sin©
# A /s-a sin0 + b cos0

1
(2-2)
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where a, b are the components of the polar motion, 0 is the 

sidereal angle, a simple linear expression of UT1, or

0 = 0.reV2 77 98 7616 + 1.rev00273781191 (MJD-32282. 0),

MJD is the Modified Julian Day Number as defined by the 

Smithsonian Institution.
The vector r of the apparent position at a time t is 

a function of the vector e of the orbital elements at the 

epoch tG, the vector x °f the parameters of the gravity 

field, the vector of the station coordinates rg, the 

radiation pressure parameter KR over the observation interval 

and the drag parameter CR over the same time interval.

r = r(e(t0),Xs ?s> KR(t), CD(t)) (2-3)

For the formation of the observation equations the 

following expression is used, which is derived from the 

Doppler equation.

f = f, - ■b d ( |r - r I ) + <5f (2-4)b _ ~cT dt v 1 - 'L s 1 " ' “"tro

Here f is the calculated frequency, ffe the base frequency, 

c the velocity of light, which is 299,792,500 m/sec [Ftficke 

et al. 1965], |r - r I the rate of change of the distance 

between the satellite and the observation station, and <$ftro 

the tropospheric refraction correction. A detailed de­

scription of the model used for tropospheric refraction is 

given by Witte [1970], but a condensed version is included 

as chapter 4.



The observed Doppler frequency f0 is obtained by comparing 
the incoming satellite signal with a reference signal generated 

from a local precision oscillator and measuring the time required 

to count a preset number of beats. In order to get the calculated 
frequency fCeq C2—4)) the base frequency f^, which is the es­

timated satellite oscillator frequency, is used. The assumed 

value of f^ may contain an unknown systematic error which in 
this report is considered constant over one pass. The observed 

frequencies are influenced by this systematic error, which is 

introduced into the adjustment as a bias parameter.
Approximate values for e, x> ?s> KR, CD are available so 

that we obtain by means of a Taylor series expansion the follow­

ing observation equation, where a bias parameter b for the

frequency offset of every base frequency for each pass is added
3l (|£ ) Ae. 104 

+ Zk=l '3e ik ko 1=1

-L /3f \ A -1- / 3f
I \3kr; ■ kr \ 9cd /.

i O i

(if)iZ Ax£ +
m=l

Ar
imq mq

D + G§)..ID Ab . D (2-5)

i denotes here the ith ■
j denotes here the jth ;
q denotes here the qth
k denotes here the kth <
£ denotes here the £th
denotesm here the mth i
denoteso here the oth (

Af = observed :frequency

3. Determination of Partial Derivatives of the Doppler-Equation

3.1 Evaluation of Derivatives of Doppler Frequency With

Respect to Station Coordinates.
3 fFor the partial derivative using equation (2-4)3r.sm
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3f
9r sm c

- rc
9rsm

) (3-1)

Here

and the slant range is

|r - r | = p = Ax - x )2 + (y - y )2 + (z - z )2 (3-2)
1 s S O O

The differentiation of the slant range with respect to the 

time yields

d/(x - x )2 + (y - y )2 + (z - z )2 _
s ___s_______ ____ ^——

dx„ dyr dz
2U~XS)^ +2Cy-ys^+2(z~zs)^2(x-xs)dt£"2(y~ys)jr ~2(z~zs)?r

2/x-x )2 + (y-y„)2 + (z-z )

(3-3)

Introducing p as a unit vector the change in the slant 

range yields with equation (3-3) the following relation

|r - rs|' = p-(r - rg) (3-4)
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From this we get for equation (3-1) 

f3f
3r sm

_b
c

3p
3rsm

,t tv *(r - rg) - p
3r
3rsm

where

3 P
3rsm

3r„
3rsm

3 ( |r - r

. “>• -> \r - r

3rsm
"s'

I ->r - r

3p _
rsm

3r
3rsm

i? -

9rS -> V
— *Cr - rs) 

sm
C? r ) s

i r - r
(3-5)3

with

3r
ST

1

<ro 0 3r 0
- 0

0
S; ^s ' 1

0
s; 8zs ' 0

1

and

0 3? tox_ ->■3r 0
-wy o s

s’ 9ys ' 0 s 
0

s _’ 9zs 0
0

3f£
3x

where to is the angular velocity of the earth, 

Finally we get
3r 3r

3f
3r sm

2b
c

[(■ 3rsm
r - r

-- +
3r sm

(r - rs) (r - rs)

I “*■r - r

-><? - + 3f>T N * s rs)-P* ttr-
sm

(3-6)
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3.2 Evaluation of Derivatives of Doppler Frequency with 

Respect to Parameters Influencing the Orbit.

The derivatives with respect to the parameters eR, x^> KR 

and CD, as used in equation (2-5), are now derived. We set 

3 9X 3 a- 9Xm9f _ y 9f  m , y 9f  rn (3-7)
9pv -| 9X 9p,, 9pvyK m=l m m=l 9X^

where pv stands for the above mentioned parameters K
e„, x„ , Kt, and C^; and X for the coordinates x, y, z of the K R D m
apparent position of the satellite. The partial derivatives

ay .FA- and are computed with the help of variational equations9pK 9PK
(section 7).

The derivation of the Doppler frequency in equation (3-7) 

with respect to the apparent position of the satellite leads to

9f fb 3(l?
9Xm c 9Xm

(3-8)

Applying (3-4) -*
9 f !b 9(p • (r - fs) )
9X c 9X

(3-9)
m m

9f
TT1 = ~

A
c V 9X V - f ) +s

9r
■53T
m

(3-10)
m

9rAnalogous to equation (3-5) and with = 0 we get

9f
9Xm

_b
c

9r
9Xm

[9?
I 9X * L m

(? - ?s)j (r - rg)
axm

r - r1 1 -*r - r
(f V (3-11)
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The differentiation of the Doppler frequency with respect to

the velocity X , where X stands for the coordinates x, y,z 
J m m

leads to

3f
fb 3(1? - ?,!•)

m 3*
m

(3-12)

f.3 (p • (r - r )) b s
3Xm

(3-13)

(3-14)

3r 3rFor the components of the derivative and we use3X 3 Xm m

3r
3x

1 -> 0 -* 0
o 3r 1 3Z r 0
0

-

; 3y
0 ’ 3 z 1

(3-15)

and

(3-16)

3.3 Evaluation of the Derivative for the Bias Parameter 

From equation (2-4) we get for the partial derivative of the
i

Doppler frequency with respect to the base frequency f^

3f
9fb = 1 1

c
(3-17)

where |r is obtained from equation (3-3).
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4. Tropospheric Refraction Model

For the computation of the correction term in

equation (2-4) a tropospheric refraction model derived by 

the Naval Weapons Laboratory is used. It is preferred to 

models developed by Hopfield [1963 and 1969] because the mean 

error of unit weight resulting from the use of this formula, 

which will be derived below, is somewhat less than that ob­

tained with the Hopfield models [Witte 1971]

The range error As caused by the tropospheric refraction 

may be described by the following equation

As = /n ds - J ds (4-1)
tro g

where n is the index of refraction for radio waves and varies 

along the signal path. The first integral is taken along the 

signal path through the troposphere and the second along the 

geometric path. If both ways are set equal, only an error 

of second order occurs

As = / (n-1) ds (4-2)
g

The contribution of the tropospheric refraction to the 

Doppler shift of the signal received from a passing satellite 

is given by (compare also Hopfield 1963)

= _ £b d(As) 
rtro c dt (4-3)
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In equation (4-3) As is differentiated with respect to the 

time t. For the approximation of a flat earth we get with 

equation (4-2) and (4-3)

6ftro

H
f , J(n-1) dh
A A (2__________
c dt cos Z -) (4-4)

The angle Z is the zenith distance and H the height of the 

satellite above the earth. After integration and differentia­

tion we get for (4-4)

i$f =---- (S1P~ 2 H (n - 1))
-tro c cos 2Z

(4-5)

where n is the mean refractive index and Z the change of the 
zenith distance with time. In order to solve equation C4-5) 

the following relations are used Csee also fig. 1)

1) The component of velocity along the direction of

the unit vector q, perpendicular to the vector

r - ? = and in the plane of p and H, is q*p
s

2) The component of velocity along q can also be 

expressed in a spherical coordinate system centered 

at the observer as |r - r l Z or pZ. Thus

pZ = p.q (4-6)

Figure 1. Diagram 
to illustrate eq-(4-6)

earth
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The unit vector q is given by the following relation

^ _ P*(pxH)
|px(pxH)|

where
|px(p xH)| = sin Z (4-8)

p in equation (4-6) can be rewritten as

• • 0p = r - rs
(4-9)

and
~ 151

13 ~ cos Z (4-10)

Inserting these expressions (4-7), (4-8), (4-9), (4-10) in 

equation (4-6) leads to

-’LL - l'). gxP.xH>
cos Z s sin Z (4-11)

and substituting jSx(pxH) = (j$*H)p - (p*p)H = p cos Z - H 

into (4-11), equation (4-5) becomes

6ftro — (r - r's)‘(p - coI~Z ) (n - 1) (4-12)

We replace (n - 1) by

n - 1 =
H

tro/ (n-l)dh
^stat

AN. - N . .tro stat (4-13)
(r - r ) • H 

s
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h . . = height of stationstat
htrQ = height of troposphere
AN = total change in refractive index from sea level

tro up_  to.  theI  -top4— ^-i-v  of^ -P  -t-'theU ^  troposphere osc o 3al 1 oHed  to "hhei & 1 C7ght. 
AN = change in refractive index from sea level up to

s^a"^ the height of the station scaled to height.

is determined by means of an exponential modelANstat
similar to that described by [Bean et. al. 1966]

AN , . = C (l-e-("lhstat) +
stat o cos2Z

(4-14)

In order to get flat observations corrected, the term cos2Z
is added. Observations with Z>85° are deleted, because

the computed corrections indicate that for this data the model

used is overcorrecting.

Combining equation (4-13) and (4-12) leads to the results 

given in the following expression

r *r
r cos Z ' s 1

AN. - AN . .tro______stat
p cos Z (4-15)

C2 and ANt^o the following numerical For the constants CQ, , 
the Naval Weapons Laboratory (NWL)*values, which are used by 

have shown good results

C = 0.0025525 o
C1 = 0.1238
C2 = 0.657X10-5

AN. = 0.0023 tro
These numbers were used for the computation of the troposphefic 

correction model as given by equation (4-15).

^Private communication from R. J. Anderle [1970].
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5. Representation of the Geopotential

The gravitational potential W of the earth is divided 

into the normal potential U, which is taken as known, and 

the disturbing potential T, which will be determined by the 

approach used by Koch [1968],

W = U + T C 5 -1)

with
u = + l 2 <|)n Fnm (sin*) • cos mX

L n=z m= U \

+ S sin mX ) + u2 r2 cos2 4> (5-2)
nm f J 2

r, <f>, X are spherical coordinates in an earth-fixed coordinate

system, k is the gravitational constant, M the mass of the

earth, a the mean equatorial radius, Pnm the fully normalized

associated Legendre function of degree m and order n, and

co the angular
b

 velocity of the earth. C and S are fully  nm nm
normalized harmonic coefficients. Their values are taken 

from the solution of Anderle [1965]. The coefficients Czyi 
and S^2, i have been deleted because of the chosen coordinate 

system, defined above. The centrifugal term in (5-2) is omitted 

for points outside the earth.

The disturbing potential in equation (5-1) is represented 

as the potential of a simple layer with the density
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distributed over the surface E of the earth

s being the distance between the point at which T is com­

puted and a variable point on E. To evaluate this integral, 

the earth’s surface is divided into elements on which the 

density of the simple layer is assumed to be constant so that 

the integral in (5-3) can be replaced by a summation. 104 

surface elements AE, are chosen here. These are bordered by 
parallels and meridians and approximate the size of a 20° x 20° 

area at the equator.

104 HPT = E x£ // —
£=1 * AE£ si

The integral over the surface elements AE^ in (5-4) is 

computed numerically by splitting AE^ into 4 subdivisions 

and assuming the kernel of the integral computed for the 

midpoint of the subdivision to be constant over the subdivision. 

To compute the distance s between a satellite and the midpoint 

of the subdivision of AE^ it is necessary to determine the 

coordinates of these midpoints. For this purpose the equi- 

potential surface U(eq 5-2) is defined as an ellipsoid U0.

UQ is computed from the equation which holds for the surface
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of a level ellipsoid

kMUr
(a - b )

2 2 1/22 j|-/2 ar>c tan ---- ^ ^^ w2 a2 (5-5)

All the parameters of (5-5) are available from (5-2) 

except b. We obtain b from b = a(l-f), and f from the

|o or o in (5-2) in the following manner. The relation

and f is given by [Heiskanen and Moritz 1967 ,2 0
p. 1103.

C2 0 = - J2//5“

J2 1 e * 2 11 ■
2 me 1 \ (5-6)3 1 + e 12 1 15 q0 /

with qc 1
" 2
i1 + i^) arc tan e1- -t

e J

and m =
2 203 a

kM/l+e'2 

e’2 = (1-f)2 " 1

e' is obtained from (5-6) as a function of J2 by the

Newton-Raphson method of successive approximation. For
d Jthis, the derivative is needed

fh = i(j . j.
de' 3 V 15

2 M 2 a3

me
2q

me 'V 2e* _ 2e1 3 ^ 2 e1 2 |~m _ e_^ 
q°Al + e'2 " a + e'")2/’ 45 1 + e'2ho “ qo kM/ci+e’2)3'

7 ((1+^) Tik™ - arc tan e' + A)] (5-7)
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Now all parameters for the computation of UQ (eq (5-5)) are 

known and therefore the radius vector of the reference sur­

face can be computed in setting UQ = U. Solving equation (5-2) 

for r we get

r = kM
U0 1 +

7
£

n= 2

n
£

m= 0
(-)n P 
r nm

(sin<j>)

(C cos mX + S sin mX) 1 + - r 9TCT°S (5-8)
nm nm 2U0

Equation (5-8) is determined for the earth-fixed co­

ordinates of each midpoint by direct iteration for the reference 

surface, where the initial value for r is obtained for a given 

latitude <f> on an ellipsoid of revolution with semi-axes a and b.

To these values of the radius vector the topographic heights 

above sea level, published by Kaula et al. [1966], were added. 

Employing the given values <p, X of the midpoints, we can compute 

the corresponding u, v, w coordinates, and then the x, y, z 

coordinates of the midpoints by means of the rotation matrix (2-2).

6. Partial Derivatives of the Potential W

The derivatives of the force acting upon the satellite 

with respect to the position of the satellite are needed in 

the solution of the variational equations (Sec. 7) for the 

orbit computation. These derivatives are

32W 32W 32W 32W 32W 32W
Sx* ’ Wdy 9 3x¥z ’ WT 9 3y3z ’ ana 37^ *
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The gradient of the potential U is used for the computation 

of the reference orbit. The approximate density values are 

set equal to zero. Therefore the gradient of the potential 

T will not be computed here.

6.1 Gradient of the Potential U

Using the chain rule method for the partial derivatives 

of U, where U = U(r, <f>»A), we find

au au dr 1 au d<p 1 au 3A.3x 3r dx + a cf> 3x T a a 3x (6-1)

au au dr 4. au d<p 4. au a a3y ar dy T d<P 3y T a a ay (6-2)

au , au dr + au M + au 3A.3z 3r dz 34> 3z a a 3z (6-3)

The differentiation of equation (5-2) with respect to r yields

au .IS - + \ \ (n+1) (?)n Pnm (sin+> *
L n=2 m=0

(C cos mX + S sin mX) + a)2 r cos2(J) (6-4) 
nm nm 1]

d P (sincfO 
nm

d<f> <p P (sin 4>) + P ,,Y nm Y n,m+lWith -m tan (sin <j>)
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we obtain

■5-r = - —T E E (—) (m tan </> P (sm 4>) 3<j> r|onr Y nm Yr Ln= 2 m=0
' Pn,m+1 <sln

(C cos mA + S sin mA) - w2 r2 sin <f> cos <f> (6-5)nm nm J r

and

9U _ _ kM 
8 A r 7 n nE Em (^) P (sin ) (C sin mA - S cos mA)

r Ln=2 m=0 r nm nm nm
(6-6)

As mentioned earlier the centrifugal terms in C6-4) and 

(6-5)' should be omitted for points outside the earth.

The other partial derivatives—equations C6-1) — C6-3)--are

found with r = /x2 + y2 + z2, tan

A
, and

x * + y'
tan X = |

9r _ x 3r _ y j)r _ z_
9x r* 9y r* 9z ” r (6-7)

ii
9x

xz 9 (j) _ ____ -yz_____ 9_<j>_ _ /x2 + y:
r2/x2 + y2 9y r2/x2 + y2 9z (6-8)

9_A
9x

_lZ. 9 A
+ v2 9yx“ + y~ x + y

_ 9A = 0
2s 3z (6-9)

6.2 Second Derivatives of the Potential U

The second derivatives with respect to x, y z of the
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potential U yield (using equations (6-1) - (6-3)) the 
following expressions

3 2U 3 2U
3x‘ 3r ‘

3 2U
3 4>2

3^'2 
3x

3 2U 
3 A 2

3_A'2 
9x

3 2U 3r H . o 3 2U 3r 3A 
3r*3cf> 3x 3x 3r*3A 3x 3x + 2 3 2U 3^ 3A_ 

3<j) • 3 A 3x 3x

+ 3U _3fr +
9r 3x2 94> 3x2

3U 3f_£ + 3U 32 A
9X 3x2 C6-10)

3 2U _ aHJ 3r 3r + 32U _3£ 3£ + 3_HJ 3A 3A
3x3y 3r 2 3x 3y 3<J)2 3x 3y 3 A 2 3x 3y

+ 3 2U /3r 3£ , 3r 3_A + 3 2U /3r 3A_ + 3r 3A.\
3r3<J>\3x 3y 3y 3x/ 3r3A\^x 3y 3y 3x /

3 2U /3A3£+3A_3_£\+3U 3 2r + 3U 32 <f> t 
3A3<j> \ 3x 3y 3y 3x / 3r 3x3y 34> 3x3y T 3A 3x3y

3U 3 2 A (6-11)

3x3z 3r 2

3 2U 
9 2? 9 c|)

3 2U 
3 A 3 cf>

3x 3z 3<J)‘

3x 3z 3z 3x /

3^ 3 2U d\ 3_A
3z 3 A 2 9x 3z

\ + 3 2U / 9r 3 A . 9r 3_A_\) 3r3A ( 9x 3¥ + 9z 3x /

( 3 A 3 <|> + 3 A 3 
3x 3z 3z lix

. 3U 3 2r . 3U 32 
"5r 3x3z "3"<f 3x5z

d) j. 3U 3 2A r ^ tz JX Tttz 1ZJ

3 2U 
3y 2

pL + 2

(el 3 2U 
3 A2

2

3r3A 3y 3y 3 A3<j> 3y 3y
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9U d^r + 9U 9_^ + 9U 9^A 
3r 3y 2 9y 2 3X 9y2 (6-13)

92U 32U 3r 9r x 92U 9$ 9j) + 92U 9X 9X
9y9^ " 9y 9z 3^2 9y 9z 3\2 9y 9z

+

+

9 2U / 9r . 9r 9 j>\ 
9r 9<j> \ 9y 3z 9z 3y /

9 2U ( d\_ 3£ 9X. 9£\
9X3(J> \ 9y 9z 3z 9y /

+ 92U ( 3r 9X_ . 9r 9X\
3r 3X \ 3y 9z- 3z 3y )

l 9U 32r . 9U 92 4> + 9U 92X 
9r 9y9z 9<j> 3y9z 9X 9y9z (6-14)

9 2U 
9z2

+

9 2U / 9r\2 9jHJ / 9^V 92U/9X\2
Sr2 V3z' 94>2 BX2^2'

0 92U 9r 9<J> x 0 9 2U 9r 9X , 0 92U 9X 9<p 
2 9r 9 <j> 9z 9z Z 9r9X 9z 9z 9X34> 9z 9z

9U 9 2r 9U d^± . 9U 9J\X 
9r 9cf> 9z2 9X 9z2 (6-15)

Now the partial derivatives in equations (6-10) - (6-15) 

are derived. With equation (6-4) we find

9jHj _ 2kM T1 + 1 s j (n+l) (n+2) (|)R P (sin <j>) 
3r2 r3 L n=2 m=0 r nm

(C cos mX nm + Snm sin mX) (6-16)

9 2U 
9r 9(f)

? (n+l) (|) +1<sin <f>) " m tan <f> Pnm(sin
m=0

4>) )

(C cos mX nm
+ S sin mX)

nm ] (6-17)
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9 2U 
9r9X = - kM2

r 7 nE E
r |_n=2 m=

+ s cos mX)
nm

n(n+1) P (sin4>)(-C sin mXr nm T nm

(6-18)

9 2U _ kM nE (^ 
2 m= 0 r

1

CM-e-
<ro r L= m__ p

2 i nm (sin <p) + m tan (p
cos <p

(Pn m+]_ (sin <p) - m tan Pnm (sin <J>)) + (m+1) tan <j>

P„ m4.n (sin cp) - P _ (sin <J>))(C cos mXn,m+l ^ n,m+2 YJ nm

]+ S sin mX) nm (6-19)

8 2U 
9<f>9X

kMf l ? n
E Em (—) (m tan <j) P (sin 4>)r"Ln=2 m=0 nm

>]- P„ _x1 (sin 4>))(-C sin mX + S cos mX) (6-20) n,m+i nm nm

9 2U 
9 X 2

,Mr 7 n n
—' E Em2 (—) P (sin <f>)(C cos mX-nm T t---Ln = 2 m= 0 nm nm

+ S sin mX) nm (6-21)

And for the other terms in equations (6-10) - (6-15) we get

9 2r 
9x 2

1
r

x* 9 2r _ _ xy . 9 2r _ _ xz
3 * 9x9y 3 ’ 9x9z (6-22)

d2<p
9x2 r2v^x2+y2 (- i + +

x2+y 2 )



-X (6-23)3 2cf) _ xyz / 2 + 1 \ _3ii =
3x3y r 2/x2+y2 \ r2 x2+yJ 3x3z r xz+y'

+ 2xz 2
r 4/x2+y 2

9 2 X 2xy 3 2X y2—x2 . 32X
3x2 (x2 +y2)2 * 3x3y (x2+y2)2 ’ 3x32 = 0 (6-24)

3 2r _ 1 _ Zl ; 3 2r _
_3y2 r r3 3y3z r3

(6-25)

3 2 <j> _ z / 2y2 _ ! + y!
3y2 r2/x2+y2 r* x2+y2 /

924> _ _ y +__?yz!__ (6-26)
3y9z r2 /x2+y2 r 4/x2+y 2

3.2X _ 2xy . 32X _ 0 
9y 2 " ‘ (x2+y2)2 ’ 9y9z

(6-27)

9 2r _ 1 _ zf_ . 31$. = _ 2/x2 + y2 z . 9^1 _ Q (6-28)
3z2 ' r " r3 ’ 3z2 r4 ’ 3z2

This method of computing the partials of U was found by Gulick

[1970] to be the most efficient compared to two other alternatives. 

Subroutines which compute these partials based on this and 

other methods may be found in this reference along with a de­

tailed discussion of comparative efficiencies and a complete 

derivation of expressions given in equations (6-10) - (6-28).
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7. Variational Equations

The position of a satellite can be described as a 

function of the parameters of the earth’s gravity field plus 

non-conservative forces F

r = VW(r,Xjt) + F (r,r) (7-1)

For the time being the non-conservative forces Fc will not 

be considered here so that we have

r = VW(r,x>t) (7-2)

For the solution of this differential equation a numerical

integration procedure, as described in the next section is

needed. In order to do an orbit adjustment, additional
equations, called variational equations, are necessary for

3X„ 3Xm mthe determination of the partial derivatives and3p. 3pK
given in equation (3-7). To make the notation more concise.
we form state vectors rgt = (r,r) and ?ost = (?Qj?o)•

st
consists of the quantities Xm, Xm> r0gt constitutes a subset 

of the parameters p^. Here rG is the initial position vector 

and r>0 the vector of the initial velocity; rc and r0 are 
equivalent to the six orbital elements represented by e, in

iC
equation (2-5). Using the state vector notation we get for eq ( 7-2)

*st = (^’VW) = Gs(?st’X}t) (7-3)
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The position of a satellite is now given as a solution to 

the differential equation (7-3) with the initial state 

vector as boundary condition. If we form the time derivative 

of the partial of r t with respect to the parameters pL

we get

dt
(7-4)

The numerical integration procedure will be applied to (7-4) 

in order to obtain the required partial derivatives. First 

we will determine the above mentioned time derivative of 

the partial of r . with respect to the initial state vector 

and get, with eq (7-3),

'3r st
st; S*8t 8*St 3r§1 _Jx 3r> st 3t

dt 9rst 9r°st 3x 9r°st 3t 3rf st

Note that the last two terms are zero, because x and t 

do not depend on the initial state vector. So we finally

get

3rst
3r st

3r

3r
st

°st
dt

(7-5)
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Using the rectangular coordinate system x, y, z, defined in 

section 2, we get in matrix notation for the first factor 

in eq (7-5)

3x 3>c 3x 3x 3x 3x
3x 3y 3z 3x 3y 3z

li
9x

3£
3y

iz
3z

3y
"3x

it
3y

3t
3z

M. 3_z 3z 34 34 34
3f . st 3x 3y 3z 3x 3y 34

3rst 3x 3x 3x M 3x 3x
9x 3y 3z 3x 3y 34

iz 3£ li iz.
3x 3y 3z 3x 3y 34

3z 3z 3z 3z 3z 3z
3x 3y 3z 3x 3y 34

(7-6)

we partition this matrix will, we get

structure

3fst
3rst

3 2W
3X. 3X. 

i 3

I

3Xm
3xm

(7-7)

where 0 is a 3x3 zero matrix and I is a 3x3 identity matrix 

(since r and f are the independent parameters of the differential 

equation (7-3)),the lower left hand portion arises from

differentiation of (7-5) with 32W as a shorthand notation
3X.3X. 

i 3
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for this part, and the lower right hand portion is 0 if drag 

is not present or is neglected; terms from drag would occur 

in the entire lower half of the matrix if drag were present.

If a simple radiation pressure model is included, a Dirac delta 

function term occurs in the lower left portion of the matrix; 

for a very complex model with re-radiation an impulselike

component would still appear.
In setting up the variational equations for the solution

of x and ?0 s 'the nonconservative forces F are not being 
st 9X C

applied. Hence, we set the term ■ in equation (7-7)
m

to zero, and get instead of (7-7)

3rst
3r st 9 2W

9X.3X.

(7-8)

The differentiation of the state vector r with respect to

the initial state vector rQ yields
st

3x
3x0

3x
3y0

3x
3z0

3x
3*o

3x
3to

3x
320

3xc 3y0
3X_
3z0

i)L_
3*o 3#o 3^o

3?st _ 3z
3xc

3z
3y0

3z
3zc

3z
3*o

3z
3y©

3z
3^o

9?o
st

3*
3x0

3*
3y0

3*
3z0

3*
3*o

3*
3y0

3*
3z0

3x0 3y0
3i_
3z0

£2_
3*0 3^o

31_
320

32
3x0

32
3yc

32
3z0

32
3*o

32
3y0

32
340
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For the start of the integration procedure this matrix has 

the following structure

st

st

I

0

0

I

(7-10)

For the time change of the derivatives of the state vector r st
with respect to x we get, analogous to (7-5),

+ (7-11)

with.

3x 3x 3x
3Xi 3X2 * ‘ 3x i o 4
lz_
3Xi

iz_
3X2 * *

. .fty
3xi o 4

3z 3z Sz
3xi 3X2 ' * 3X i o 4
3x 3x 3x
3Xi 3X2 * * 3x i o 4
*2-9Xi 3X2 * *

. _Jy.
3xi04

3z 3z Sz
3Xi 3X2 •' *• 9X i o 4

(7-12)
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dv st
9X

o

0

0

9x
9Xi
3y
3Xi
9z
9Xi

0

0

0

9x_
9X2
liL
9X2
9z
9X2

0

0

0

9x
9x i o 4
9y

9x i o 4 
9z

3x i o 4

(7-13)

a?
and st

9r
supplied by (7-8).

st 9f,
stIn (7-11), represents the explicit instantaneous de­

9Xpendence of velocity and acceleration on the gravity field. Since 

instantaneous velocity is an independent variable, representing, 

with the instantaneous, position the instantaneous state of the 

satellite, the top half of (.7-13) is null. On the other hand,
9r st represents the dependence of the state vector (position and
9X

velocity) on the gravity field, considering the state vector as 
obtained by integrating the accleration over time; hence the terms 
of (7-12) are not necessarily zero, although the lower half of 
(7-12) literally appears to be the same as the upper half of (7-13)

-*3r (7-14)Initial conditions for the integration are st
9 X c

■M
For the elements of matrix (7-13) we find

3x
9X£ "

9
9x£

(11)^9x'

l3L = 9 (11)'•9y;9X 9x£

9 z 9 (11) ^ 9z;9x£ 9x£
(7-17)
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where T is the disturbing potential as defined in eq. (5-3).

Using the distance s. = /(x - x^)2 + (y - y^)2 '+ (z - z^)2

between the satellite and the midpoint of the £th surface 

element we get for the partial derivatives of T with respect 

to x, y, z from eq (5-4)

3T
3x

104
Z X£ II

X~X£
g-r~ dE (7-18)

£=1 AE£

3T
3y

104
Z

£=1
X£ IIAE£

y-y£ 
s3 dE (7-19)

3T
3z

104
Z X£ II

z-z£
s 3 dE (7-20)

£=1 AE£ o

For the equations (7-15) - (7-17) we now get

// dE8 <P> = x-x
(7-21)

AE £

y-y,3 (I?) =
3x£ II dE (7-22) 9y AE £

5x» <P) //
z-z,

dE (7-23)
AE,
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8. Orbit Integration Procedures
The equations of motion and the variational equations 

of the satellite expressed in the rectangular coordinate system 

defined in sec. 2 are integrated numerically with an 0.8 minute 

time step. The twelfth-order Cowell-Stormer multistep process 

is used for the positions and the tenth-order predictor 

corrector formulas of Adams—Bashforth and Adams—Moulton re­

spectively are used for the velocities [Henrici 1962, pp. 191— 

198, 291-294]. The accompanying flow-chart shows the struc­

ture of the above mentioned procedures.

The derivatives with respect to the initial state 

vector and to the unknown density values (i.e.> eq (7-5) and 

(7-11)) are obtained numerically by integrating the variational 

equations. In this integration the corrector is solved ex­

plicitly without predicting, using the linearity of the 

variational equations [Riley et al. 1967].

These procedures require the use of a starting process, 

because the first time steps cannot be computed without knowing 

previous values. Gill's modification of the Runge-Kutta in­

tegration method [Romanelli 1960] is therefore employed for 

the computation at these time steps. The methods mentioned 

are now explained.
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COMPUTE

SETS

CORRECT r.

COWELL

PREDICT

COMPUTE Pp+1

BASED ON 
CURRENT

CORRECT Pp+1 

ADAMS-MOULTON

PREDICT Pp+1 

ADAMS-BASHPORTH

Figure 2. Integration process for the computation of 
position, velocity, and acceleration
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8.1 Runge-Kutta-Gill Method
The totality of the variational equations is, as has 

been shown in section 7, a 6*(6+104) matrix with a=a(?Cst,x), 

where a is a subset of parameters of

= a(?st) 

Ma) 3Cr0st)X^

3r st
3rf st

-»■

3X
(8-1)

We now apply the Runge-Kutta-Gill integration formulas to 

determine 3 (r )/3(a) from its time derivatives, given by
S L

(7-5) and (7-11)

Kp = t dt Yp
■\

RP+1 = VKP ' 6P QP}
P P P P

p = 0,1,2,3

YP+i ■ YP + RP+i

Qp+1 Qp + 3Rp+l + ^P KP

(8-2)

After each cycle an intermediate value for d/dtC3(rst)/3(a)] 
is computed from (7-5) and (7-11) using Yp for 3(?st)/3(a) 

(i.e. for 3(?st)/3(?ost) in (7-5) and 3(?st)/3(x) ^ (7-11))- 

The value of 3(rgt)/3(a) for t + At is then Y4. The initial 

value for Qp = Q0 is a 6x(6+104) zero-matrix and for Yp = Y0 

the analytical derivatives at the starting time tc as given

in section 7.
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6 e are P P

p S 6p £P

0 1/2 2 -1/2

1 1 - /I7T 1 rnr -| i

2 l + /T72 1 -l - /l7T

3 1/6 2 -1/2

This method is also used for the computation of the 
starting values for the components of the velocity and 

position-vectors with Y0 now as the initial state vector as 

obtained for the different satellites from the Smithsonian 

Institution. Q0 again is a zero vector. For both computations 

a time step At of 0.1 minute is used only in the starting procedure.

8.2 The Adams-Bashforth Method 

Here we have
* • < x

-p+1

P(t)dt = At q
m=0

T. ,m
m (8-4)

where the constants ym are independent and will be calculated 

numerically below. At is the time step; q is the number 

of steps, which in this case is 10; and P(t) is the 
interpolating polynomial over the interval [t ,t ].
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From the Runge-Kutta-Gill method initial values for the 

state vector are supplied. Using these values

are computed
X X X
• • .. .. • •y y 5 y ; . . . y

q _z_ q-1 ••JL J q-2 _2_

x
,mfrom the equation of motion so that the differences V y

••Lz J

can be calculated from the relations

x
• •
y
• •Lz J

t • _X X
• • 11y y
# •

p _z_ P-1

,m
x
y
• •
z JP

,m-l

(8-5)

The expression on the right hand side of equation (8-4) is
x

thus known, and can be calculated for p > q. Aftery
z . ,-Ip+l

using the corrector formula, explained i-n sec. 8.3, the index p 

is increased by 1, and the same formula is used to calculate
x , etc. With the help of the following recurrencey
z p+2

formula, which is derived in Henrici [1962, p. 193], numerical

values for v were calculated 'm
Ym + 7 ^m-1 + 3 Ym-2 + + _i_ ym+1 'm-q 1, m = 0,1,2,
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8.3 The Adams-Moulton Method

Whereas the Adams-Bashforth method i's a predictor formula 

the Adams-Moulton method is a corrector formula. Here we 

have
~x "x
y -

•y
Jl +n _z_

p+1 q
= f. P(t)dt = At E y* Vm 

t r, mp m=0

x
y

l_z_l
(8-6)

p+1

where P(t) is the interpolating polynomial over the interval

y
*[t , t ]. The recurrence formula for ,r m is similar top-q+1’ p+1 'm

that one for y and can also be found in Henrici [19 6i2] on m

“t » —X X
formula (8-4) except that now only the values y 5 't

z z
— P — —

are known. It is employed to redetermine in
p-q+1

X• •an iterative procedure, where an approximate value
z, ...—'p+1

has been obtained using the results of the predictor formulas 

(Adams-Bashforth and Cowell-Stormer)
(0)X^ * TY1+ At 

P

V (1) x"
y = y
z p+1 z

Z Y* Vm 
m=0 m

X
• •
y

LZJ

(8-7)

p+1
F^d) 

Calculating and re-evaluating the differences, ay
2 P+i

x better values is then obtained for • •yL*Jp+l
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8.4 The Stormer Method
By integrating a differential equation of the second 

order y"(x) = f(x,y,(x)) twice, we obtain finally the formulas 

for the computation of the position vector

~x "x" ”x
y - 2 y + y

_z__ n+l _z_ n _z_
= At ‘

P-1

? a V11
n mm= 0

X

y
L.z

(8-8)

P

where again the above used symbols are defined as before.

cr^ is obtained with the help of the following recurrence

formula

a 1 3 h2 CTm-l 4 h3am-2 2 o 5 i 5 2 , . •m+m

with h = 1 + -7 +m ? + — ;m=l,2 ..  2 m

Formula 08-8) is used in the same manner as the Adams-Bashforth 

method.

8.5 The Cowell Method 

Here we have

- 2
P-1

At'
P-2

? a* Vm 
m=0 m

(8-9)

* 2 2 * 
where a = - ? h0 a" , - F h-a 0 m 32 m-1 4 3 m-2 m+2 m+1 ac, m = 1,2,



38

8.6 Integrating Procedure for Variational Equations

The system of variational equations C7—5), (7-11) can 

be written as

R = SR + T (8-10)

where R =
9r 3r st st

’ -*• 9r°st ^ - 
(8-11)

and is a 6x(6+104) matrix; 
3?

st
3r

and T

st

0 ,

, and is 6x6 ;

9?
st

9X J

and is also 6x(6+104).

The equations (8-10) are integrated using the qth order

Adams-Moulton formula. At the (p+1) ^ step,
q j. .R ,, = R + it E $ R ...p+i p p=0 qp P+l-P (8-12)

*
where 3 (-dp Cp) y* * Cpe1) y

P = 0 5 1 • • • 5 Q • 
q — 0,1 ... «

Assuming that R and R up to the pth step are known from 

previous applications of this procedure (or at the start 

from initial values obtained by the Runge-Kutta-Gill method),
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that the only quantity not known on the right-hand we see 
side is R Let us rewrite (8-12) asP + 1’

R x, = R + P+1 P
q

At l 
p=l qp

ft , +p+l-p At 8 Rqo p+i

Substituting for from (8-10), we obtain

R x = R + At Z 8* R + At 8* SR ,, +At 8* T ,p+1 p x qp P+1-P qo p+1 qo

and solving for RP+1
fl-At 8* sl I R +At I" 8* T + I 8* R_x1 Ji
L qo J 1 p L qo p=1 qp p+i-pJ)

RP+1

The matrix in brackets to be inverted is 6x6, and the matrix 
in braces is 6x(6+104). Following the computation of Rp+1, ^p+1 

can be obtained directly from (8-10) for use in the next 

step.
The actual computational procedure breaks the matrix R 

into components as shown in (8-11) and follows the outline 

given by Riley et al. [1967],

8.7 The Lagrangian Interpolation Method.

To interpolate between the time steps, Lagrange’s 

interpolation for equidistant abscissas as given by Henrici 

[1964] on pp. 201 - 202 is applied. Because an equal time
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step At is used, we can assume that the points, where the 

values (f^) of the positions, velocities and variational 

equations are given, are equally spaced. Here we have

p(s)
n
Z

k=m Vs> fk
where

5-kCs) n
n

q=mq^k
k-q

This representation of the Lagrangian polynomial p(s) is 

independent of the size of At. The functions Ji^Cs), which 

Henrici calls the normalized Lagrangian interpolation co­

efficients, depend only on s (the relative location of the 

observation time t with respect to next lowest time t^) and 

on the integers m and n, which are the bounds of the set of 

interpolating points. It turned out that the results for

n=4 and m = -3 were sufficiently accurate.
<t.)

----------- z*—zi—zi—s—i—i—3___a

Using this method only the values f^ for eight time steps 

and the value t^ need be saved. The value t^ is incremented 

by At for each step in the integration process, and the time- 

sequenced observations are processed as soon as the time of
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the next observation is exceeded or equaled by the

current t^. We then have

s = 1 - (t, - t , )At 1 obs

The f^ are stored in a circular fashion so that the latest 

values replace the former values for f_g, and we need only 

monitor the index of the current location of f ^ in the eight 

place array.

9• Forces Besides the Earth's Gravity Field Acting Upon a 
Satellite

In addition to the perturbations caused by the varia­
tions of the earth’s gravitational field as observed in the 

previous chapters, satellite orbits will also be perturbed 

appreciably by the gravitational attractions of the sun and 

moon, the radiation pressure of the sun, and the drag due 

to the atmosphere.

9.1 Attraction of the Sun and the Moon

All the effects of lunar and solar gravitation upon an 

artificial satellite may be expressed by adding additional 

terms for the potential field through which the satellite 

travels. If r^ denotes the position of the sun or moon and
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M2 its mass, the disturbing function may be written [Brouwer 

and Clemence, 1961, p. 465]

r • r (9-1)

The first term gives the potential due to the disturbing 

body. The second term arises from choosing the center of 

mass of the earth rather than the center of mass of the 

entire system of bodies as the origin [Danby 1962].

If we differentiate (9-1) with respect to X , where stands 

for the coordinates x,y,z, we get

+ 5 ( (9-2)

with r2 = r2 (C1»C2»C3)> where Z1,Z2 lie in the ecluator with

pointing toward the vernal equinox If —is factored

out we get

C-E + (E.
-*■ j 3

] (9-3)

with

2r *r[1 + (?■ )
r r

(9-4)
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9 2r*r9
If (—)Z - -----  (—) _< 10 , equation (9-4) will then be

r2 r r2 r2
developed in a series so that we get 

v-,3
I ■* -»■ | 3lr2 " rl

1 - | t(^-)2 - 
z 2

2r,r? T. K r 9 2r'r9______£ (_£)] + ±1[(-E-)2---------2
r r2 r 2 J 8 L S?2' r r2

UL [ (JL)2 - ---16 L >2; r r
2r'r2 (JL)]3 + 115 c (_E_)2 . 2r‘r

2 V 128 S
2 , r s t4
2 r2

c^)]2 r 2

(9-5)

The quantity r*?2/(r r2) is the product of the normal vectors

pointing to the satellite and perturbing body. The scale of

the perturbing body’s orbit is given by a2 and is needed in a

few of the small terms, where r2 = a2 (1 - e cosE). The series

(9-5) is then applied to (9-3) to obtain the difference 
3

- 4, + q |r>2 - r
qThe coefficient GM/r2 can be deduced from Kepler’s third 

law. Applying this law to the orbit of the moon and the sun, 

where the subscript E indicates the earth, M the moon, and S 

the sun we find
GCMe + Mm) = n2a8

G(Me + Mm) = n2r3(l - e^osl^r3 (9’6

with n.,, e„, E„ being elements of the moon’s orbit where 

n = mean motion, e = eccentricity, E = eccentric anomaly. r^ 

stands for the radius of the moon’s orbit. Hence,

GM.M M.M

M
me + M.M

2 “-3njvj d “ eMCOS^M ^ (9-7)
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For the sun

GMc Mo o — 93 = m7~+~mI ns (1 " es cosEs) » (9-8)
rs ‘S E

ng, eg, Eg, rg are the corresponding quantities for the sun's 

orbit referred to the earth; the ratio Mg/(Mg + M^) is very 

nearly 1.
In order to get the inertial coordinates 

(eq (9-3)) for the moon and sun, respectively, 3 rotations 

have to be applied

[\1 (cosE - e)/(l-e cosE)

£3
= P1(-e)P3(-n)P1(-i)P3(-w)

/l-e5 sinE/(l-e cosE)
0

(9-9)

with

P1(-e) =
10 0 

0 cose -sine
0 sine cose

P3(-'fl) =
cosfi - sinfl 0 
sinft cosQ 0 
0 0 1

P1(-i)
1
0
0

0

cos i 
sin i

0

-sin l 
cos i

p3(-“) =
cosw
sinw
0

-sinw
cosw
0

0 
0 
1
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e = 23° 26’ 4484

C2,w, i are given for the moon by

Cl, = 12° 06* 4 6 V 0 5 - 0? 0529538652T M
co», = 196° 43' 52316 + 0.1643580025T M
cos iM = 0.995970322
sin iM = 0.089683648 M
with T = MJD = 33282.0 

For the sun, ig = 0.

Hence, P^C-i) = I, and P3(-C2) and P3(-w) may be combined into 

one transformation employing oo = C2g + Wg.

Qs + Wg = Sg = 282°04' 4 5 79 2 + 090000470684T

For the solution of equations (9-7), (9-8) values for e and E

are also needed:

eg = 0.01677194

e„ = 0.054900489 M
With the help of m = E - e sin E values for E are computed by 

iteration. The mean anomaly m is found by 

mQ = 358° 0r 2742 + 099856002647T 

mM = 215° 31* 53726 + 1390649924490T 

The orbital elements given here for the sun and the moon have 

been computed for 1950.0 from values given in Explanatory 

Supplement to the Astronomical Ephemeris and the American 

Ephemeris and Nautical Almanac [i960]. Only secular terms 

have been considered here, i.e., the orbits of the sun and 

moon have been approximated by rotating ellipses.
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9.2 Direct Solar Radiation Pressure

The force exerted by sunlight pressure is proportional 

to the solar flux and to the area of the satellite as pro­

jected on a plane perpendicular to the direction of the flux. 

According to Shapiro [1963] the acceleration is

5
sp

KpA T r„ (_£L_) (i.)'“M ; ^c; rc
sa S

(9-10)

where r^ is the vector from the earth to the sun, as in section 

9.1 , I is known as the solar flux in the vicinity of the 

earth, c is the speed of light, (A/M ) is the area-to-mass ratio 

of the satellite, and KR is a function KR(r,rg) whose value 

is 0 or 2 depending on the location of the satellite in its 

orbit. In the space cylinder formed by the earth's shadow 

there is a sharp cutoff of the force for any point within the 

cylinder. Here the value KR = 0 is used. For the other 

part of the orbit the value 2, which expresses the reflection 

characteristics of the satellite, is used.

Since the earth's orbit is elliptical, the solar flux 

will vary during the year:

a 0i = i. ^
E

(9-11)
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where ag is the semimajor axis of the earth's orbit, and r^, 

is the earth-sun distance. The solar constant, I0, which 

represents the mean rate at which enery is received at a point 

on the earth, is approximately 2 cal/cm sec, and remains quite 

constant. Because the arcs used are not longer than 7 days 

equation (9-11) was not applied.

To decide whether the satellite is in sunlight or in 

shadow the inner product of the position vectors of the sat­

ellite and the sun is computed. £ is the angle between these 

two position vectors. The satellite is in shadow, if the 

following conditions are fulfilled (see also fig. 3)

cos £

in C < Rmean

,/Satettite orbit

shadow used in the computation of 
radiation pressure effects



48

The components of eq (.9-10) are transformed to the 2’^3

coordinate system as defined in section 9.1, i.e., the same

rotations are used as for the computations of the attraction
9 of the sun. The partial f as necessary for eq (2-5) is° KR

numerically integrated in the same manner as the variational 

equations.

9.3 Atmospheric Drag

Most discussions of air drag in the current literature 

on artificial satellites begin with the equation for the 

magnitude of the drag force (e.g., Shapiro 1963 )

Qnd 2 CDP 5 C9
sa

with

(_A_) area-to-mass ratio of the satellite
sa

CD = dimensionless drag coefficient
here approximately 2 and a variable in the 
adjustment

p = air density

|rD| = relative velocity of the satellite with 
respect to the atmosphere

" x + wy

i—Ql___

= y - ojx

L z J

—
iQ•N 

__
1

(.9-18)

where w is the average angular velocity of the earth

and |rD| = Ax* + y* + zD)2
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The drag resistance is then

‘nd 2 CD p (M )
Set

D
7D

SD
(9-19)

The air density p is given as a function decreasing' with 

height
p = pQ.exp [ — Ch - 8*105)Ap] , (9-20)

h is the height of the satellite in meters obtained from 

the following formula
R

h = r 1 - ' ma]
Ar2 * * 5 + E z2) 

s

(9-21)

with R semimajor axismaj

and E = s
Rmaj ~ Rmin

Rmin

2 2 

R . = minor axis ,mm *

p0 in equation (9-20) is a value for the air density at a 

height of 800km and is taken from the U.S. Standard Atmosphere 

Supplements, 1966.
5The value 8*10 is incorporated because of the chosen pQ

and the unit ef meters for h. A^ is the inverse of a quantity 

known as the "scale height" and is computed by

Ap = In (—i)/(2•105)
Po

(9-22)
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where is a value for the air density at a height of 1000km

and is also taken from the U. S. Standard Atmosphere Supple-
5ments. The denominator 2*10 gives the height difference 

between p0 and p^ in meters.

In order to get the values for pQ and p^ the exospheric 

temperature for the observation time has to be determined.

For this purpose the solar flux, the monthly solar flux, 

and the geomagnetic index for this period are taken from 

the World Data Center at Boulder, Colorado. The formulas 

used here can be found in the U. S. Standard Atmosphere 

Supplements. First the variation in the solar cycle is taken 

into account

T0 = 362 + 3.60 F10i? (9-23)

where F^q 7 is the 10.7cm solar flux in units of 10 ^

2watts/m /cycle/sec averaged over three solar rotations. The 

variation within one solar rotation yields

T° " T° + 1,8 ^10.7 “ F10.7^ (9-24)

where F-^q y is the daily solar flux averaged over the ob­

servation time of one week. Now the semiannual variation is 

supplied

T0 = Tq + f(d) F (9-25)10.7
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where
f(d) = (0.37 + 0.14 sin(2ir d--~^-5-1-)) sin(4

with d = number of days elapsed since January 1 of each year.

The correction for the diurnal variation was also 

supplied

T = 1.1 x T0

This expression is a very simplified version of the equation 

for the diurnal variation found in the U. S. Standard Atmosphere 

Supplements.

Finally the variation with geomagnetic activity yields

T = T + AT (9-26)

where AT = a + 100' Cl - exp C-0.08 A 5)P P
The geomagnetic index A^ is averaged over the observation 
time.

With the value for the exospheric temperature T determined 

from equation (9-2 6), values for the air densities p0 and p1 

are taken out of the tables 6.1, 6.2, 6.3 given in the U. S. 

Standard Atmosphere Supplements.

Values for the air density computed with equation (9-20) 

are compared with values given by Jacchia [1970] and found 

to be acceptably in agreement over the range of the height 

of a satellite orbit.



52

3 In order to obtain the partial f in eq (2-5) thedoD
partial derivative of Q ^ with respect to is numerically 

integrated in the same manner as the variational equations.

10. Adjustment of Observations

Rewriting equation (2-5) and using a vector-matrix 

notation we get
ftA? = A Ae + B Ax + D Ar + E Ao + F aS (10-1)

n s

with

Ae

Ax
Ay
Az
Ax
Ay
Az

k = 1,6

Ae being a (6 x 1) vector and A a matrix of Cg x 6) elements,

where g indicates the total number of observation equations

per arc.

AX

-AXi 0 4.

i = 1,104

*The program provides an option to do the adjustment with the 
parameters for air drag and radiation pressure (C~ and KR) 
as constants. In that case equation (10-1) is solved 
without Ao.
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with B being a matrix of (g x 104) elements

Ar

Ar

Ar

Ar

s 1 1
S 1 2 

s 1 3 

S 2 1

Ar

Ar

Ar

sn i

Ax , s i
4ys> 

Az s 1
Ax S 2

Ax

Ayc

Az

n

n

n

D being a matrix of (g x 3n) elements with a=3(q-l)+m

where, as explained on page 5, n stands for the total number

of stations, m denotes the mth coordinate of r , and q
s

indicates the qth station. Note that this matrix has blocks 

of zeros.

Ao ((%).■ «y.)
with E a (g x 2) matrix

j = l,t

Ab being a vector of t elements, where t stands for the total 

number of passes per arc and Fa (g x t) matrix. Note that F
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has blocks of zeros.

Equation (10-1) may* be written as

[F, G, H]
Ab
Av
An

= 1 + v (10-2)

Here 1 is a vector equivalent to A? in equation (10-1) and 

v the vector of the residuals where

G = [A, E] , H = [D,B]

Av = ft
Ao , and Aq

Ar
Ax"

By means of the covariance matrix E^ associated with the

observations we get the normal equations
T -1F E£ xF T -1F E£ xG T -1F E^ XH A& T -1F E£ £

T -1G E£ XF T -1G E£ XG T -1G E£ xH Av =
T -1gte, X£

T -1H XF T -1H E£ xG T -1H E£ H An T -1H Z£

(10-3)

In the formation and solution of the least squares

normal equations, the unknowns fall into three groups. The

three groups are: bias parameters (one Ab for each pass),

orbital parameters (orbital elements e, plus air drag C^,

and radiation pressure K^), and surface parameters (station

coordinates r and density values y), s
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The normal equations formed from all observation 

aquations having the form of (2-5) contain all three groups of 

unknowns; a bias parameter for every pass, a set of orbital 

parameters for every orbit, and one set of station coordinates 

and densities. Rather than directly form and solve these 

large normal equations, we eliminate the bias and orbital 

parameters at the earliest possible stage. Only the reduced 

normal equations associated with the station coordinates 

and densities, the parameters of main interest, are accumulated 

over all orbits.

The elimination of the bias and orbital parameters 

is accomplished by an application of Gaussian elimination 

that takes account of the special structure of the normal 

equations. Generally, the elimination of X1 from

— p— “
M P

"xi "
U1

TP Q 3 _

1--
--

-
c
K> 1__

__
__

(10-4)
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produces reduced normals for X2 of the form 

(Q - PTM-1P) X2 = U2 - PTM~1U1 . (10-5)

If desired, X, can be recovered from a "back solution"

Xx = H"1(U1 - P X2) . (10-6)

If M is "block diagonal", that is, of the form

0

M =

m

0

0

11
m

0

0
22 

0 m33
mnn

(10-7)

with a corresponding partitioning of P and U^,

’mlc" i

c
f—» __
__

i

m2c U2
p = m3c

•••
m

ui = ••
un

nc

the reduced normals become; 

Tn
Q - I

j = l
-1

m. m.. m. DC 33 D c x2 = u2
n T -1 
I m • • m • • u •j=1 DD DD D (10-8)

Clearly, each term of the summation can be accumulated as

soon as m. . , m. ,,and u. are available; the terms can be DD DC-’ 3
accumulated in any order.
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T -1In equation (10-3), F E^ F, the submatrix of the normal
-* T -1equation associated with the bias parameters Ab, and G E^ G, 

the submatrix of the normal equations associated with the 

orbital parameters Av, has a block diagonal form which is 
retained after the elimination of A$. The scheme described 

above is applied in succession to eliminate first the bias 

parameters and then the orbital parameters. The contribution 

to the reduced normals arising from the elimination of the jth 

bias parameter is computed during the formation of the partial 

normals arising from the jth pass.

After all observations involving the 1st orbit have been 

processed, the accumulated reduced normal equations (reduced by 

the elimination of all bias parameters) are solved for pre­

liminary values of corrections to the orbital parameters of the 

1st orbit (orbital elements, air drag and radiation pressure) 

and surface parameters (station coordinates and densities).

The normal equations are then reduced a second time to 

eliminate the orbital parameters. These reduced normal equations, 

along with the solution for the densities and station coordinates, 

are stored on tape for introduction during the formation of 

normals from the second orbit according to formula (10-8).

'During the processing of the observations from the oth orbit, 

the reduced partial normals from this orbit (bias parameters 

eliminated) are accumulated, added to the fully reduced normals 

carried forward from the (o-l)th orbit, and solved for the
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oth preliminary values of orbital (for the oth orbit) and 

surface parameters. Then the oth orbital parameters are 

eliminated to produce reduced normals to be carried forward, 

along with the oth preliminary values, to the (0+l)st 

solution. The final solution for station coordinates and 

density values is obtained after all orbits are processed.

In fact, the accumulation involved in the formation of 

reduced normals, as above, is already an intrinsic part of 

most Gaussian elimination programs, such as the Gauss-Jordan 

used here. Retrieval of the reduced normals from such a 

program requires only minor modifications.

The results of the adjustment for the density values xl
are now taken to compute normalized coefficients C and Sr nm nm
in order to compare these values with existing satellite

results. If C and S denote the harmonic coefficients nmu nmu
introduced in eq (5-2) to define the normal potential U, 

we obtain [Koch 1968]
104

nm C + nmu
2 X0 // -n(2n+l )kM a11 £=1^ AE£ r Pnm(sin<t>) COS mA dE (10"9)

nm S + nmu
104
2 X,_ „0 // rn P (sin<j>) sin ml dE (10-10)

(2n+l)kM an £=1 * AE£ nm

The integral over the surface elements AI!^ in ((10-9) and (10-10)) 

is solved numerically by dividing AE£ into 9 subdivisions.

The origin of the earth-fixed coordinate system and of 

the orbital system--as mentioned earlier--is the center of
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mass of the earth. Hence the harmonic coefficients C^g, C ^, 

and must equal zero. Furthermore and should be

small in comparison to the rest of the harmonic coefficients 

since during the orbit computations the z-axis effectively 

coincides with the rotational axis of the earth. To insure 

this, constraints in the form of observation equations with 

small variances (see Koch and PCpe 1969) are set up ac­

cording to (eq (10-9) and (10-10)) and their contribution is 

added to the normal equations. Five such constraint equations 

are used, setting each of C1Q, C^, S^, C21, and equal

to zero. As an option, C can also be constrained.
oo

In addition to these constraints the longitude of one 

station was held fixed in the solution to prevent a singularity 

which would arise if all the station longitudes and the right 

ascension of each orbit were all unknown. We get the follow­

ing condition equation
= arc tan ^arc tan x + Ax x

or by linearization

+V ( Az . Zto = o .x X2 / (10-11)

For some of the stations, which have been moved during the 

observation time of different orbits, the surveyed distances 

between the old and new location are introduced as constraints.
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The differences in the coordinates (Au,Av,Aw) are weighted 

based on a mean square root error according to the obtained 

accuracy and observation equations with these differences 

are added.

u u _Au
s s mnm n

Vs + Vs + A v
m n mn

ws ws Aw- m_j L n_ L mnj

(10-12)
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