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ABSTRACT: The Madden-Julian oscillation (MJO) is a large-scale eastward-moving system that dominates tropical
subseasonal perturbations with far-reaching impacts on global weather—climate. For nearly a half century since its discovery,
there has not been a consensus on the most fundamental dynamics of the MJO, despite intensive studies with a number of
theories proposed. In this study, using a simple analytical approach, we found a solution to the linear equatorial shallow-
water equations with momentum damping that resembles a harmonic oscillator. This solution exhibits the key character-
istics of the observed MJO: its intraseasonal periodicity at the planetary scale and eastward propagation. In contrast to
theories that interpret the MJO as a new mode of variability emerging from the evolution in moisture, our solution em-
phasizes that the core of the MJO resides in the dynamics without explicit fluctuations in moisture. Moisture still plays a role
in supplying energy to the core dynamics of the MJO, and determining the value of the equivalent depth required by the
theory. The energy source may come from stochastic forcing in the tropics or from the extratropics. The scale selection for
the MJO comes from scale-dependent responses to scale-independent Rayleigh damping. We also demonstrate that the
MJO solution introduced here reproduces the observed swallowtail structure and the phase relation between zonal wind and
geopotential of the MJO, and the continuum nature of the transition between the MJO and Kelvin waves. Roles of feedback
mechanisms in the MJO are also discussed using the same simple mathematical framework.

KEYWORDS: Atmospheric circulation; Convection; Dynamics; Madden-Julian oscillation; Waves, atmospheric;
Intraseasonal variability

1. Introduction propagation. Such a quest to theoretically understand the
MJO has been considered a ‘‘holy grail”’ of research on the
tropical atmosphere (Raymond 2001).

The first attempt at theoretically explaining the MJO
(Chang 1977) focused on whether and how the eastward-
propagation speed of the equatorial Kelvin wave, one of
Matsuno’s solutions, might be slowed down by viscosity to that
of the observed MJO. This attempt demonstrated that when
viscous damping is added to the Matsuno’s equations, the
speed of the equatorial Kelvin wave is indeed slowed down but
the corresponding solution does not match the observed MJO.
Since that study, there have been several others that intended
to explain the MJO in terms of various dynamic mechanisms.
These mechanisms include gravity waves (Yang and Ingersoll
2013, 2014), nonlinear solitary waves (Rostami and Zeitlin
2019; Yano and Tribbia 2017), and large-scale vortex (Hayashi
and Itoh 2017). These mechanisms may include atmospheric
convection implicitly or explicitly as energy sources, but their
dynamics is essentially dry, meaning they do not use any
moisture equation or even any moisture variable.

Parallel to these dry-dynamical approaches, many have
adapted a notion that the fundamental dynamics of the MJO is
anchored on moisture. The reasons for this notion come from
several angles. In observations, signals of the MJO in atmo-
spheric convection and precipitation are not separable from
those in its circulations, at least over the Indo-Pacific warm
pool where the strongest MJO signals are. Signals of the MJO
in moisture have been repeatedly observed (Kemball-Cook and
Weare 2001; Kikuchi and Takayabu 2004; Kiladis et al. 2005;
Corresponding author: Ji-Eun Kim, jieunkim@pusan.ac.kr Lin and Johnson 1996; Myers and Waliser 2003; Weare 2003).

The tropical Indian and Pacific Oceans experience huge
fluctuations in rainfall accompanied by strong easterly and
westerly wind anomalies at the lower and upper troposphere
on intraseasonal time scales (30-60 days) and the planetary
zonal scale (zonal wavenumber k = 1). These fluctuations in
rainfall normally start over the Indian Ocean and move eastward
slowly (~5ms ') into the Pacific. Such fluctuations were first
scientifically documented by Madden and Julian (1971, 1972).
They are now known as the Madden-Julian oscillation (MJO).

The MJO provides a major source of predictability at intra-
seasonal scales (National Academies of Sciences, Engineering, and
Medicine 2016; Waliser et al. 2003). It has broad impacts on
global weather—climate (Zhang 2013). Its global importance
has motivated many studies during nearly a half century (Jiang
et al. 2020; Zhang 2005). However, few global climate models
can adequately reproduce the MJO (Ahn et al. 2017, 2020;
Jiang et al. 2015) and the fundamental MJO dynamics is still
debatable (Zhang et al. 2020). In contrast to the equatorially
trapped waves that are well represented by a set of analytical
solutions to linear shallow-water equations on an equatorial
B plane (Matsuno 1966), there has not been an MJO solution to
these equations. This has motivated many to seek an alterna-
tive set of equations that may yield an MJO solution to explain
its fundamental dynamics, namely, mechanisms for the se-
lection of its intraseasonal and planetary scales and eastward
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FIG. 1. Schematic of wind-pressure phase relations for (a) the MJO and (b) Kelvin waves. (c) Observed wavenumber—frequency spectrum
of the equatorial symmetric component of brightness temperature [(c) is reproduced from Kiladis et al. (2009)].

The close connection between moisture and convection or
precipitation (Bretherton et al. 2004) has led to a realization
that moisture must be considered as part of the convection—
circulation coupling of the MJO. Moisture has been incorpo-
rated in MJO theories, from the early boundary layer frictional
convergence theory (Wang 1988b; Wang and Rui 1990) to the
recent all-included trio-interaction theory (Wang et al. 2016)
and scale-interaction theories (Biello and Majda 2005; Majda
and Stechmann 2009b). Another motivation to include mois-
ture in MJO theories is the fact that the spectral signals of the
MJO and Kelvin waves appear to be different, and that there is
no MJO in the Matsuno’s solutions to dry shallow-water
equations. If the MJO were another mode of variability in
addition to Matsuno’s solutions to shallow-water equations,
then an additional variable would be needed to derive an MJO
solution. Moisture has been commonly selected as this addi-
tional variable. Under the concept of gross moisture stability
(Neelin et al. 1987; Raymond and Fuchs 2009), the role of
moisture in the MJO has reached its pinnacle in a moisture
mode theory, in which the only prognostic equation needed to
produce an MJO solution is that of moisture (Adames and Kim
2016). These variety of thinking and approaches in theoretical
understanding of MJO dynamics highlight the healthy growth
in the MJO study and meanwhile indicate the issue is far from
being settled.

In this current study, we intend to add another piece to the
existing rich pool of ideas on MJO dynamics. Our objective is
to use possibly the simplest mathematical framework to find an
analytical solution that may explain the most fundamental
features of the MJO, namely, its planetary and intraseasonal
scales and eastward propagation. We consider the mechanism
for these features the core dynamics of the MJO. We revisit
Chang’s (1977) idea of including momentum damping to seek
an analytical solution that may interpret the MJO as slowed-
down Kelvin waves. We use the linear equatorial shallow-
water equations that have a constant equivalent depth similar
to the approach of Matsuno (1966) except linear damping of
zonal wind is included.

Because the MJO and Kelvin wave are commonly viewed as
two distinct phenomena, using the latter to explain the former
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requires justifications, which are given in section 2. After a
brief introduction of the method and data used in this study in
section 3, we present in section 4 an analytical solution to the
Matsuno’s equatorial shallow-water equations with momen-
tum damping and demonstrate how this solution predicts the
most fundamental features of the MJO and additional ob-
served structure of the MJO. We illustrate how this solution
can represent both the MJO and Kelvin waves depending on
the scale of the perturbations. We also use the same mathe-
matical framework to explore the role of external forcing and
feedback for the MJO in section 5. Further discussions are
given in section 6 on the choice of damping scales, the role of
Rossby waves in the MJO, which are omitted in our MJO so-
lution, and comparisons between our and other MJO theories.
Concluding remarks are given in section 7.

2. MJO and Kelvin waves

The observed differences between the MJO and Kelvin
waves® in their zonal scales, periods, and hence propagation
speeds are well known. There are also other observed differ-
ences between the MJO and Kelvin waves. Zonal wind and
geopotential (or pressure) in the lower troposphere are in
phase for the Kelvin waves (Fig. 1b) but they are in quadrature
for the MJO (Fig. 1a).? In terms of the horizontal structure, the
MJO expands away from the equator in a swallowtail pattern,
while Kelvin waves are more confined to the equator with a
much subtler swallowtail pattern than the MJO (Adames and
Wallace 2015; Zhang and Ling 2012). Their spectral power
peaks appear to be separated (Wheeler and Kiladis 1999).

! The theoretical dry Kelvin waves and observed convectively
coupled or moist Kelvin waves are not distinguished in this study
because, except for phase speeds, their differences are much
smaller than the differences between them and the MJO.

21t should be pointed out that the first baroclinic structures in
Figs. 1a and 1b are too simplistic. The wind—pressure phase rela-
tionship of the MJO in the upper troposphere is closer to that of the
Kelvin waves than in the lower troposphere (e.g., Roundy 2019).
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FIG. 2. Circular longitude-height representation of the MJO. Gray central circles represent the equatorial cross section of Earth. Blue
and red colors are, respectively, atmospheric easterly and westerly winds (ms ') from the surface to 22 km. The atmospheric depth is
disproportional relative to Earth’s radius for the purpose of visualization. Dotted lines indicate the approximate location of the tropo-
pause (100 hPa). Zonal winds are composited against TRMM precipitation (black contours around the gray circles) between 10°S and
10°N and for each 10° longitude bin, with its peaks representing MJO convection centers (see section 3). Then seven 10° longitude bins
between 80° and 150°E are averaged. Arrows mark the time sequence. A spiral shape of the easterly and westerly wind pair moves
eastward (clockwise) with enhanced rainfall (day 0), but the wind signal circumnavigates even for periods of no significant convection (e.g.,
days —20 to —10). The wind pair indicates that the MJO is a zonal wavenumber 1 phenomenon even its convection is localized. Patterns

for days —20 and +20 (not shown) are very similar.

The global appearance of signals in MJO wind is its unique
feature that does not exist in other zonally propagating per-
turbations in Earth’s atmosphere. These planetary scale (zonal
wavenumber k = 1) structures of the MJO in both lower and
upper troposphere are connected not only in the region of
MJO convection but also in regions far away from an MJO
convection center (Fig. 2). In contrast, Kelvin waves are re-
gional phenomena at a given time (Kiladis et al. 2009). Given
these distinctions between the MJO and Kelvin waves, why
would anyone even try to use the Kelvin wave to explain the
MIJO? This question can be answered from the perspective of
one of the most fundamental issues of the MJO: Why does it
propagate eastward?

In the literature, the eastward propagation of the MJO is
often explained in terms of higher moisture in the boundary
layer and lower troposphere east of an MJO convection center
than west of it. This moisture distribution relative to an MJO
convection center has been commonly observed (Benedict and
Randall 2007; Johnson et al. 2015; Kemball-Cook and Weare
2001; Kiladis et al. 2005), reproduced by a few global climate
models (Jiang et al. 2015), and predicted by a number of MJO
theories (Adames and Kim 2016; Majda and Stechmann 2009b;
Wang and Rui 1990; Wang et al. 2016). This explanation of
eastward propagation of the MJO in terms of the low-level
moisture distribution appears to be convincing because de-
velopment of new convection east of an existing MJO con-
vection center would be more favored than west of it, leading
to eastward propagation of the convection center and the en-
tire MJO. This explanation is, however, not very satisfactory.
An apparent counterargument would be, Why does not this
zonal distribution of low-level moisture occur in reverse so
the MJO would propagate westward? A deeper explanation
is needed.

The only reason for the zonal asymmetry in low-level
moisture of the MJO, namely, the moisture increase east of
an MJO convection center and decrease west of it, is the
asymmetry of the Kelvin wave structure to the east and the
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Rossby wave structure to the west of an MJO convection
center. With few exceptions, MJO theories that predict the
zonal asymmetry in moisture as the mechanism for the east-
ward propagation of the MJO include both the Kelvin and
Rossby wave components (Adames and Kim 2016; Lau and
Peng 1987; Majda and Stechmann 2009b; Wang and Rui 1990;
Wang et al. 2016). In this study, we will show that without the
Rossby wave component, the MJO can still propagate east-
ward at its observed speed when momentum damping is in-
cluded to slow down the Kelvin waves.

Kelvin waves are a special type of gravity wave propagating
along a boundary, prohibiting fluid motion perpendicular to
the boundary. Similar to the unidirectional coastal Kelvin
waves along a topographic boundary, equatorial Kelvin waves
exist because of changing sign of the Coriolis force at the
equator that serves as a boundary of fluid motion, thus pro-
hibiting meridional velocity. Kelvin waves are nondispersive,
implying that the phase speed must remain constant at all
scales. A recent study using topology (Delplace et al. 2017)
further provides a mathematical basis for the existence of
Kelvin waves at k = 1. The study shows that the equatorial
Kelvin waves are topological edge states due to time-reversal
symmetry breaking by Earth’s rotation. Edge states are topo-
logically protected modes, meaning that the existence of the
modes is robust against any perturbations to a system such as
topological defects and impurities (Moore 2010). In Earth’s
atmosphere, because the equatorial Kelvin modes are topo-
logically protected, Kelvin waves must be excited especially at
low zonal wavenumbers regardless of complicated interactions
among various elements (e.g., circulations, convective heating,
moisture, radiation, surface fluxes, boundary layer dynamics,
eddies). Therefore, the lack of observed Kelvin waves at k = 1
and the strong observed signal of the MJO at k = 1 in the
tropical circulation (Fig. 2) suggest that the MJO is funda-
mentally a modified k = 1 Kelvin wave.

The distinct features of the Kelvin waves and MJO dis-
cussed above nonetheless, there are observations showing
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their continuum nature (Roundy 2012). The circumnavigating
propagation of the MJO shown in Fig. 2 and previously by
others (Gottschalck et al. 2013; Kiladis et al. 2005; Powell 2017,
Virts and Wallace 2014), especially in the case of successive
MJO events (Matthews 2008), has been viewed as a transition
from the MJO to the Kelvin wave over the eastern Pacific and
then from the Kelvin wave to the MJO over the Indian Ocean
(Powell 2017; Sakaeda and Roundy 2016; Sobel and Maloney
2012). When individual eastward-propagating large-scale
convective events are identified, their propagating speeds
range continuously from 0 to greater than 10ms ™' without any
distinct separation between those of the MJO and those of
Kelvin waves (Zhang and Ling 2017). The seemingly distinct
enhanced spectral signals between the MJO and Kelvin waves
(Fig. 1c) are largely attributed to geographical variations of
convection and extratropical influences (Roundy 2012, 2014).
This spectral separation in the global signal may not exist re-
gionally (Roundy 2012). Moreover, the typically practiced
spectral method (Wheeler and Kiladis 1999) to remove red
background noise eliminates more of the continuous spectral
signal between the MJO and Kelvin waves (Roundy 2019).

In short, the MJO and Kelvin waves are two distinct phe-
nomena but the transition between them is smooth and con-
tinuous. A theory that explains the MJO based on Kevin waves
must be able to demonstrate both their distinctions and con-
tinuum nature. This is what we intend to do in the next sections.

3. Data and methods

We use linear shallow-water equations on an equatorial
B plane, similar to those used by Matsuno (1966), and seek
their analytical solutions to represent the MJO. The solutions
of different wavenumbers will be compared with the observed
MJO and equatorial Kelvin waves to assess the extent to which
these perturbations can be represented by the solutions. The
analytical solutions are validated against daily rainfall from
the Tropical Rainfall Measuring Mission (TRMM) 3B42 v7
(Huffman et al. 2007), and geopotential and winds at 850 hPa
from the European Centre for Medium-Range Weather
Forecasts interim reanalysis (ERA-Interim) (Dee et al. 2011).
Both data are interpolated to horizontal grids of 1° X 1°, and
cover February 1998-January 2015. The outgoing longwave
radiation (OLR) MJO index (OMI) of Kiladis et al. (2014) is
also used. MJO events are identified by the following proce-
dure: 1) the TRMM rainfall data are averaged over latitudes of
10°S-10°N and each 10° longitude bin; 2) the time series of
precipitation from 1 is smoothed by applying 10-day running
mean; 3) a peak in smoothed rainfall from 2 is identified by
detecting a change in the sign of its tendency; and 4) a peak
from 3 is selected as associated with the MJO if its value and
the corresponding OMI are both greater than their perspective
one standard deviation. Variables for selected MJO events are
averaged into their composites. The use of the TRMM data
and OMI in combination captures the planetary scale and
eastward-propagating signals of the MJO as well as its local
signals in precipitation. A similar method is used for Kelvin
waves, except a Kelvin wave filter, shown in Fig. 1c, is first
applied to the data instead of the smoothing.
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4. MJO as a harmonic oscillator

We start with slightly modified Matsuno’s equations for
Kelvin waves (zero meridional velocity) by adding Rayleigh
momentum damping to the equation of the zonal velocity:

W pus 2oy, 1)
ot ax
dp

+ 2P 2

Byu oy 0, (2
dd u
4+ =

oy T8HT =M, 3)

where u is zonal velocity, ¢ geopotential, H the equivalent depth,
D alinear damping coefficient, 8 the latitudinal derivative of the
Coriolis parameter, g the gravitational acceleration, M the mass
source/sink treated as external forcing, x longitude, y latitude, and ¢
time. Without damping and the mass source, Egs. (1)-(3) yield the
classical Kelvin wave solution of Matsuno (1966). With damping,
they give a solution that still propagates eastward but with dif-
ferent characteristics from the Kelvin waves on the planetary scale
(zonal wavenumber k = 1). In the following, we demonstrate how
damping reduces the frequency of the classical Kelvin waves to
intraseasonal values and transforms the horizontal structure of the
Kelvin waves to one that is similar to the observed MJO but only
at the planetary scale. We interpret this planetary scale, intra-
seasonal, and eastward-propagating perturbation under the influ-
ence of damping as the core dynamics of the MJO.

a. Role of damping in frequency reduction

Combining Egs. (1) and (3) leads to

Pu o du L u_ IM @)
o7 Dot 8o T
Assuming a wave solution in the zonal direction u(r)e’*, and
replacing —dM/ox with X for simplicity, Eq. (4) becomes
Pu Ly u—x )
bt Zrolu=X,
o a0

where wy = ky/gH is the natural frequency of the classical
Kelvin waves when both D and X are zero. Equation (5) is
exactly the same as the universal equation for damped har-
monic oscillators such as spring motions, pendulums, and
electric circuits under effects of friction or resistance. The
damped harmonic oscillator has two standard solutions. One
is a transient solution when X = 0:

u (x’ [) — uoe—(Dlz)/ei(kx—mn1) , (6)

transient

where

w, =1/w:— D*4=/gHk> — D?/4 @)

is the reduced frequency from wy by damping D The time
evolution of this solution critically depends on the damping
ratio, D/(2wg). The amplitude exponentially decays without
oscillation if D/(2wo) > 1 (overdamped), but otherwise grad-
ually decays with an oscillation at frequency wp.
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FI1G. 3. (a) Theoretical period as a function of zonal wavenumber,
calculated for the steady-state resonant solution with H = 35 m for
different damping scales. (b) Theoretical periods (colors) of k = 1
solutions as functions of damping time scale D' and equivalent
depth H. The left rainbow is for the transient solution and the right
one is for the steady-state resonant solution. No oscillation exists in
the gray area (overdamped). Periods are shorter than 30 days in the
white area (underdamped). The area enclosed by the dotted rect-
angle corresponds to commonly observed ranges of damping co-
efficients and equivalent depths. The cross in the center of the
rectangle marks the values of the equivalent depth (H = 35m) and
damping (D! = 3.5 days) used throughout this study.

When nonzero X oscillates at frequency w, the system can
oscillate with a steady-state amplitude. The solution is

u(x,t) = uoei(k"_“”), (8)
where

= % ©)

y/ (0? = a)%)2 + D?w?

This amplitude reaches its maximum when the frequency of X
matches the system’s resonance frequency:

wp =\/w2— D2 =+/gHk> — D?/2.

Similar to wp of the transient solution, an important effect of
damping is to reduce the natural frequency wy to the resonant
frequency wg that allows a maximum response to external
forcing. This resonant frequency is an intrinsic property of the
oscillator and is independent of the external forcing (not a
function of external forcing’s frequency or strength). The effect

(10)
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FIG. 4. Longitude-time diagram of convergence (red), diver-
gence (blue), and zonal wind u (contours; gray dotted for zero, solid
for positive, and dashed for negative, with intervals of 0.1 ms™')
from the transient solution of a damped harmonic oscillator for k =
1, H =35m,and D! = 3.5 days. An initial perturbation amplitude
of uy = 1ms™ " is imposed. Black dotted lines represent zero wind
for a resonant solution.

of damping on the reduced frequencies wp and wg depends on
the equivalent depth H and zonal wavenumber k. For example,
with H = 35m, which is within its observed range of 12-50 m
for the tropical atmosphere (Kiladis et al. 2009), the resonant
period 27/wg increases with decreasing k and also increases
with damping but only at k = 1 (Fig. 3a). The period of the
transient solution 27/wp, is slightly shorter than that of the
resonant solution and behaves similarly with k. At k = 1 and
with damping time scales D~ ' = 3-5 days, the solutions oscillate
at periods of roughly 30-60 days. These are the periods of the
observed MJO. At k = 1, there is a range of H and D that would
result in frequencies (periods) similar to those of the observed
MJO (Fig. 3b). At a given damping scale, a response period
becomes longer for smaller H, which is equivalent to lower ef-
fective static stability of the atmosphere. At a given H, a re-
sponse period becomes longer with stronger damping. There is
no resonant oscillation if damping is too strong (D? > 2gHk?).

Damping is effective only at the planetary scale (kK = 1) when
D~! = 3-5 days for an average value of observed H, and be-
comes negligible at higher wavenumbers because the higher
wavenumbers corresponds to higher natural frequencies w,. If
damping is too strong (D~ ' <« ~3 days) compared to the natural
frequency, perturbations of k = 1 either do not oscillate (the
gray area in Fig. 3b) or decay too quickly resulting in nearly no
oscillation. This selection mechanism for the zonal scale, shown
in Fig. 3a, provides a sweet spot in the dispersion relationship of
the resonant solution in Eq. (10) for intraseasonal frequencies.

In Fig. 4, we demonstrate how k = 1 transient and resonant
solutions evolve with the damping time scale of 3.5 days.
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wind. Dotted lines are for D = 0. Asterisks correspond to observed values of the MJO, calculated from the composite analysis (section 3).

Even though its amplitude decays with time, the transient so-
lution can still exhibit the eastward wave feature. The two
dotted lines in Fig. 4 compare propagation speed and period
for the transient (gray) and resonant (black) solutions.
Different slopes of these lines suggest that without external
forcing the transient solution would be a weaker single event
and propagates faster than the resonant solution. Thus, the
transient [Eq. (6)] versus resonant [Eq. (8)] solution predicts
that strong perturbation events would propagate slower, have
longer periods, and tend to have multiple successive events.
This turned out to be true in observations of the MJOs be-
tween the easterly and westerly stratospheric quasi-biennial
oscillation (QBO) (Son et al. 2017), although how the
stratosphere interacts with convection is another subject of
research.

The choice of using D~! = 3.5 days to demonstrate the be-
haviors of our solutions is justified in section 6a.

b. Phase and amplitude relationships between ¢ and u

Plugging a general wave solution ¢/**~“? into Eq. (1) results

in a phase lag and amplitude ratio between ¢ and u:

(11
(12)

Re(u) = u, cosb,

Re(¢) = u,A cos(6 + GIag),

where uy is the amplitude of u, 6 a phase of u, A = Vw? + D?/k
an amplitude ratio of ¢ to u, and 6},, = tan”'(D/w) a phase
difference between ¢ and u. With a given D, ¢ lags u. For w =
wg, this phase lag increases as k decreases (D/wg increases).
With D' =35 days, 0y, is about a quarter of cycle at k = 1
(Fig. 5b). This quadrature phase relationship between ¢ and u
is observed for the MJO (Fig. 6a). It makes a low pressure
center collocated with convergence resulted from the lower-
tropospheric easterly-westerly transition. This provides a
dynamic structure for a strong role of moisture convergence
in the MJO as suggested by some of the MJO theories. At
higher k (D/wg < 1), the lag almost disappears, which is ob-
served for the Kelvin waves (Fig. 6b). In this case, there is no
collocation between a low pressure center and convergence,
which would make moisture feedback less important to the
Kelvin waves.
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¢. Meridional structure and eastward propagation

To solve for the meridional structure of the harmonic os-
cillator, we combine Egs. (1) and (2) into

22
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FI1G. 6. Composites of observed zonal wind (blue) and geo-
potential height (red) at 850 hPa with respect to time for (a) the
MIJO and (b) Kelvin waves (see section 3 for details).
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FIG. 7. Snapshot of the full resonant solution u(y)e/®*~“#) for (a) k = 1and D = 0, (b) k =4and D =0,(c) k=1and D! =
4 and D™' = 3.5 days. Color represents convergence (red) and divergence (blue) with arrows being zonal winds. Gray solid

d) k=
(positive) and dashed (negative) contours are geopotential.

and insert u(x, y, £) = u(y)e® =9 into Eq. (13). This yields

u(y) = e e (14)
where 2 = B¢,/2(c? + ¢?) and m? = Bci/2(c? + ¢?) with ¢, = wlk,
¢; = D/k. Here [ and m stand, respectively, for a meridional
decay scale and meridional wavenumber. When D 0,
Eq. (14) reduces to u(y) = e "2 where ¢y = wy/k, which is
for the classical Kelvin waves with its horizontal structure
(Figs. 7a,b) identical to that obtained by Matsuno (1966).

In the presence of damping (D # 0), similar to the classical
Kelvin waves, only a positive zonal phase speed ¢, = w/k leads
to a physically possible state in the meridional direction (ex-
ponentially decaying away from the equator), and westward
propagation (¢, < 0) must be ruled out because its amplitude
increases exponentially with latitude.

The combination of the real and imaginary parts of the
meridional solution in Eq. (14) indicates that, with damping

(a) theory
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FIG. 8. Latitude-time diagrams of (a) the full resonant solution for k = 1, H = 35m,and D "
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(b) k=4,

360

Longitude

3.5 days, and

(D # 0), the perturbation propagates away from the equator
with an exponentially decreasing amplitude. This theoretical
prediction is shown in the latitude—time diagram for zonal wind
and convergence/divergence compared to observed wind and
precipitation in Fig. 8. The combination of all imaginary parts
[eikrtm®y?=eD] of the full solution expresses northeastward
phase propagation in the Northern Hemisphere and south-
eastward in the Southern Hemisphere (Fig. 8a). Studies have
indeed observed the northeastward propagation of the intra-
seasonal oscillation during boreal summer (Jiang et al. 2004;
Sikka and Gadgil 1980; Yasunari 1979, 1980), and the south-
eastward propagation during boreal winter (Jiang et al. 2004).
Although a warmer tropical hemisphere in a given season
shows more prominent poleward propagation with stronger
intraseasonal activity, a colder hemisphere also exhibits pole-
ward propagation in observations (Jiang et al. 2004; Kemball-
Cook and Wang 2001; Meehl et al. 2020; Qi et al. 2019)
(Figs. 8b,c). Easterly (dashed line) followed by convergence

(c ) observed in DJF

lag (days)

T
Eq

= 3.5 days, and observed composites of the

MJO in (b) boreal summer and (c) boreal winter. Color represents convergence (red) and divergence (blue) in (a), and positive (red) and
negative (blue) precipitation anomalies of TRMM observations in (b) and (c). Contours corresponds to westerly (solid) and easterly
(dashed) anomalous wind from the theory in (a) and from ERA-Interim in (b) and (c). The values in (b) are calculated as lag correlation of
TRMM precipitation averaged over 0°~10°N, 80°~100°E, and similarly (c) is lag correlation against precipitation over 15°S-0°, 60°~90°E
[(b) and (c) are reproduced from Meehl et al. (2020)].
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(c) Observed MJO
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FIG. 9. (a) Theoretical horizontal distribution of convergence (red), divergence (blue), and vorticity anomalies (contours; solid for
positive and dashed for negative) for the resonant solution with k = 1, H = 35m, and D~! = 3.5 days. (b) As in (a), but for k = 4.
(c) Observed horizontal structure of precipitation anomalies (red for positive and blue for negative) and potential vorticity (contours) of
the MJO. (d) As in (c), but for Kelvin waves [(c) and (d) are from Zhang and Ling (2012)].

(red in Fig. 8a) or enhance precipitation (red in Figs. 8b,c) is
consistently shown in both theory and observations. This pro-
vides another piece of evidence that adding the damping effect
to the linear shallow-water equations under stochastic forcing
is sufficient to reproduce fairly similar wave characteristics to
observations. In other words, similar to the essential role of
damping on the emergence of the new time scale (section 4a)
and different responses of fields (section 4b), the emergence of
poleward propagation is also attributed to damping.

The poleward phase propagation can be further depicted
in a snapshot of the horizonal structure of k = 1 and w = wg in
Figs. 7c and 9a. The meridionally slanted structure forms a
swallowtail pattern in geopotential and wind divergence du/dx
(Fig. 7c), and vorticity du/dy (Fig. 9a). The swallowtail pattern
has been observed in many fields associated with the MJO such
as precipitation and potential vorticity (Fig. 9c), moisture,
winds, geopotential, temperature, vorticity, and boundary
layer convergence (Adames and Wallace 2014, 2015; Zhang
and Ling 2012). The observed potential vorticity in Fig. 9c and
the theoretical vorticity in Fig. 9a share similarities in both
their shapes and relative phases to convection (red), repre-
sented by precipitation in the observation and by convergence
in the theory. The MJO’s swallowtail pattern has been ex-
plained in terms of boundary layer convergence (Wang et al.
2016) or the equatorial Rossby waves (Adames and Kim 2016).
Here, we demonstrate that this pattern can exist with neither
boundary layer convergence nor the Rossby waves. The
Rossby waves associated with the MJO will be further dis-
cussed in section 6b.

The swallowtail pattern becomes less evident as k increases.
At k = 4, for example, it still exists, however subtle it might be
(Figs. 7d and 9b), but completely disappears without damping
(Fig. 7b). This subtle swallowtail pattern has been observed for
the tropospheric Kelvin waves (Fig. 9d) (Zhang and Ling 2012).
The similar structures between the theoretical solutions with
damping and observations for the MJO and Kelvin waves (Fig. 9)
constitute a strong testament of the damping effect present in the
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atmosphere and serve as a validation of our approach to under-
stand the most fundamental dynamics of the MJO.

Results presented in this section demonstrate that the simple
solutions of damped harmonic oscillators capture the most
fundamental features of the MJO, namely, its planetary and
intraseasonal scales and eastward propagation. Our solutions
also capture certain observed horizontal structures of the MJO
including poleward propagation with a swallowtail pattern.
Because our solution captures the most fundamental features
of the MJO but not its every aspect in observations, we take the
solution as the core dynamics of the MJO. Our solution indi-
cates that the existence of the MJO is rooted in dynamics in the
presence of zonal momentum damping but without explicit
moisture variability.

The MJO can exist with or without external forcing, but
sustained MJO events require external forcing or energy
sources. In the next section, we extend our analysis to see to
what degree the simple mathematical framework we are using
may reveal the role of external forcing and feedback processes
as energy sources of the MJO.

5. Energy sources

When the damping time scale is too short compared to the
MIJO time scales, a given large-scale perturbation decays
quickly if no additional force is applied. As shown in Fig. 4, the
decaying transient solution only exhibits a single large-scale
convection event (represented by convergence) due to damp-
ing. While there are observed cases of such decaying MJO
events, typically observed MJO events last longer than the
damping time scale, indicating both the transient and steady-state
solutions can exist. The term X in Eq. (5) for typical MJO events
can be estimated from budget calculations of the left-hand side of
Eq. (5) (see discussion below). Its nonzero values indicate the
presence of energy sources for typical MJO events. In section 4,
we discussed the intrinsic properties of the MJO solution in the
presence of external forcing but without any specific information
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FI1G. 10. Theoretical power spectrum of resonant solutions in response to Gaussian white
noise forcing for H = 35mand (a) D~ ' = 7 days and (b) D~ ' = 3.5 days. Black dots correspond
to spectral maxima at wg for individual wavenumbers. The black line is the Kelvin dispersion

curve for D = 0.

of the forcing. In this section we further discuss the MJO solution
with characteristics of external forcing in consideration
(section 5a). We also discuss possible roles of feedback
processes in the core dynamics of the MJO (section 5b).

a. External forcing

Because the resonant frequency wg is independent of ex-
ternal forcing, any forcing with energy power at wg would lead
to resonant response of the MJO. Stochastic processes, such as
white or red noise, would suffice to excite the MJO. Stochastic
forcing may come from perturbations in air-sea fluxes and
convective activity in the tropics. For example, strong but
random deep convection in the tropics generates a broad scale
of wave excitations, which then resonate and be amplified at
intrinsic wave frequencies. Mass fluxes from multiscale moist
convection (Moncrieff 1992) may contribute to mass sources,
thus works as a driving force of the oscillation system. Also,
independent perturbations from the extratropics may pene-
trate into the tropics and serve as energy sources to the MJO
(Frederiksen and Lin 2013; Hsu et al. 1990; Lau et al. 1994;
Matthews et al. 1996; Ray et al. 2009).

Responses to stochastic forcing takes a form similar to the
response to forcing of a single frequency as shown in Eq. (9)
(Hashemi 2016; Masoliver and Porra 1993). We demonstrate
the damping effect on periods of the harmonic oscillator in the
presence of Gaussian white noise forcing in Fig. 10. The spec-
tral power at resonance (at black points in Fig. 10) increases as k
decreases for given D, and the changes in power at different
wavenumbers increase with stronger damping [due to D’w” in
Eq. (9)], demonstrating the zonal-scale selection by damping.
The resonant frequency shifts from short periods with weak
damping of D! = 7 days (Fig. 10a) to longer ones with stronger
damping of D™' = 3.5 days (Fig. 10b), indicating that damping
acts to provide a mechanism for the temporal-scale selection of
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the harmonic oscillator. The similarity between the spectral
response in Fig. 10b and observed spectra of tropical vari-
ables such as zonal wind and precipitation demonstrates that
white noise forcing is sufficient to induce the enhanced
spectrum at the MJO scale. Interestingly, the theoretical
spectrum in Fig. 10b further suggests that larger and lower-
frequency tropical waves would have stronger signals in spite
of white forcing due to stronger amplification at these scales.
This might explain why the tropical wave spectrum itself has
red properties (Roundy 2019). Our solution that includes both
the MJO and Kelvin waves, and their expected spectrum in
Fig. 10b support the notion of the MJO-Kelvin wave contin-
uum (Roundy 2012, 2019). For given external forcing X, the
peak of the spectral power of the MJO would be further en-
hanced if X is stronger [larger X, in Eq. (9)] at scales that are
close to those of the MJO.

In addition to the amplitude response u, to external forcing
in Eq. (9), additional information on the phase of the responses
is also well-known. When a system has nonzero damping, there
is a time lag between the wave response and its external
forcing:

Dw >
> 2
w? — v}

where 6,_x is the phase lag between u and X. Equation (15)
describes that the response is in phase with external forcing
when damping is absent. X can be estimated as the residual of
Eq. (5) using observations. The composites of u and X shown in
Fig. 11 reveal that u lags about 5-6 days behind X. When values
of D! = 3.5 days and H = 35m are used in Eq. (15), §,_x be-
comes 5.4 days, which is consistent with what is observed in
Fig. 11. The theoretical amplitude ratio uy/X, ~ 17 day 2 cal-
culated using Eq. (9) is also consistent with the relative ampli-
tude ratio of # and X in the observational composites (Fig. 11).

0, ,=tan' ( 15)
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F1G. 11. MJO composites of (a) zonal wind and (b) X in Eq. (5) over 10°S-10°N, 80°~150°E using ERA-Interim overlaid with TRMM
precipitation (black contours). Zonal phase speeds are marked by straight black lines, corresponding to 6 ms ™! between relative longi-
tudes of —60° and 60°, and 15 m s~ * to the west and east. (c) Time series of u (black) and X (red) calculated from (a) and (b). The composite
values are averaged between relative longitudes —20° and +20° with a 5-day running average applied.

These matches between the theoretical and observational results
suggest the presence of damping in the atmosphere.

b. Feedback

From the first conceptual model of the MJO by Madden and
Julian (1972) to date, the MJO is commonly perceived as a
consequence of interaction between its dynamics (wind) and
convection. Other interaction or feedback processes (cloud
radiation, moisture, air-sea interaction) have been proposed
for the MJO (see summaries in Jiang et al. 2020; Wang et al.
2016; Zhang et al. 2020). A natural question here would be,
based on the simple mathematical framework used in this
study, can the MJO exist because of such interaction without
any external forcing? In this subsection, we explore this pos-
sibility by framing the interaction in terms of feedback between
¢ and u without external forcing. For an analytical solution, the
simple mathematical framework allows only a highly idealized
representation of such feedback. A minimum requirement is to
represent interactions of mass (represented by ¢) with itself
and wind u in the mass conservation equation. We assume the
mass source/sink in Eq. (3) takes a linear form involving
¢ and u:

0¢

m (16)

u
+gH—=au+bo,
gH = =au ¢

where the first term on the right-hand side au may represent
wind-related feedback: easterlies (1 < 0) induced by a low
pressure center would bring moisture into the center and en-
courage deep convection, which tends to deepen the low
pressure center (d¢/dt < 0) when a > 0. The second term b¢
may represent a feedback between convection and pressure: a
low pressure center (¢ < 0) encourages deep convection which
in turn would deepen the low pressure center (d¢p/9t < 0) when
b > 0. Radiative feedback may also contribute to this as
anomalous radiative heating by clouds and moisture during
convection encourages more rising motions and convection
when b > 0 (positive feedback).

With these highly idealized representations of feedback,
we seek a solution that is different from the resonant har-
monic oscillator presented in section 4 but may still be
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relevant to the MJO without external forcing. In this case,
Eq. (5) becomes

92 a d a
oy D—u+wﬁu=—a—u+b—u+bDu. 17)
a2 ot dx ot
Assuming a general solution
M(X, t) — emei(kx*cul) (18)

and plugging it into Eq. (17), we get the growth/decay rate

a=1(ak+b—D)
2\ o

and a dispersion relationship

(19)

o= é{4ng2 —(b+ D) +\/ [4gHK> — (b + D))" + 16a2k2} :
(20)

Without feedback (a = 0, b = 0), the solution becomes the
classical simple harmonic oscillation or Kelvin waves (a = 0,
® = wg) when D = 0 (center in Fig. 12a); when D # 0 the
solution is the standard damped transient harmonic oscillation
(a = —=D/2, w = wp) (center in Fig. 12b).

With feedback (a # 0, b # 0) and damping (D # 0), an in-
traseasonal oscillation may exist but only for a small range of
the feedback strength a and b (Fig. 12b). This small range is the
area above the thick solid white line (@ = 0), where the am-
plitude would not decay (@ = 0) and the period is intraseasonal
(30-60 days, blue to orange in the background color). Only
positive a and b support this intraseasonal oscillation. When a
and b are negative, the oscillation can neither grow nor be
sustained (a < 0). The area corresponding to weak negative
a values (~—0.1 < @ < 0) may allow a decaying intraseasonal
oscillation similar to the damped solution shown in Fig. 4, but
this is only possible when a planetary-scale perturbation
already exists.

We compare the left- and right-hand sides of Eq. (17) by
calculating their terms from the MJO composite of u from
observations. The sum of the left-hand side of Eq. (17) is shown
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FIG. 12. Periods (color) and the growth/decay rate a (white curves; unit: day ') as functions of the feedback coefficients a and b based on
Egs. (19) and (20) for (a) D = 0 and (b) D! = 3.5 days. Gray area represents either periods > 90 days or no solution. In (b), black lines
show the root-mean-square difference (RMSD) between the left-hand side, 92u/d¢> + Du/dt + wiu, and the right-hand side, —a(du/dx) +
b(du/dt) + bDu, in Eq. (17) using the observed MJO composite of u. Gray dotted lines are correlation coefficients between the two
estimates of the left- and right-hand sides in Eq. (17). The black dot corresponds toa = 0.8, b = 0.12, @ = —0.05, and a period of 42 days,
where the RMSD reaches its minimum and the correlation coefficient its maximum. w, is calculated for k = 1 and H = 35m.

in Fig. 11b and the right-hand side is estimated for different
values of a and b. This calculation allows us to find feedback
strength a and b that are consistent with observations if feed-
back is present without any other external forcing. The black
contours in Fig. 12b show the root-mean-square difference
(RMSD) between the left- and right-hand sides of Eq. (17)
for given pairs of a and b. The gray dotted lines are corre-
lation coefficients of the left- and right-hand sides of
Eq. (17). The calculations are performed near the convec-
tion center of the MJO composite within £30° in longitude
and *+20 daysin Fig. 11b. The RMSD reaches its minimum at
a = 0.8 (unit of g X 107®) and b = 0.12 day " (black point in
Fig. 12b) resulting in & = —0.05 day ! and period of 42 days.
The highest correlation coefficient (>0.9) is also found at
this minimum RMSD point. The period of 42 days is con-
sistent with the observed periods of the MJO. RSMD grows
away from the minimum RMSD point. This provides an
observational constraint for the strength of the feedbacks.
While it is straightforward to estimate the period of the
MIJO from observations, the growth/decay rate « has not
been well observed and understood. The negative « at the
minimum RMSD point suggests that the MJO may not be a
consequence of perturbation growth from feedback alone
without external forcing when atmospheric damping—decay
effects exceed feedback-growth effects. Although the MJO
in the real atmosphere does not seem to be an unstable mode
in Fig. 12b, it is possible to simulate intraseasonal instabil-
ity waves in models if damping is relatively weaker than
the feedback strength (e.g., area of positive @ and blue to
orange background colors for b > ~0.4 day ' when D = 0in
Fig. 12a).
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The narrow range in the parameter space of a and b that
corresponds to the condition for an intraseasonal oscillation
constrained by observations suggests that even when feed-
back mechanisms are present, such oscillations do not exist
all the time. It is allowed only by a right combination of
different feedbacks. This result suggests that oscillation
characteristics are very sensitive to feedback mechanisms
and their magnitudes, and in consequence MJO events en-
ergized or sustained solely by feedback processes might be
rare. An optimal combination of different feedback effects
can help an existing MJO event excited by external forcing
persist longer.

The highly idealized representation of the feedback pro-
cesses nonetheless, this analytical result leads to information
applicable to the study of the MJO. If a model cannot simulate
the MJO because of its lack of accurate representation of ex-
ternal forcing or feedback processes, it may be tuned to pro-
duce an MJO, which is equivalent to move the idealized
parameters a and b into the optimal range in Fig. 12. The op-
timal range depends on the equivalent depth and damping.
However, such tuning may be unphysical even when a desir-
able intraseasonal oscillation is produced, if their corre-
sponding a and b are not constrained as they should. The
nonunique combination of a and b needed for feedback
processes to be effective to the intraseasonal oscillation may
explain the inconsistency between results from several
mechanism denial experiments focusing on different feed-
back mechanisms. Some studies have found that surface-flux
feedback is noneffective (Hendon 2000; Sperber et al. 2005),
important (DeMott et al. 2014; Maloney and Sobel 2004)
or critical (Shi et al. 2018) to the intraseasonal oscillation.



240

Other studies found radiative feedback can be insignificant
(Grabowski 2003) or critical (Andersen and Kuang 2012;
Kim et al. 2011) to the MJO. Figure 12 suggests that these
discrepancies can be understood as consequences of differ-
ent combinations of feedback effects with different damping
strength.

6. Discussion

Several issues pertaining to the core dynamics of the MJO
proposed in sections 5 and 6 deserve more discussions. This
core dynamics of the MJO hinges upon zonal momentum
damping. The absence of the Rossby waves from this dy-
namical view on the MJO is inconsistent with some other
MJO theories, which needs explanations. A more general
comparison between the core dynamics of the MJO and
other MJO theories is necessary.

a. Damping scale

In our theory of the MJO core dynamics, the momentum
damping plays an essential role in distinguishing the MJO (k =
1) from Kelvin waves (k = 2) in their frequencies, zonal and
meridional structures, and phase relationships between zonal
wind and geopotential. Several issues related to this essential
role of momentum damping in our theoretical explanation for
the MJO need to be addressed: Is the value of the damping
scale used in this study reasonable? Is linear damping (or
Rayleigh damping) a justifiable form to represent momentum
damping in the tropical atmosphere? How should the damping
scale (or damping coefficient) be estimated? These issues have
been discussed in previous studies to certain extents. Here we
wish to add our thoughts.

In the lower troposphere, the linear damping term, Du, also
known as Rayleigh damping, is generally believed to come
mainly from vertical eddy momentum transfer by moist con-
vective processes in addition to a small contribution from ad-
vection (Lin et al. 2005) and maybe other processes. Based on
theoretical foundations (Moncrieff 1992), possible role of
convective momentum transport (CMT) on the large-scale
circulation has been demonstrated through parameterization
of mesoscale convective systems in global models (Moncrieff
2019; Moncrieff et al. 2017). It is unclear whether CMT is the
dominant contribution to the missing part of the momentum
budget. In many studies, the momentum damping plays an
important role in the atmospheric large-scale circulation and
convective evolution. For example, studies have found that a
damping scale of 1-10 days is necessary to reproduce ob-
served tropical circulations such as the Walker and monsoon
circulations (Gill 1980; Romps 2014). Such values of lin-
ear damping have been used in many simple and complex
models for tropical atmospheric dynamics, including the MJO
(Table 1).

Accurately estimating the value of momentum damping
from observations remains an unmet challenge. A common
practice of estimating momentum damping is to treat it as a
residual of the momentum equation (Lin et al. 2005). Similar to
this approach, we calculated —(du/ot + d$/dx) at 850 hPa for
MJO composites using the reanalysis data, and regressed its
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value onto u to estimate the damping coefficient D (section 3).
Highly simplified nonetheless, this mathematical framework
leads to results that suggest that the damping is linearly pro-
portional to zonal wind for the MJO (Fig. 13) and the damping
time scale used in this study is consistent with other studies in
Table 1.

In MJO composites shown in Fig. 13 zonal wind u in the left
panels and the residual of Eq. (1) in the right panels are in
phase. If we use the residual as Du to estimate D for individual
MJO events within each 10° longitude bins between 80° and
150°E, we can calculate an occurrence frequency distribution
of D (Fig. 14). For each MJO event at each longitude
bin, —(du/dt + d¢/dx) = Du can be regressed upon zonal wind
u. Data points from relative longitudes between —30° and +30°
and relative lag time between —20 and +20 days were used
in the regression. The table in Fig. 14 shows the peak,
mean, median, and 10th and 90th percentiles of D. The
estimated D are not very sensitive to the choice of a re-
gression range for the budget residual and zonal wind. The
composite value of 3.7 days was calculated from composites
of u and —(du/dt + d¢/dx) for all MJO events. Estimates of
D! from individual events resulted in the mean and median
values of 3.2 and 3.3 days, respectively. All these values are
very close to D™ = 3.5 days that has been used in many
figures of this study.

In topology, the MJO can be considered the lowest mode of
topological edge waves in a non-Hermitian (nonconserving)
system. Deformation of the wave dispersion is observed in
other nonconserving systems such as photonic crystal slabs
(Zhen et al. 2015). In this study, we show that equatorial waves
also experience a dramatic change in their dispersion due to
dissipation (momentum damping). Another interesting issue is
the range of the atmospheric damping time scales that brings
significant modifications in the lowest mode of Kelvin waves.
The missing component from the momentum budget analysis
indicates strong dissipation of large-scale wave energy. While
the missing momentum may be related to convective processes,
it is still unclear why the atmosphere has such damping scales.

Among possible mechanisms, CMT may be the main process
of momentum damping. Previous studies have found that
CMT can be either a source or sink of momentum for the MJO
(Biello et al. 2007; Khouider et al. 2012; Majda and Stechmann
2009a; Miyakawa et al. 2012; Oh et al. 2015; Tung and Yanai
2002; Yang et al. 2019). The results from this study suggest that
on average, the zonal momentum has a net sink on the MJO
scale, but it is not clear to what extent the theoretical and nu-
merical representations of CMT can be simplified into linear
damping. There can be more research to explore whether CMT
plays an essential role as a momentum sink of the MJO using
both idealized mathematical frameworks and complicated
numerical models.

b. MJO and Rossby waves

A large-scale steady-state convective heating excites Kelvin
and Rossby waves (Gill 1980; Neelin 1988; Webster 1972). A
large-scale slowly moving source would also generate a Rossby
wave response if the movement is slow enough compared to
the Rossby wave response time scale. Waves start to develop
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TABLE 1. Examples of Rayleigh damping time scales from pre-
vious studies. (CRM: cloud-resolving model; GMS: gross moist
stability; WPG: weak pressure gradient approximation; WTG:
weak temperature gradient approximation).

D! (days) Topics Reference
5 MJO Chang (1977)
2-5 MJO Neelin et al. (1987)
35 MJO Lin et al. (2005)
5 MJO Biello and Majda (2005)
1 MJO, 2-day waves Haertel et al. (2008)
5 MJO Sugiyama (2009)
1 MJO Sobel and Maloney (2012)
3 MJO Adames and Kim (2016)
16 MJO, equatorial Stechmann and
waves Hottovy (2017)
1.8 Tropical circulation Matsuno (1966)
2.5 Tropical circulation Gill (1980)
=3 Rossby waves Chang and Lim (1982)
2 Tropical circulation Neelin (1988)
1.25 Tropical circulation Seager (1991)
2 Tropical circulation Yu and Neelin (1997)
0.5 Tropical circulation Raymond and Zeng (2000)
10 Tropical circulation Wau et al. (2000)
4-10 Tropical circulation Wau et al. (2001)

2,10 Gill model and WTG  Bretherton and Sobel (2003)
1-10 Walker circulation Lin et al. (2008)
4,10 Equatorial waves Kuang (2008)
10-20 Teleconnection Lee et al. (2009)
response
1,10 Tropical Pacific Carr and Bretherton (2001)
2.5 GMS in CRM Kuang (2011)
1 WPG vs WTG Romps (2012)
1-10 Large-scale Romps (2014)
circulation

immediately after a diabatic heating perturbation is generated
in the tropics, and tropical and midlatitude wave responses are
almost fully established within a week (Jin and Hoskins 1995),
suggesting the time scale of MJO convection is slow enough to
induce Rossby waves. Equatorial Rossby waves are often
observed west of an MJO convection center (Adames and
Wallace 2015; Hendon and Salby 1994; Kerns and Chen
2014). However, Rossby wave signals are also present in non-
MJO large-scale convective events over the tropical Indian
Ocean (Ling et al. 2013). The observations of the nearly
perpetual existence of the equatorial Rossby waves associ-
ated with the MJO alone are insufficient to confirm that the
Rossby waves are a critical dynamical component of the
MIJO. Such observation has nevertheless motivated many to
consider Rossby waves essential to the MJO and to build
Rossby waves in MJO theories (Adames and Kim 2016;
Biello and Majda 2005; Majda and Stechmann 2009b; Wang
and Rui 1990).

Weak wave energy scattering in a spectral space (Delplace
et al. 2017) may shed lights on this issue. Wave energy may be
transferred to neighboring states if frequencies of different
waves are similar. The MJO and planetary-scale Rossby waves
have similar frequencies, thus the MJO can induce Rossby
waves. Scattering to mixed Rossby—gravity waves is prohibited
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because mixed Rossby—gravity waves are antisymmetric about
the equator. The wave interactions are demonstrated by a
topological approach (Delplace et al. 2017): low-frequency
Kelvin waves can generate westward Rossby waves due to
their similar frequencies, whereas higher-frequency Kelvin
waves cannot because there is no available scattering
channel that matches the frequency of Rossby waves. In
short, the Kelvin—Rossby wave couplet observed in the MJO
is a fundamentally allowed wave property, while this couplet
at higher frequencies is prohibited.

The presence and absence of the Rossby waves in MJO
theories are further discussed in the next subsection.

c. Comparison with other MJO theories

AllMJO theories include equatorial waves of Matsuno (1966).
This is not surprising. As discussed in section 2, the unidirectional
propagation of the MJO requires zonal asymmetry. In the tropics,
the only source of this zonal asymmetry is the direction of
Earth’s rotation. The zonal asymmetry in equatorial waves are
the immediate dynamical consequences of Earth’s rotation.
But which equatorial waves to include differ among MJO
theories. Many of them include both Kelvin and Rossby waves
(Adames and Kim 2016; Biello and Majda 2005; Majda and
Stechmann 2009b; Thual et al. 2014; Wang and Rui 1990; Wang
et al. 2016). Some of them include only the Rossby waves
(Hayashi and Itoh 2017; Rostami and Zeitlin 2019; Yano and
Tribbia 2017). Some are based only on Kelvin waves (Chang
1977; Fuchs and Raymond 2017; Wang 1988b). One relies on
inertial gravity waves (Yang and Ingersoll 2013,2014). Without
the equatorial waves, a unidirectional mean zonal wind to-
gether with anomalous responses in wind to convective heating
may create the zonal asymmetry. However, such a unidirec-
tional mean zonal wind does not exist in the Indo-Pacific region
where the strongest MJO signals are found (Wang 1988a). In
the theories that include both Rossby and Kelvin waves, the
role of the Rossby waves is to counteract against the Kelvin
waves to provide a zonal asymmetry for moisture to develop
more to the east of an MJO center than to its west as the main
mechanism for the eastward propagation of the MJO. In our
solution of the MJO, the needed zonal asymmetry is provided
solely by the dynamics of the Kelvin waves; no Rossby wave
is needed.

Some MJO theories explicitly rely on moisture variability.
Others, including the one presented in this study, do not. The
transient wave solution to the damped harmonic oscillator and
the stochastic nature of the needed external forcing in our MJO
solution in terms of a resonant harmonic oscillator do not re-
quire moisture as a prognostic variable, although moist con-
vection may be one of main sources of the external forcing.
Moist convection may induce significant damping effects,
which is needed in our approach, but such damping does not
exclusively exist for the MJO. Also, coupling to moist con-
vection is needed to lower the equivalent depth H, which is
needed in our approach, but this is also universal for all con-
vectively coupled equatorial waves (Dias and Kiladis 2014;
Kiladis et al. 2009). Moisture feedback may help sustain MJO
convection longer as discussed in section 5b. This study dem-
onstrates that the core dynamics of the MJO does not explicitly
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FIG. 13. Longitude-time diagrams of (left) zonal wind u (ms™') and (right) a mo-
mentum budget residual —du/at — 9¢/dx (ms~?) as an estimate of Du at 850 hPa from
Eq. (1). Data from the ERA-Interim were composited against TRMM precipitation
(contours with an interval of 2mm day ') for latitudes of 10°S-10°N and longitudes of
(from top down) 70°-80°, 90°-~100°, 110°~120°, and 130°-140°E during 1998-2014 (see
section 3).
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FIG. 14. Frequency distribution of damping time scales D'
(days) associated with the MJO calculated from zonal wind « and
the momentum budget residual —du/dt — d¢/dx as an estimate of
Du over 10°S-10°N, 80°E-150°E using the ERA-Interim data
(section 3). The table shows statistical values of damping time
scales (days) estimated from the frequency distribution and the
composites of u and Du.

depend on moisture variability. The selection of the MJO
frequency and zonal scale can comes from damping alone, and
the MJO propagates eastward because of exactly the same
reason for Kelvin waves to propagate eastward. For these
reasons, our perspective on the MJO is analogous to the
transition of dry waves to convectively coupled equatorial
waves (CCEWs). Although CCEWs require lowering the
equivalent depth from the dry wave dynamics, they are not
considered as moisture modes. In this case, moisture does not
create a new mode of variability, but only changes character-
istics of the dry waves. The same principle applies to the MJO
core dynamics.

Most MJO theories treat the MJO as an unstable pertur-
bation. An essential part of this classical approach to theo-
retically explaining the MJO is to explore why the greatest
instability or growth rate occurs at the planetary and intra-
seasonal scales, hence the scale selection of the MJO. The
MJO solution as a harmonic oscillator presented in this study
is not an unstable perturbation. It is an intrinsic property of
the tropical atmosphere that is independent of any external
forcing or feedback mechanism, as are the equatorial waves.
The MJO solution presented in this study to the observed
MIJO is as the equatorial wave solutions of Matsuno (1966) to
the observed convectively coupled equatorial waves (Kiladis
et al. 2009; Wheeler and Kiladis 1999). The only differ-
ence is damping is required for the MJO but not for the
equatorial waves.

Possible roles of stochastic forcing in the MJO have been
explored in different mathematical frameworks (Chen et al.
2014; Deng et al. 2015; Jones 2009). Stochastic forcing may
serve as a source of energy for intraseasonal variability (Salby
and Garcia 1987; Yu and Neelin 1994), damping for small-scale
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perturbations as part of the MJO scale selection mechanism
(Thual et al. 2014), or a general background for all types of
tropical disturbances (Stechmann and Hottovy 2017). In our
solution of the MJO, its core dynamics does not depend on
stochastic forcing, but stochastic forcing can help energize
the MJO.

In the debate of the fundamental dynamics of the MJO,
there is no consensus on what is the minimal features of the
MJO a theory must explain. To some, an MJO theory should
explain as many as possible of all observed features of the
MJO, including its three-dimensional, multiscale structures in
wind, temperature, moisture, precipitation and other fields, its
dependence on the mean background state, its annual and in-
terannual variability, and even its potential trend in a warming
climate, as well as its intraseasonal periodicity and eastward
propagation. To us, an MJO theory is required to explain only
three features of the MJO: its planetary scale, intraseasonal
periodicity, and eastward propagation. These three features
together are the only ones needed to distinguish the MJO from
other tropical perturbations. To readers who disagree, we in-
vite them to do the following exercise: starting from any ob-
served features of the MJO, add others one by one. What
would be the minimal number of the features you can name to
make an expert on the tropical atmosphere realize that you are
talking about the MJO?

Indeed, these three fundamental features alone do not make
the observed MJO. An analogy is that a spine alone does not
make any living creature a mammal but it is the only feature
that distinguishes mammals from other living forms on Earth.
The MJO solution presented in this study is a theory of the core
dynamics of the MJO (its spine), not the entire MJO.

Because of its simplicity, the MJO solution presented in
this study relies on a minimal number of assumptions on the
equivalent depth, damping scale, a linear shallow-water
system on an equatorial 8 plane, and a resting mean state.
None of them is unique to this MJO solution. In comparison,
in other MJO theories, additional assumptions are needed
(e.g., on treatment of precipitation, moisture, radiation) to
make the MJO unstable preferably at the planetary and
intraseasonal scales, and some of these assumptions are
unique to a given theory (see examples in Zhang et al. 2020).
Based on Occam’s razor, the simplicity and the least num-
ber of assumptions of the MJO solution presented in this
study can be viewed as an advantage of our MJO theory
to others.

To revisit the damping scale discussed in section 6a, it should
be pointed out that momentum damping is zero in some MJO
theories (Fuchs and Raymond 2017; Hayashi and Itoh 2017;
Khairoutdinov and Emanuel 2018; Majda and Stechmann
2009b; Yang and Ingersoll 2013, 2014) while it is of similar or
greater scales in others (Adames and Kim 2016; Biello and
Majda 2005; Wang et al. 2016) in comparison to those used in
this study. This discrepancy is merely one of many in the cur-
rent very diverse thinking and treatment of MJO dynamics
(Jiang et al. 2020; Zhang et al. 2020). While the results from
the studies with zero damping suggest that the MJO may
exist without damping, the real atmosphere is never free of
damping. A fair question would be how these results may
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change when damping of the commonly used scales (Table 1)
is included.

7. Concluding remarks

The pioneering work of Matsuno (1966) predicted equato-
rially trapped waves in the atmosphere and ocean using linear
shallow-water equations on a 8 plane. Over the years, his an-
alytical solutions have been proven remarkably consistent with
observations of tropical disturbances even in the presence of
complicated convective feedback processes (Kiladis et al. 2009;
Wheeler and Kiladis 1999). The absence of an MJO solution in
Matsuno’s theory has brought several decades of debate over
the fundamental dynamics of the MJO. In this study, we
demonstrate that the MJO solution to the Matsuno’s equations
can be found analytically as a harmonic oscillation by including
linear momentum damping.

By no means do we intend to put forth our MJO solution
to replace other MJO theories. Our objective is to use the
possibly simplest mathematical framework to explain the most
fundamental features of the MJO. Once its dynamical core
(spine) is present, the MJO would come to life when its other
features are added as suggested by other MJO theories. There
may not be a single correct MJO theory. Different MJO the-
ories describe their own ways of energizing the core dynamics
of the MJO and they all produce the MJO to a certain extent.
There are potential energetic sources for the MJO that have
yet to be included in MJO theories, for example, energy
recharge—discharge (Bladé and Hartmann 1993) and upper-
tropospheric perturbations (Powell 2017; Powell and Houze
2015; Sakaeda and Roundy 2016).

It has been suggested that the MJO may propagate faster
in a warmer climate (Adames et al. 2017; Maloney et al. 2019;
Pritchard and Yang 2016). This can be explained by our theory:
In a warmer world, increased static stability would correspond
to a greater equivalent depth, which will lead to a great MJO
propagation speed. A persistent issue related to the MJO is the
prolonged inability of many global models to produce the ob-
served signals of the MJO (Ahn et al. 2017; Jiang et al. 2015;
Lin et al. 2006). While we do not think a reasonable MJO
theory should be required to explain this, ours may provide
some hints. First, the momentum damping required by our
MJO solution may not be properly produced by global models.
Effects of CMT on the large-scale circulation depend on
three-dimensional structures of mesoscale convective systems
(Moncrieff 2004), which are not represented by most cumulus
parameterization schemes. Second, the effective equivalent
depth of the tropical atmosphere may not be in the right range
due to biases in static stability or in representation of con-
vective processes through physical parameterizations. Third,
models may lack mechanisms to force the tropical atmo-
sphere to resonate at intraseasonal time scales. Last, feedback
mechanisms produced by global models may be out of the
narrow parameter space that allows an intraseasonal oscilla-
tion as illustrated in Fig. 12.

There are many other features of the MJO that the harmonic
oscillator solutions do not produce or explain. For example, as
other MJO theories, our MJO solution does not explain how
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MJO events are initiated. It is not our intention to explain
everything about the MJO. We seek a possibly simplest ap-
proach to explain the most fundamental features of the MJO
(its planetary and intraseasonal scales and eastward propaga-
tion). The reproduction of the observed swallowtail pattern,
poleward propagation, and phase relation between zonal wind
and geopotential of the MJO by our solution is a pleasantly
surprising bonus.

Every scientific theory must be falsifiable (Popper 1959).
The theory of the MJO core dynamics in terms of a harmonic
oscillator introduced in this study depends on momentum
damping. In section 6a, we demonstrated that the values of
linear momentum damping that make our theory viable are
within the range of those commonly used in the literature of
tropical dynamics, including the MJO. Nonetheless, the
mechanism for such momentum damping remains to be
identified. Specifically, it is yet to be determined whether
CMT can provide the momentum damping needed in our
theory. More observational, numerical, and theoretical
studies on momentum damping, and convective mass and
momentum transport in general would shed lights on the val-
idity of our theory.
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