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RADAR APPLICATIONS IN CLOUD AND CLEAR-AIR STUDIES

Earl E. Gossardvand Richard G. Strauch 
NOAA/ERL/Wave Propagation Laboratory 

Boulder, Colorado 80303

CHAPTER 1 - INTRODUCTION 

1.1 Radar Returns from Hydrometeors

Review

Since the advent of radar in World War II, it has been the most valuable 
man-made remote sensor for atmospheric observation, both in the ionosphere 
and in the troposphere. Wavelengths from many kilometers to a few millimeters 
have found useful applications. Weather radars have been used mainly for the 
observation of precipitation-size hydrometeors because the reflectivity of 
radar waves from small particles is very size dependent, and rain, snow, and 
hail are relatively large compared with non-precipitating hydrometeors such 
as clouds. There is a vast literature on the use of radars to observe pre­
cipitating systems and this subject will be touched on only lightly here.
The reader is referred to readily available texts such as Atlas (1964),
Battan (1973), Sal’man (1973, English translation available).

In the late 1950's and 1960's there were relatively large efforts at 
several laboratories to use radars for studies of clouds. Some of this work, 
in fact, led to the deployment of the U.S. Air Force TPQ-11 radar ceilometer 
used operationally around the globe (Petrocchi and Paulsen, 1966, see Fig.
1-la,b,c). However, the success of cloud sensing radars was generally marginal 
(e.g., see Plank et al., 1954; Harper, 1964). There are several reasons why 
radars have, so far, been unimpressive in cloud studies: 1) except for the 
TPQ-11, the radars used have usually been designed for other purposes. For 
example, the wavelengths used have been in the centimeter range or longer.
2) The radar-observed bases and tops of clouds often did not agree well with 
the visible bases and tops. 3) No simple relationship was found between the 
radar observations and the cloud classification system of the meteorological 
services. According to Plank et al. (1954), of 89 periods during which 
echoes were received, slightly less than 50% could be classed as echoes from 
internationally defined cloud types. 4) For reasons never well .understood, 
only about 50% of the clouds visually observed were detected by radar, and 
the presence of ice crystals seemed to be important. Harper (1964) reported



Figune 1-la, 1-lb, 1-1 c..--Radon, aloud obienvationA obtained wtth a TPQ_-11, &.6 mm, 
veAtiaally pointing nadan. Figune iliuitnateA tmponal changes within aloud itnua- 
tune and the. influence ofi wind ihean. Range monk, 5000', time monk, 5 minuter. 
(Petnoaai and Pautien, 1972).

that only about 501 of high clouds and 751 of medium clouds were detectable 
with a 0.86 cm wavelength radar in southern England.

For the reasons given above, radar cloud-sensing has generally not been 
vigorously pursued in the 1970's. However, in the last decade there have
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been several developments in radar technology that suggest that radar cloud- 
studies should be resumed. These include the ready availability of low-noise 
components which can significantly improve the sensitivity of radar receivers. 
Furthermore, the technology of satellite communications has produced, and 
made commercially available, microwave components at wavelengths of a few 
millimeters that would have been expensive and inefficient a decade ago. 
Finally, new radars have been designed and built specifically for atmospheric 
investigations. Some of them, such as the FM-CW Doppler radar (Richter,
1969; Strauch et al., 1976; Chadwick et al., 1976), have great flexibility in 
spatial and temporal resolution, and have the ability to sense the clear air 
in addition to hydrometeors. The incorporation of computers into the new 
radar systems provides many options in the processing of data. It now seems 
clear that operational wind-sensing radars will eventually be deployed as 
part of the routine observational system of the weather services, and it is 
important to determine early what cloud-sensing capabilities may be antici­
pated from such radars. Lending further urgency to the development of cloud­
sensing systems, is the increasing realization that detailed short-term 
prediction of storm development requires observation at a much earlier stage 
in storm evolution than is provided by conventional weather radars, and cloud 
seeding techniques may require injection of seed material at an early phase 
of cloud development.

Relationships Between Cloud Types and Weather Systems

Cloud Classification

The human eye-brain combination remains the most effective remote sensor 
of local weather, and the international classification of clouds is based on 
visual observations. Although the details in form adopted by cloud systems 
are limitless, the number of cloud types is rather restricted. This suggests 
that a limited number of dynamical and microphysical processes are decisive. 
The international cloud classification system recognizes low, medium, and 
high clouds whose major classes (called genera) are given in Table 1-1.

Cloud genera are mutually exclusive and are based on; a) the cloud's 
degree of vertical development, i.e., cumulus or stratus depending on whether 
vertical development is large or small and, b) whether the cloud is precipi­
tating, i.e., the "nimbus" qualification. Thus, in addition to altitude, the 
genera define; 1) a major dynamical characteristic of the cloud (or at least 
of its environment) because vertical development indicates the degree of 
environmental stability, and 2) a major microphysical characteristic because

3



Table 1-1

Cloud genera Altitude

Cirrus
Cirro-stratus High
Cirro-cumulus

Alto-stratus
Medium

Alto-cumulus <

Strato-cumulus
Nimbo-stratus
Cumulus Low
Cumulo-nimbus
Stratus

precipitation indicates degree of microphysical stability, i.e., precipita­
tion requires colloidally unstable growth of droplets in the cloud environ­
ment.

The genera are further classified into species and varieties according 
to shape and the special characteristics they may display. For example, the 
genera classification may be qualified by the term "lenticular" if the cloud 
has the characteristic lens shape often seen over, or in the lee of, moun­
tains .

No further details in cloud classification will be given here. The 
interested reader is referred to the International Cloud Atlas published by 
the World Meteorological Organization (WMO), Geneva, Switzerland and the many 
excellent texts on clouds and precipitation. Characteristics of cloud droplet 
populations found by different observers have been collected and summarized 
by Mason (1971). They are reproduced here in Table 1-2. In Table 1-2, r^, 
r^Q, and rm are the mode, number density median, and mean of drop radii as 
defined by the different referenced observers and depending somewhat on the 
form of size distribution to which the data are to be fitted. n is drop num­
ber density and w is liquid water. Commonly assumed distributions used in 
radar meteorology literature are

exponential

Nd = Nq exp[-3.67 D/Dq] U-l)

4
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where D o is the volumetric mean diameter, N o is a scaling factor characteriz- 
ing drop number density, and is the number of drops of diameter D per unit 
volume,

Best, 1951
1 - F = exp [- (D/D0)b] (1-2)

where F is the fraction of liquid water in drops of size less than diameter 
D, and b is a numerical factor.

In the cloud physics literature, commonly assumed distributions are:

log normal

(log r log rg)
exp - T (1-3)/ZIt log o 2 log

where rg is the geometric mean radius, a the standard deviation, Nr is number 
density of drops of radius r, and N,p is to^al number of drops per unit volume;

gamma distribution

Nt (y«)’,“"1 
N a [{l-(r-rd)/a)Ya] exp[-y(r-rd)] (1-4)r  T (ya+1) expyot

where y = l/(r -r,) and a = r,-r . ;v m d' d min’

modified gamma distribution (Deirmendjian, 1974; Sal'man, 1973);

Nr = a(r)01 exp[-brY] (1-5)

where a, a and y are empirically determined.

The two parameter distributions are of special interest to the radar 
meteorologist because it is relatively simple to design and build radar 
systems that can measure two independent quantities that depend on drop size 
distribution; these include reflectivity and attenuation or alternatively, 
reflectivity and differential reflectivity on orthogonal polarization channels.

Clouds and Storm System Morphology

The distribution of various cloud types in a classical frontal system is 
shown in Fig. 1-2 as given by Bergeron (1935). It should be compared with

6
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FiguAe 1.2.— Idealized model ocloud distribution about typical 
\Aontal systems. Top ^name. cloud types>; Bottom finamc: liquid- 
lee phase Mithin cloud systems.

Strotocumulus

Precipitation from Nimbostratus Cloud System

Showing distribution of ice and water clouds and areas of light, moderate, and heavy 
rain in a nimbostratus cloud system. The term “frostgraupeln” is apparently equivalent 
to the U. S. “sleet particles.” (After Findeisen.)

*Reifgraupe/n, vfgraupei

\Under-
vcooted
f-Drops

JJndercoo/ec 
pH" Drops' Simple 

Crystals- )Snowf!akes

IHail Heavy.\
Rain \\

iderate

rvrrchpbrI- ■ - - -------  - ~ ---- ------.. ^
Falling Raindrops »Falling Ice Particles WUWater Ctoads Clauds

Precipitation from Cumulonimbus Clouds 
Aftcr°ttnc?e£!nW)th a"d deCaV °f cumulonimbus c,olK, with ™rious types of precipitation.

Tigusie 1.3.—Distribution oliquid-ice phase particles around typical 
nimbo stratus and cumulonimbus cloud systems.

the cloud classification system given above. Figure 1-3 from Findeisen 
(1938) shows a vertical cross-section through a system of stratiform clouds. 
It is fairly typical of some kinds of warm frontal or moderately Occluded 
situations. The main cloud mass is nimbo-stratus composed of ice crystals.
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To the right are strato-cumulus clouds composed of supercooled water drop­
lets. Below the 0° isotherm are fracto-stratus. Moderate rain is found 
where ice crystals fall into water clouds causing rapid drop growth; light 
rain is found where the falling ice crystals melt, and light drizzle may be 
found below water clouds unseeded by ice crystals from above if the clouds 
are low enough. The alto-cumulus water clouds at the top of the nimbo- 
stratus lie in a region where insufficient nuclei are present to transform 
them into ice crystals. They are secondary to the main nimbo-stratus but 
occur frequently nevertheless. Typically they are 200-300 m thick but may be 
much thicker.

A plan view of the distribution of cloud forms in the neighborhood of a 
classical frontal system is shown in Fig. l-4a constructed from aircraft 
observations reported by Cunningham (1952). Figure l-4b shows the correspond 
ing radar PPI display. A vertical cross-section along the path DD is shown 
in Fig. 1-5.

For comparison, a plan view of cloud and precipitation distribution 
around an open wave situation observed by Browning and Harrold (1969) is 
shown in Fig. 1-6. They analyzed the large scale character of the storm from 
the synoptic radiosonde network. They used the wet-bulb potential tempera­
ture, which is conserved even if motions are non-isentropic as when evapora­
tion/condensation is occurring. Browning and Harrold also made extensive use 
of Doppler radar in the analysis of the detailed kinematic structure of 
vertical sections through the storm and some fields in the vicinity of the 
frontal surface are shown in Fig. 1-7. The method is worth some detailed 
discussion as it introduces the subject of Doppler radar, a powerful and 
relatively new technique. They used the radar in the so-called "velocity- 
azimuth display" (VAD) mode, in which the radar executes a conical scan about 
the vertical axis. The radar thus senses the radial velocity component of 
the target particles (precipitation) over all azimuthal angles and all height: 
through the storm system. Thus, in the presence of a mean horizontal wind, 
the temporal record in radial velocity would simply appear as sinusoids at 
the various ranges (see Fig. 1-8 for a schematic illustration). A more 
physically suggestive display is the "plan shear indicator" (PSI), which is 
essentially a Doppler PPI (plan position indicator). In this display both 
position and velocity are indicated by the radial displacement of the echo 
from the origin. Range is radial distance from the center and the range 
"bins" contain the atmospheric echo at the various range increments which are 
determined by the range resolution of the particular radar (very nearly half 
the pulse length). The displacement of the echo (indicated by the dashed 
circles in Fig. 1-8) in each range bin from the center of the bin (indicated

8
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CROSS-SECTION SKETCH OF STORM

APPROX. HOR SCALE

SURFACE LOW
CENTER

Uquah l.S.-CnoAA-Aeellon along the path W of Tig. 1.4. The cooaac Atlppllng
?Ly*;taLi_l0**n0“>, the denAe atippling AepAetentA liquid wateA 

czoud, the. mAely-spaced fane dotting AepAeAentA Aaln, the dank cuieaA AepAe- 
ient Aegwni wheAe both liquid water and Anow exlAt. In Region B the cIaaua 
AtratuA aa Ae.ecU.ng the tall cumuluA cloudA which have Aelatlvely low liquid 
wateA content. VartAcleA gAoui fairly Aapldly undeA theAe condltlonA, and It 

a regAon of moderate and heavy Ateady Aaln. In Region A theAe aa no lonqeA 
any AtAong vertical motion at InteAmedlate levelA. A balance aa Aeached 
between the. rate oft cooling of an Individual aAcendlng alA paAcel and the 
rate at which wateA Ia being Amoved by the gAowlng partlcleA. Therefore 
the humidity IleA between Ice AatuAatlon and wateA AaluAatlon. In Region’
C, neaA the AoutheAn edge of clAAo AtAatuA cloud, alto cumuluA cloudA aAe 
Aeen movAng Into the Anow cloud at 17, 000 and 11,000 feet. TheAe cloudA aAe 
apparently being Aapldly depleted, perhapA contAlbutlng to Aome of. the final 
heavy stain bhowoAA ofi the. Ay*tew.
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Synoptic situation 12 Z. 10 October 1*167.

Figure 1.6.--A .ontal wave AyAtem over the
British l Ales nesembling that shown tn 
Fig. 1.4. Thii system was analyzed by 
Bnowning and Harrold (1969) using a Voppler 
radar, located at Pershore (labeled P) as 
an important element in their obiervational 
program.

Equivalent Horizontal Scale Normal to Warm Front

-50 0 50 100 150 200 250 km

u

(a)

(b)

+ iX)
v by 3x ’

(c)

, 6v du , 
dy dx

Time at Pershore

Figure 1.7.—Time-height cross-sections ofa basic wind fiield data in the vicinity 
o;5 the faront Ahorn in Fig. 1.6. Vata were obtained uAing a VoppleA nadax. 
FnameA (a) and (b) A how the u and v components ofi horizontal wind where u 
ii parallel to the warm &ront and v is the wind component perpendicular to 
the iront. FnameA (c) and (d) A how the fields o<) divergence and stretching 
deformation calculated from the nadar data. The two A olid lineA indicate 
the warm frontal zone.
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PSI Display VAD Display

Radar VAD Scan

Stretching
Deformation

(3u/dx-dv/3yl

Flgune 1.8.--Schematic itluAtnation o{ how a Vopplen nadan Ia able, to meoAune the. 
vaniowA quantitieA Indicated, on the night-hand Aide o{ the {IguAe. The nadan 
uAeA a conical Acan called velocity-azimuth-dlAplay (l/AP). Such a Acan alAo 
can be uAed {on. a plan-Ahean-indicalon cLUplay (PSI) Ahorn to the le{t o{ 
the VAV and deAcnibed {unthen in the text. The Acan UAed in tkli kind o{ 
operation Ia Ahown Achmatlcally at the {ah le{t; the nadan polntA mone-on- 
leAA venixcally and itA Acan deAcnlbeA a conical Aun{ace.

by the solid circles) is a measure of the component of target velocity toward, 
or away from the radar. Not only can harmonic analysis of the time series 
produced by VAD scans provide mean velocity, but spatial gradients of veloc­
ity over the diameter of the cone scanned by the radar can be deduced (Brown­
ing and Wexler, 1966). Furthermore, this information is produced continuously 
in time. If the targets are precipitation particles, the quiet-air fall- 
velocity creates difficulties in interpretation because it cannot be unam­
biguously separated from the clear air vertical velocity component. For 
clouds this is not a major problem. To see how the technique is implemented, 
write the x, y, z components of velocity as

u uo +
3u
8y

v vo + (1-6)

w = w_ 3w 8w+ x 3x + y 9̂y

12



2221/2where r = (x- + y + z ) is range. In spherical coordinates x = r cos0 sm<f>,
y = r cos0 coscj>, z = r sin6 so the radial velocity in spherical coordinates is

vr = u cos0 sintj> + v cos0 cos<j> + w sin0 (1-7)

Using the identify sin if = (1/2) (l-cos2<J>) , one readily finds

v (<fi) = u cose sinif) + v cos@ cos<f> + (w + x + y |^)sin0
r O O O dX dy

+ (1/2)r (g + |y)cos2e + (1/2)r (|H + g)sin2<|, + (l/2)r (|^ - |f)cos2(f> 

div stretch, def. shear def.

so the measured vr has been expressed in terms of the divergence, stretching 
deformation and shearing deformation, and the mean velocity over the area 
scanned. If a harmonic analysis of the record of vr(<f>) is carried out, the 
coefficients are evaluated as

Ao = 17 / vr(<J>)d<f,,
- TT

1 11An = 2? / vr(*)cos n<j) d(j>,
- TT

1 7rBn = I? / vrt'l,)sin n<t) d<t)
-IT

and it is found that

mean wind

u = A,/cose, v = B,/cos0 (l-9a)o 1 ' o 1

horizontal divergence

3u t 3v [V[w0 + x If + y ^sin0- (l-9b)3x 3y r cos 0

stretching deformation

?3u 3v cos 0 (l-9c)3x 3y

shearing deformation
3u + 3v (1-9d)cos3y 3x •

13



Equation (l-9b) demonstrates the fact that divergence and vertical motion are 
not independent. In fact, if the target fall velocity is zero, so that w 
consists only of air motion, the mass conservation relationship (the anelastic 
approximation) div(pv) = 0 so that 3pw/3z = -div^(pv), where div^ is hori­
zontal divergence. Therefore, a good approximation to w can be found by 
integrating the product of div^ v and background density upward from a lower 
boundary at which wQ will be zero if the boundary is a horizontal plane.
Also, the horizontal gradients of w can usually be neglected. Furthermore, 
the scan mode of the radar can include a Vertically pointing position so that 
an independent measure of wQ can be obtained. Then (l-9b) gives

2 tan 2 9 2AqP(z)3pw tan20pw + 0 13 z z z sin0 . ( -10)

Let pw = W and Z = In z, then the differential equation to be solved is just

dWdz (2tan29)W + 2--4?~q~ A0(z)p(z) 0sint
b •f(z)

which is an ordinary, linear, but inhomogeneous, differential equation, It
follows that the solution is:

e’aZf(z)dZ.W

Suppose f(z) is chosen to be its average value f in the interval Z2 to Z^. 
Then

aZ7 — a Z 7 —aZ*.W(Z2) - W(Z1) = -be z f[e - e i] .

Transforming back to w and z, the solution of Eq. (1-10) gives 

2Ao _ w2-“l . 2Ao tan2e[(z2/Zl)2tan «-l]

- - WjtWj * »2*wl

From the equation of state, 

p = pRT

where R is the gas constant of air and p is pressure. Taking the logarithmic 
derivative,

dp _ dp dT
P P T

14



and, from the hydrostatic equation dp = -pgdz, so

Therefore

w- - w — tan20[ (z2/ 2tan e.jj_ (1-11)+ /\z +
T RT 2w 2w

The radar can measure w, A , and Az; in principle it therefore senses AT/T 
to some extent.

Figure 1-7 shows the results of a divergence analysis and deformation 
analysis in a frontal zone using a single Doppler radar, but there is some 
uncertainty because the precipitation targets were falling. However, a cloud 
sensing radar could have provided unambiguous results in the non-precipita­
ting cloud field. Figure 1-9 shows the time-height distribution of the pre­
cipitation echo in the frontal zone where the heavy solid curve delineates 
the depth of the radar echo and the thin solid curves are the reflectivity- 
weighted particle fall velocity (V.^) estimated from the Doppler radar. The 
figure shows a pronounced oscillatory character apparently well correlated 
with the surface rainfall and also correlated with the hatched areas which 
represent regions where clusters of precipitation-generating ice streamers 
were located suggesting that the slanting virga were seeding the underlying 
clouds. The areas of streamers were about 50 km across; the period of the 
storm oscillation was about 1 hour.

In recent years combinations of several Doppler radars have been par­
ticularly useful in providing a new insight into the spatial structures of 
the smaller storm cells (e.g., Lhermitte and Miller, 1970; Miller and Strauch, 
1974; Doviak, 1977). In multiple radar configurations radars provide the 
best known method of observing the three dimensional wind fields within 
storms and they thus reveal the kinematic structure to complement the micro­
physical structure of cloud and storm systems. Figure 1-10 combines the 
dual-Doppler radar observations of the reflectivity and kinematic structure 
of a storm in northeastern Colorado with a classical reflectivity pattern 
observed in a storm near Wokingham in the U.K. taken from Browning and Ludlum, 
1962. Some terms introduced by radar meteorologists into the literature on 
severe storms are identified in the upper frame and can be compared with the 
kinematic features in the lower frame. These features include the wall, the 
forward overhang, the echo-free vault, and the echo top. The reflectivity

15



TIME AT PERSHORE

TiguAe 1.9.—Tamil-height Lection showing the vertical dlAtrlbution o& precipita­
tion echo In the vicinity o{, the imam j$rant Ahown in Tig. 1.6. The woam 
frontal zone ti Indicated by the two straight lineA. The heavy A olid contouAA 
repreAent the extent o^ echo detected by the Voppler nadax when Iti antenna 
woa pointed veMicaZZy. The thin A olid AAoplethA at intervalA o& 1 m a~1 re­
preAent the reflectivity-weighted mean pantlcle fall Apeed meaAuAed by the 
AadaA. The melting level 1a located at the height where the fall Apeed changeA 
Aharply from 1 to 5 m/i. The heavy daAhed contouAA repreAent the upper extent 
of relatively weak echoeA at higher levelA. kreaA where cluAteu of precipita­
tion generatorA were obAerved are Ahown hatched. Surface rainfall rate 1a 
plotted oa a block hlAtograM at the bottom of the figure.

16



Tiguxe 1.10.—Top fixame - Pattexn o£ xadax xe\(lectivity obsexved by 8downing and 
Ludlum (1962) contouxs axe. In de.cU.beZi oft xe^lectivity faactox dBl. Some 
texms introduced Into severe itoxm itudtei by the me ofi xadax axe shorn on 
the drawing. Lower fixame - Voppler xadax-obsexved velocity fields tn the 
plane parallel to the motion o& a Atom. Solid dots show calculated katl 
txaj ectoxles. Vo able-lined cuxve li schematic picture o<$ pxobable gust 
firont. The y cooxdinate is pexpendiculax to the dixection ojj Atom motion. 
The wind fields have been obtained using a paix o{, xadaxs sepaxated by a 
known baseline (see Chaptex 7). Each xadax scans the Atom volume duxing the 
same time intexval. Vertical velocity is obtained by requiring that mass 
continuity be satisfied. The wind fields, &rom Krop^li and Miller (1976), 
axe the xesiduals afitex xemoval o& the mean echo motion.

contours (solid curves, top and bottom) are in decibels of reflectivity 
factor (dBZ) . Radar reflectivity is closely related to particle size and 
therefore to fall velocity, rain rate, and particle type, and the literature 
has many relationships between Z and R, Z and V.£,and Z and D, where R is rain 
rate, Vf is particle fall velocity and D is particle size. The reflectivity 
factor

Z = y N . D.6 
L IX

is the sum of the contribution to radar backscatter of all the particles per 
unit volume, where bb is the number of particles of diameter ; it is usually

17



6 3given in units of mm0/m . In Fig. 1-10 it is expressed in decibel units 
called dBZ where 1 mm0/ui = 0 dBZ. Reflectivity factors greater than 50 dBZ 
usually imply that hail is present. The solid circles in the top frame show 
the calculated hail trajectory. The myriad reflectivity relationships have 
been mainly developed for precipitating systems which are not the direct 
concern here where clouds are of primary interest. Figure 1-11, from Kropfli 
and Miller (1976) shows the trajectories of parcels moving through the same 
storm as shown in Fig. 1-10, assuming the storm to be essentially in steady 
state at that stage. The picture revealed by Doppler radar allows many 
important quantities to be calculated that were previously only available 
from sparse aircraft penetrations. These quantities are shown in Table 1-3 
taken from Kropfli and Miller (1975). The radar observations suggest details 
of recirculation capable of producing the various classes of hydrometeors 
found in clouds, including hail.

A Little Cloud Physics - Some Definitions and Nomenclature

A cloud is typically made up of drops about 10 ym in diameter and with a_ 3number density of 50-1000 cm . Their structure is generally colloidally 
stable, and individual droplets show little inclination to grow. However, 
when instability of the drop population does occur, some drops grow at the 
expense of others and precipitation takes place.

Probably the most important challenge in cloud physics is the under­
standing and prediction of the processes that cause a cloud to become un­
stable and precipitate. Processes that have been proposed and studied are:

1) electrical charge differences between particles,
2) aerodynamic attraction between particles falling at 

nearly the same speed,
3) capillary forces between particles of different sizes,
4) temperature differences between particles of different origin,
5) collisions due to differing fall velocities and to turbulence, and
6) growth of ice particles in a medium supersaturated with respect to 

ice, i.e., for water drops at saturation, the supersaturation with 
respect to ice is about 10% at -10°C and about 20% at -20°C.

They are listed in approximate reverse order of their importance ac­
cording to current opinion, and they will be considered in that order.
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It has heen known for many decades that water droplets do not form in a 
clean laboratory environment until high supersaturation is reached. On the 
other hand clouds are known to form in the atmosphere at about saturation.
The answer to this enigma is that the atmosphere is not a clean environment 
but contains tiny particles called cloud condensation nuclei (CCN) which 
serve as centers for condensation. This process is called heterogeneous 
nucleation. The process by which water droplets form directly in a clean 
environment is called homogeneous nucleation and is not important in nature. 
All processes involving a change of phase are called nucleation processes.

There are a wide variety of CCN of all sizes in the atmosphere at all 
times. They range in size from very large particles (>10 ym) which tend to 
form the nuclei of clouds to sizes of only a fraction of a micrometer. The 
typical size-number density distribution of the various classes of nuclei are 
summarized in Fig. 1-12 adopted from a classical study by Junge (1952) . When 
a parcel of air is lifted it is cooled adiabatically. As it approaches 
saturation the more hygroscopic nuclei become centers of condensation, and 
visibility may become noticeably reduced at relative humidities much below 
saturation. If the relative humidity is greater than 100%, the atmosphere is 
said to be supersaturated and the percent excess above 100% is the degree of 
super-saturation. Because of the large number of CCN in the real atmosphere, 
condensation occurs before the supersaturation becomes excessive in the bulk 
atmosphere. However, on the micro-scale the thermodynamic relaxation time is 
large enough so that significant overshoot can produce relatively large 
supersaturation locally.

When an air parcel rises above the 0° isotherm the water droplets become 
supercooled. Once again laboratory experiments show that pure water droplets 
do not freeze above a temperature of -40°C. This is called homogeneous 
freezing. However, in the presence of nuclei, freezing temperatures may not 
be much below 0°C. Unlike the CCN, the ice nuclei are relatively rare. It 
is this fact that makes artificial seeding of the environment feasible — it 
is possible to alter the natural environment to a significant degree as far 
as the population of ice nuclei is concerned.

It was first pointed out by Bergeron (1933) that the all-important cause 
of colloidal instability is the co-existence of water droplets and ice within 
the cloud because there is considerable difference in saturation vapor pres­
sure over ice and over water at the same temperature. Thus the water evap­
orates from the water drops and sublimes onto the ice particles. This process 
is most efficient at about -15°C. The individual drops then continue to grow
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D (cm)

FiguAt 1.12.—The. ilze. dLi&UbwUon ofa mtiviaJULy oac.uAAA.ng aeAoiot& In heavily 
populated aln oveA. land. (Junge, 7952.)

until they fall from the cloud or are broken up by collisions. Graphic 
evidence supporting this mechanism is the suddeness with which cumuli can be 
transformed into cumulo nimbi when glaciation occurs in the upper regions of 
the cloud. The final proof of the importance of the Bergeron mechanism came 
with the success achieved in artificially seeding natural clouds with dry ice 
and producing precipitation.

The other important process causing precipitation is drop collision and 
coalescence. This process can occur at any temperature and is therefore of 
dominant interest in warm clouds in which the Bergeron process is ineffec­
tive. A droplet falling through a population of smaller drops will have a 
very low probability of colliding with other drops unless its radius is 
larger than about 20 pm. Therefore, for a cloud to be unstable by this 
process it must contain some larger droplets. The critical size for con­
tinued growth is determined by the balance between growth processes and decay 
processes. The equilibrium vapor pressure over a water drop depends not only 
on its temperature but on its curvature (or radius) as well. That is, the 
saturation vapor pressure over a drop of radius r and temperature T is
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es(r)/es(co) = exp(2a/rRvpLT) (1-12)

where a is surface tension, R is the gas constant for water vapor, pT is 
density of liquid water and es(°°) is the saturation vapor pressure above a 
plane water surface. Therefore, if a given supersaturation is inserted as 
the left-hand side of the equation, a critical value of r is defined such 
that drops of larger size will continue to grow by condensation from the 
environment, while smaller droplets will evaporate. The power backscattered 
from incident radar waves is very sensitive to drop size so that radars with 
appropriate wavelengths can be very sensitive monitors of the drop growth 
stability conditions that exist within a cloud.

The population of hydrometeors found in the atmosphere and the compli­
cated processes of interaction that lead to their formation have been sum­
marized by Braham and Squires (1974) in the diagram shown in Fig. 1-13. The 
balance between the many processes of growth and decay is very complicated, 
involving many nonlinear and irreversible interactions. Therefore, cloud 
physicists have recently achieved most progress by resorting to computer 
simulations. The process of entrainment and the proper introduction of the 
stochastic character of drop size growth and mixing into cloud models has 
perhaps been the most challenging task of the cloud physicist in the last 
decade.

1.2 Clear-Air Radar Returns

Review

There has been a recent upsurge of interest in the use of radar for 
clear-air studies. It is remarkable that such an old technique would find 
such a new area of application. The scientific community was slow to recog­
nize and exploit the potential of radar for sensing the non-ionized clear 
atmosphere. Only in the last decade has significant attention been devoted 
to radar sensing of lower and middle atmospheric structures.

Since the early 1950's, the observational data and theoretical back­
ground were already available to predict the feasibility of ground-based 
radar systems capable of wind-sounding through the troposphere. The obser­
vational data base was provided by the tropospheric and stratospheric forward 
scatter measurements made over paths extending far beyond the optical horizon 
such as those reported by Ames et al. (1955) and reproduced on the left-hand
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frame of Figure 1-14. From such observations the height distribution of the
reflectivity resulting from the turbulent fluctuations of refractive index
can be deduced using the theory developed earlier by Booker and Gordon (1950)
Expressed in terms of the parameters of modern turbulence theory, the result
is shown in the right-hand frame of Figure 1-14, where Cn is the structure
constant for turbulent fluctuations of radio refractive index. From such
information about atmospheric structure it would have been entirely possible
to conclude in the 1950's that atmospheric sounding through the troposphere
and into the stratosphere was practical and to design the radar system
(power-aperture product) needed to carry out the experiments. (Actually, the

?troposcatter path data seem to lead to somewhat excessive values of Cn 
aloft. This is probably a result of layering due to the normal stable strati 
fication of the atmosphere.) However, no such program was undertaken, prob­
ably because the attention of a large percentage of the radar-oriented geo­
physicists of the day was directed toward the structure of the ionosphere. 
There appear to be two principal reasons for this: 1) Ionospheric structure 
was very important to prediction of the performance of HF radio systems, 2) 
Sounding of the lower atmosphere could be accomplished by balloon and there­
fore did not require the development of radar systems to do the job.

In the last decade or two, this situation has changed. Satellite com­
munication has replaced HF communication in many areas of need, and research 
in ionospheric structure has therefore been significantly reduced. Thus, the 
attention of many radio-oriented geophysicists has been re-directed toward 
the lower atmosphere. In fact, somewhat to the embarrassment of radar mete­
orologists, the first radar wind-soundings of the clear stratosphere were 
made (at the suggestion of C. G. Little in 1967) by ionospheric physicists 
using an ionospheric research radar at Jicamarca, Peru (e.g., Woodman and 
Guillen, 1974).

However, the subject of radar returns from the clear air was not new to 
radar meteorologists (Hardy et al., 1966; Hardy and Katz, 1969). Since the 
advent of radar in the 2nd World War, mysterious returns from regions where 
there were apparently no targets had been noted, and a large literature 
exists on the subject of "angels," "ghosts" and "pixies." The controversy 
usually centered on the question of whether they resulted from refractive 
index fluctuations or from birds and insects. The situation at the time was 
well summarized by Plank (1956). In some cases layer structures in the 
troposphere had apparently been detected (Lane and Meadows (1963) , and the 
tropopause was sometimes seen (Atlas et al., 1966). Insects and birds were 
sometimes identified (Glover and Hardy, 1966). However, it wasn't until the
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development of an atmospheric radar capable of observing targets at very 
short ranges with very high resolution (the FM-CW radar, Richter, 1969), that 
the situation was really clarified. It was then revealed that both clear-air 
and insect radar returns are very important (see Fig. 1-15); their relative 
importance depends on season, altitude, time-of-day and climatological re­
gime. In the early 1970's special sensitive radar systems were developed and 
exploited for clear-air observation (Dobson, 1970, Browning et al., 1972, 
Richter et al., 1972).

A final reason for the increased interest in the use of radar in the 
clear lower atmosphere is the dawning realization that present weather pre 
diction methods and models have gone about as far as they can go without new 
observational quantities and techniques, and without greater spatial and 
temporal density in sounding data. Ground-based radars offer the possibility 
of immediate improvement in temporal density of wind sounding data. They 
also provide new observables to the meteorologist such as profiles of hori­
zontal mass - divergence and turbulent dissipation rate. They can provide a 
crucial observational link between troposphere, stratosphere, mesosphere and 
ionosphere by observing the wind field across the various domains and estab­
lishing the degree of coupling from the solar-dominated ionosphere down to 
the dynamically, meteorologically important lower atmosphere.

Refractive Index of the Clear Atmosphere

The main cause of radar returns from the clear-air has now been well 
established to be the inhomogeneities in refractive index that result from 
turbulence. The radio refractive index at commonly used radar wavelengths is 
nondispersive and depends on the atmospheric temperature, humidity and pres­
sure.

The various quantities used by the radio propagation community to repre­
sent refractive index in the atmosphere have been discussed by Bean and 
Dutton (1966). By definition, N = (n-1) x 10^ where n is radio refractive 
index. For microwave wavelengths that are not near gaseous absorption lines 
it is found that

N . (P . . (1-12)

However, we will usually be more concerned with a closely related quantity 
called potential refractive index defined as
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4810 e
-~-7  (1000 + (1-13)

where T is temperature (K), p is pressure (mb), e is vapor pressure (mb) , 0 
is potential temperature and e^ is potential vapor pressure. Clearly the 
distribution of temperature and humidity largely determines the refractive 
index distribution; thus the exchange of heat between the lower atmosphere 
and the land or sea boundary, and the evaporation/condensation of moisture at 
the boundary, are the important processes. Various relationships between N 
and <f> are derived in Appendix 3.

Because the radio refractive index varies with height, radio waves 
propagate on curved paths and methods of describing this effect by arti- 
fically modifying the refractive index have been developed. Therefore an­
other quantity used to represent radio refractive index is the modified 
refractive index, M, whose effect is essentially to give an artificial upward 
curvature just equal to the curvature of the earth to horizontally propa­
gating rays. Thus ray patterns of radio energy propagation can be plotted on 
diagrams in which the earth is a flat lower boundary. This greatly simpli­
fies the mechanics of plotting and the interpretation of the diagrams in 
terms of ducting. - More will be said of M in Chapter 9 when the formation of 
radio ducts is discussed. Here we just point out that it is related to N as

M = N + 0.157 z (1-14)

where z is height in meters.

A parameter B is defined such that radio rays propagating in a "standard" 
atmosphere are straight lines. Thus, in this kind of plot, the earth is 
curved, but the rays are straight if the atmosphere is "standard." In this 
definition of B, "standard" means an atmosphere in which horizontally launched 
rays are bent downward with a radius of curvature 4/3 that of the earth's 
surface. In other words, the earth's radius is increased by a factor of 4/3 
and the curvature of the rays of radio propagation is decreased by that 
amount thus straightening them out in this "standard" atmosphere. It is 
related to N as

B = N + 0.037 z (1-15)

where z is height in meters.
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The relationships between the various refractive index quantities are 
given in Fig. 1-16 along with a schematic picture of each profile through a 
surface refractive layer in an otherwise standard atmosphere. It is the 
height gradient of these quantities that must be considered when refraction 
and ducting of radar waves is considered. (Ducting occurs below the height 
at which dM/dz = 0 in Fig. 1-16.) The time-rate-of-change of the refractive 
index layer structure and layer undulations are the important classes of 
perturbation in these cases; the formation and fluctuation of holes and 
antiholes in ray patterns is the subject of a large body of literature and 
will not be considered here. A summary of ray tracing methods may be found 
in Bean and Dutton, (1966).

The backscatter, or radar reflectivity, is directly proportional to the
2turbulent structure constant of refractive index (C ) which, in the inertial 

subrange of isotropic turbulence, is defined by the structure function given 
by

D(£) = [n'(r) - n'(r-£)]2 = C^2 X,2/3 (1-16)

where n is refractive index, primes indicate perturbation, r is position, and 
£ is the separation of two points at which n is being measured. The overbar

0=N+O.O27Z <£=M-0.13Z <£=B-0.012 Z

M=N+0.157Z B=N+0.037Z

Flguxe 7.76.— Height dlAtxibutlon oi Aome commonly uAed xeinactlve Index quantltleA
Ahown Ac.hmatLc.aLly. By de.ilnttLon N = (n-7) x 7 06 uihexe n Ia time, Kadlo 
xe.injxcM.ve Index. A honlzontalty-launched Kay wouLd exactly iottow the 
eanth'A cuAvatnne at the height oi the daAhed Line whexe dU/dl = 0. ThlA 
height Ia oiten catted the duct height ok duct thlckneAA. The ducting oi 
Kadax m.veA tn the atmoApheAlc boundaxy lay ex La dlAcuAAed In detail In 
Chaptex 70.
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2indicates time average. The relationship between radar reflectivity and Cn 
was unambiguously established by Kropfli et al. (1968) in an experiment in 
which an aircraft carrying a microwave refractometer was tracked on one 
channel of a radar at Wallop's Island while the reflectivity immediately 
ahead of the aircraft was measured on another channel. The high correlation 
of backscatter with Cn was further supported by measurements reported by 
Bean et al. (1972). The physics of this type of scatter resembles that of 
the X-ray scattering observed in crystals by Bragg and, is therefore, some­
times called Bragg scatter. A descriptive explanation of this type of scatter 
is shown in Fig. 17 for the general case of arbitrary incident and scattered 
waves. The formal theoretical development is given in Chapter 2. In con­
trast with incoherent backscatter from particulates described in Section 1.1, 
where the wavelength dependence is 1 \ the wavelength dependence in Bragg 
scatter is A~1//3 for the turbulent perturbations obeying Eq. (1-16). The 
relative magnitudes of incoherent and Bragg scatter (solid and dashed lines 
respectively) are shown in Fig. 1-18. In backscatter the important scale of 
perturbation in the scattering medium is 1/2 the wavelength. For most radars 
this scale is smaller than is measurable by in-situ sensors. Therefore most 
in-situ measurements have sensed the longer scales, and the power in the A/2 
scale has been deduced by extrapolating the spectrum to the high wavenumbers
(small scales). Observations of C 2 deduced from radar backscatter are

n
reported by Gage and Balsley (1978), and by Chadwick and Moran (1980). A
sample of the Chadwick/Moran observations is shown in Fig. 1-19. It illus-2trates the diurnal trend of C and its large variability. The data are

n 2number of minutes in each hour that the backscattered power implied a Cn in 
the indicated (logarithmically spaced) interval. FM-CW radar observations 
show that Cn can get as large as 10 within thin layers as shown by Fig.
1-20 which we have adapted from Metcalf (1975) by converting his values of 
backscattered power to Cn . The various biological targets and Cn lead to 
backscatter from a variety of meteorological features including the boundary 
layer, elevated layers and airmass discontinuities. Bean and Dutton (1966) 
have discussed the way the average refractive index varies with height, and 
Bean, Cahoon, Samson and Thayer (1966) have published a global climatology of 
the surface value and the scale height of an exponential fit to the height 
variation.

Air Masses

Source and formation

The convenient point to begin a discussion of atmospheric layering is 
with the concept of air masses — how they are formed and how they are modi­
fied with time and with spatial movement. An air mass is an extensive portion
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e
2 Hypothetical 

Refractive Index 
Perturbations Reference 

Level

Level 1

Level 2

Scattered 
Wave 1

Flguxe 7.17.--Suppose, an e.m. wave Is Incident on the Re^exence 7.eve£ producing 
scattexlng at a ample points A, 8 and C. Suppose the "cxests" oft the waves 
axe xepxeAented by the Aolid lines and the "txoughi" by daAhed lines. Up- 
gotng and downgoing waves axe noxmal to the Incident and Acattexed wave 
oxxowa xespectlvely. Then ^ox the upgolng and downgoing waveA It Is seen 
that cxests coincide with cxests and txoughA with txougks at the Reference 
Level and at Level 2. Howevex, cxeAts coincide with txougks (that Is they 
axe out oi phaAe) at Level 7. Thexe&oxe Acattexed waves fixom Level 2 will 
xelnfioxce those fixom the xefaexence level assuming that they have the same 
phase change on xe^lectlon at both levels. This will be the case 1$ the 
xe^xactlve Index pextuxbatlon Is o& vextlcal scale L, (lefit-hand set ofi 
± symbols) because this means that the xefaxactlve Index will be In Its positive 
pextuxbatlon phase at Level 2 when the pextuxbatlon Is positive at the 
Refiexence Level. the scale ofa R.l. pextuxbatlon had been 2L, It would 
have been In Its negative phase at Level 2 (xlght-hand set o{> ± symbols) and 
the xefilectlon would thexefioxe be phase shifted by 780° £xom the wave 
Acattexed by the positive pextuxbatlon at the Refiexence Level. Slmllaxly, 
pextuxbatlons ofi L/4 will lead to waves out oft phase In the scattexlng 
dlxectlon.
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Figure 1. U.--Badi6catte>Ung caoas-section vs. wavelength fan. paAiiculate scattenens 
[solid lines) and ,\oA Bnagg backscatteA. (dashed cuAves). The. nadcui Ae^lectiviiy

iacXoK 1 = l U.V. wheAe N . is the, numbeA 0dAops ofi diameteA V. In a unii 
Z=1 *■

volume. The. Aeimctive Index stAuctuAe paAmeteA C^ is a measuAe o{, the
tuAbuIent fluctuations In n if the impoAtant scale (A/Z) Lie* within the 
ineAtial subAange of homogeneous isotAopic tuAbulence.
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(m-2/3)Cn2 at 805 m

10
-1 1

10
-12

10
-15

10
M

10
-15

10-16
10 -17

I I I I I I
5 26 7 7 3 1 5 1 1 1 8 19 12 10
5 26 77 6 16 2 4 19 31 4
5 26 77 7 16 2 26 31 1
5 26 77 8 16 12 46
5 26 77 9 16 1 12 14 21 10
5 26 77 10 17 4 20 21 13 2
5 26 77 11 17 1 45 14
5 26 77 12 17 1 8 34 13 2 1 1
5 26 77 13 17 5 29 21 4 1
5 26 77 14 18 o 29 28 1
5 26 77 15 18 3 47 10
5 26 77 16 18 2 2 2 28 1 5 5 2 1 l
5 26 77 17 19 9 1 1 8 3 3 6 9 9 2
5 26 77 18 19 24 27 7 2
5 26 77 19 19 6 1 1 5 13 6 8 8 3
5 26 77 20 20 1 5 27 25 2
5 26 77 21 20 1 6 20 9 7 16 1

26 77 22 20 1 32 21 4 2
5 26 77 23 21 8 32 19 1
5 27 77 0 21 1 1 30 23 5
5 27 77 1 21 37 20 3
5 27 77 2 22 18 42
5 27 77 3 22 1 43 15 1
5 27 77 4 23 3 37 15 5
5 27 77 5 23 20 37 3
5 27 77 6 23 13 36 1 1
5 27 77 7 23 18 38 4
5 27 77 3 23 8 40 12
5 27 77 9 24 14 38 8
5 27 77 10 24 18 26 16
5 27 77 11 24 3 1 5 34 3 2 1 1
5 27 77 12 24 9 20 21 7 3
5 27 77 13 25 7 18 24 7 4
5 27 77 1 4 39 3 5 21 18 9 3
5 27 77 15 40 2 1 1 17 1 5 10 5
5 27 77 16 40 3 8 1 6 17 23 1 1
5 27 77 17 40 48 12
5 27 77 18 40 4 12 28 16
5 27 77 19 41 24 36
5 27 77 20 41 21 39
5 27 77 21 41 1 3 .35 3 10 8
5 27 77 22 42 1 27 11 18 3
5 27 77 23 42 5 21 29 5
5 28 77 0 42 10 23 25 2
5 28 77 1 43 16 43 1
5 28 77 2 43 7 42 9 1 1
3 28 77 3 44 8 12 18 1 4 8
3 28 77 4 44 1 4 1 4 36 6
3 28 77 5 4 4 1 2 8 9 8 16 16
3 28 77 6 4 5 4 3 8 4 9 16 6 7 3
3 28 77 7 4 3 1 1 1 16 30 1 1
3 28 77 8 4 3 3 1 6 16 16 9
3 28 77 9 4 6 n 1 5 9 28 9 4 1
5 28 77 10 46 1 4 1 9 30 6
5 2R 77 1 1 46 3 36 19 1 1

I

Figuae 1.19—Hiitogfiam o£ numbeA orf minute C^ value* lay within the Indicated
logarithmically ipaced interval* (top Acale) at a height o& 805 m {.on a two 
day pefu.0a at, calculated firom back* cotter mea*ured by a vertically pointina 
FM-CW radar reported by Chadwick et at. (1980). a
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of the earth's atmosphere with (approximate) horizontally homogeneous mete­
orological properties. Thus, the refractive index within an air mass can be 
considered to be approximately horizontally homogeneous and to have a vertical 
structure characteristic of its mode of formation, its movement and its 
relation to other adjacent or overlying masses of air. Air masses are char­
acteristic of their various source regions. Such source regions are usually 
classified as primary or secondary. A primary source region is an extensive 
area favorable to air stagnation for appreciable periods of time. A second­
ary source region is one in which stagnation does not occur, but over which 
trajectories are so long that the air mass takes on the characteristics of 
the region through modification processes.

Figure 1-21 shows average height profiles of N in various Asian and 
North American air masses, and Fig. 1-22 shows similar profiles at specific 
locations in North America calculated by Gossard (1977) from averaged radio­
sonde temperature and humidity data published by Showalter (1939). It should 
be recognized that profiles such as these are not typical; the important 
layer structure has been largely erased by the averaging process. They 
should be treated as an ambient refractive index background on which ap­
propriate layer structure should be superimposed according to the modifica­
tion processes taking place locally.

Figure 1-23, adapted from Plank (1952), shows an example of the way the 
refractive index profile of an air mass is modified in its source region by 
outward radiation from the earth boundary and the compensating transfer of 
heat downward by conduction from the lower atmosphere. The surface boundary 
layer is therefore an important region through which transfer processes act 
to modify the overlying air masses. In Chapters 9 and 10 the transfer pro­
cesses and the way they act to modify the refractive index structure of the 
overlying air, are considered in detail.

Air mass modification -- the surface layers

Air mass modification is primarily a result of two classes of processes:

1) Transfer of heat, moisture and momentum in response to changes in the 
underlying boundary.

2) Dynamical processes that cause convergence and divergence within the air 
mass.
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N

Modification of the surface layers of an air 
mass in its source region as radiational cool­
ing of the underlying surface proceeds.

Ftgone. 7.23. — Modification of the Minface laycu of an ainmaa tn it& i>ou/icc acgion 
ai Aadiational c.00ting of the underlying surface pAoceedU, (adapted faom Plank, 
7952).
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One of the most important modification processes occurs when an air mass 
formed above one kind of surface flows over an underlying surface of dif­
ferent temperature or humidity.

Figure 1-24 shows the modification of the refractive index profile as an 
air mass formed in northern Canada moves southward to Churchill and Buffalo. 
The solid trajectory shows the progress of the front (edge) of the conti­
nental Polar (cP) high pressure region and the dashed curve shows the path of 
the center of the high.

When a mass of homogeneous air formed over land moves over water of 
different surface temperature, important modification of the refractive 
structure of the lower layers takes place. If the water is warmer than the 
air, the modification proceeds very rapidly, and steady state is quickly 
achieved, with the important refractive index gradients (and the radio duct) 
confined to a thin layer very near the water surface. If the air is warmer 
than the water, the transitional region can extend far off-shore with im­
portant effects on the horizontal variation of the refractive index profile, 
as shown in early measurements by Craig, illustrated in Figure 1-25.

If power law height profiles are chosen for the various meteorological 
properties, such as wind, potential temperature and moisture, the theoretical 
problem is tractable, and the results are shown in Fig. 1-26 the profile 
index, m, is chosen to be 1/7. The theoretical development is given in
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Flguac 1.25.— Rc^AaoXivc Index pao^tte cu> land, coin move* 
unit coaAt at voaa.oua ZocaXtonA Ahown on the. InAQAX

olfahotiz ^riom the U.S. 
map [fi/iom CaaXg, 1946).
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FiguAe 1.26.—The. mannen in which duel thickness, d, and C^ one modified with
increasing distance. onshore {,on a simple power-law model oft refractive 
Index In which the initial height distribution is given by <t> = constant 
and m is the power of the height function. 0

detail in Chapters 9 and 10. Figure 1-26 shows how the height profile of
x 10 ^ (right-hand frame) and duct thickness d (left-hand frame) vary with 

distance off-shore when the refractive index profile is modified in the 
manner shown schematically in the top frame, where <|> is the assumed initial 
distribution of ij> prior to modification; <j>s is its surface value and z is 
height.

Elevated Layers

Layers capping the convective boundary layer

One class of elevated layer is closely related to the formation of
surface layers and the transfer processes that create them. This type of
elevated layer is formed when the surface-based nocturnal inversion is erased
by surface solar heating following sunrise. It is illustrated schematically
in Fig. 1-27. The radar returns from such layers often have a dome-like
appearance (Harper et al., 1957; Atlas, 1959; Hardy and Ottersten, 1969;
Konrad, 1970; Gossard et al., 1971; Richter et al., 1974). In horizontal
section such convective features often resemble doughnuts as seen in Fig. 1-
28 from Hardy and Ottersten, 1969). This effect is apparently mainly a
result of the entrainment of dry air into the moist rising air at the bound-

?ary of the updraft, locally enhancing Cn . However, insects can greatly
42



influence the appearance of the echo unless the resolution of the radar is 
good enough to resolve them as shown in Fig. 1-29 from Chadwick (private 
communication). Radar observations of convective dome structures suggest that 
the sides of the domes are zones of descending mixed air (Arnold et al.,
1975) and some relationships between the heat fluxes, the dynamic stability, 
and the rate of growth of the convective feature have been deduced from radar 
measurements (Noonkester, 1976, 1978). Readings and Browning have used a 
balloon-borne turbulence probe to compare radar observations at Defford, 
England with in-situ measurements of the turbulence structure around convec­
tive domes and "hummocks" (Browning et al., 1973; Readings et al., 1973). 
Substantive transfer of heat and mass across the convective boundary was 
found which they associated with shear instability near the crest of the 
domes.

Records of radar return from elevated layers such as that in Fig. 1-29 
can easily be converted to a height profile of structure constant of refrac­
tive index through the elevated layer from the relation (derived in Chapter

22) between radar reflectivity and , which is

n = (5/6)7t(27t/A)4(47t/A)'11/3 C^2 (1-17)

Height

Figuxe 1.11. —Schematic pictuxe o£ the ioxmation ofi a capping invex&ion when iolax 
heating o{, the iux^aee begin* a^tex &unxi*e.

43



Range From Radar (km)

Figure 7.28.— Bottom ^rame: Vome-llke layer* cut Wallop'* Inland reported by Hardy 
avid Otter*ten (7969). They cute, height v*. range plot* obtained firom RHJ 
radar team. Note re*emblance to boundary layer feature* In Fig. 7.75 
obtained with a vertically pointing radar. Top rame.- Plan view o& &ea- 
tore* In bottom firame obtained with PPI *can* oft the radar showing doughnut­
like appearance ofi the convective feature* In cro**-*ectlon.
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In Eq. (1-17) a Kolmogorov -5/3 spectrum has been assumed for the refractive 
index fluctuations. Layers of this type are predictable if the nature of the 
heat absorbing/radiating lower boundary is known and if cloud cover is known 
or predictable. They are found primarily over the land but may also occur 
over the sea when cool air flows over a warmer sea.

In addition to echoes associated with capping inversions above convec­
tive features, low level fog and stratus are often capped by stable layers 
detectable by high resolution radars. Richter et al., 1973 and Noonkester et 
al., 1974, 1976 report echoes from the top of advection fog and low stratus 
clouds. Aircraft measurements by Jensen and Lenshow (1978) show that there 
is substantial enhancement of Cn near stratus cloud tops apparently due to 
the entrainment of warm dry air from above the clouds into the zone of the 
cloud top; they find, in fact, that temperature and humidity are strongly 
negatively correlated. The large refractive index variance is probably 
significantly enhanced by wet-bulb cooling producing intense convective 
mixing in the top of the cloud. Since stratus cloud tops are often accom­
panied by wind shear, it is not surprising that pronounced radar echoes 
should be found there. However, the role of change in liquid-vapor phase at 
the cloud boundary in producing the radar echo should not be over-emphasized. 
The lower part of temperature inversions, and their associated humidity
gradient, are often zones of enhanced refractive index variance and corre-2sponding high values of Cn .

Sub-tropical subsidence layers

A type of elevated layer of primary importance in many oceanic areas is 
found in the eastern sectors of large subtropical high pressure areas which 
are renowned for their spectacular radio (and optical) refractive effects.
In these areas the anticyclonic circulation creates southerly flowing air on 
the eastern side of such zones in the Northern Hemisphere and northerly 
flowing air in the Southern Hemisphere. Such an air flow subsides because of 
divergence in the lower levels, and subsidence causes thermally stable strati­
fication and super refraction. Figure 1-30 shows schematically why sub­
sidence occurs and the effect on the temperature gradient of an air parcel 
with an adiabatic lapse rate at a height between 500 and 400 mb if it is 
brought down adiabatically to a height between 900 and 1000 mb. Consider a 
column of air whose rotation about a vertical axis is given by the angular 
velocity to, chosen positive for cyclonic rotation. Define to to be the an­
gular velocity relative to the surface of the earth. The angular velocity of 
a point on the earth's surface beneath the air parcel is given by fi sin<J> 
where fi is the angular velocity of the rotation of the earth about its axis
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and (f> is latitude; £2 is counterclockwise in the Northern Hemisphere. Suppose 
the cylindrical air column is of height H and radius a as shown in Fig. 1-30. 
Its total angular velocity will then be u + Q simf. If its angular momentum 
is conserved

2(w + S2s in(f>) a constant. (1-18)

Assume the volume of air within the cylinder is conserved while it undergoes 
convergence or divergence. The volume

V = ira2H , 

so
0) + Sis ini = constant. (1-19)

n

Defining 2 Slsin<}> = f as the Coriolis parameter and C = 2w as the vorticity of 
the air column relative to the underlying earth

r + f—^— = constant (1-20)

where x, is positive for cyclonic curvature of the airflow. This is one form 
of Rossby's vorticity equation. We may thus conclude that:

1) Decreasing vorticity resulting from decreasing <f> causes subsidence; 
i.e., southerly flowing air in the Northern Hemisphere leads to decreasing H, 
or subsidence, and vice versa. Such an air flow occurs on the eastern side 
of large subtropical anticyclones and can lead to strong super refraction.
It sometimes manifests itself as a lowering and intensification of the Trade 
Wind inversion. Figure 1-31 shows aircraft soundings of the refractive index 
distribution through such a layer and the height gain patterns for four 
microwave frequencies trapped by the layer (J. B. Smyth, private communica­
tion). The aircraft, carrying the four transmitters, was flying off the 
coast of southern California. The receivers were on the coast at an eleva­
tion of 30 m MSL. The intensity of turbulent refractive index fluctuations 
(C^ ) is very great in such layers, and radar backscatter can be used very 
effectively to monitor their existence and height. An example observed by an 
FM-CW radar, described by Richter (1969), is shown in Fig. 1-32 (J. H. Richter, 
private communication). Subsidence is also common in air masses moving 
southward out of their northern continental source regions. An example is 
shown in Fig. 1-33 adapted from Plank (1952).
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Near Center cP High

N

Figuxe 7.33—Height dutfu.buJU.oyi ofi xadio xeAxactive index N in an aJjmcui which 
ii> AubAiding oa it moveA Aouthwaxd anticyclonically along the txajccJofiy 
Ahown by the Aolid axxom on the map in the fu.ght-ha.nd faxame.

2) Decreasing vorticity at a given latitude (increasing anticyclonic circu­
lation) produces subsidence and superrefraction aloft. Such an effect is 
common in the U.S. midwest when cold air masses move southward and stagnate, 
producing pollution over large cities and creating radio and optical super­
refraction.

3) In the absence of convergence or divergence, increasing vorticity is 
produced by equatorward flow. That is, as f decreases ? increases.

In some areas of the world subsidence conditions are often coupled with 
a monsoonal type of circulation which brings subsiding dry continental air 
into juxtaposition with surface marine air. This condition commonly leads to 
spectacular refractive effects on both radio and optical waves. In southern 
California a condition called a "Santa Ana" is produced by subsiding flow 
from the high plateau region of the U.S. southwest over the coastal areas. 
Figure 1-34 shows a twice inverted optical image from a submarine during such 
an event. The corresponding optical and radio refractive index profiles are 
shown in Fig. 1-35. In the Mediterranean the Etesian winds of the Balkan 
area and the Sirocco of Egypt produce similar effects in coastal zones, but 
there the subsidence is a lesser factor. During World War II, British radars 
on the northwest coast of India commonly were able to observe the coast of 
Arabia 2000 km distant under monsoon conditions.
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FtguAZ 7.34--Vh>uaZ zvtdzncz oh AtnatthLcatLon oh uzhaactLvz Lndzx Ln a monAoonal 
cL'icutatton ohh Aoathzfin CaLLhoanta. Rzhtzztxon Li ao Apzzulaa that thz 
twLzz-Lnvzatzd Lmagz oft thz boat Li azAolvabtz.

TEMPERATURE AND
INDEX OF REFRACTION PROFILES 1040 PST

29 JAN 1971

TEMPERATURE (°C)

N =(n-l)xlO*

N (OPT ICAl) 

(A = 0 6 A)

N (RADIO)

FLguAZ 1.35--TmpeAatuAz and AzhaactLvz Lndzx hzLght dLitsoibutLon hoa. thz zoaz 
Ahorn In FLg. 1.34, azcoadzd on an ozzanogaaphLz towza 2 bn ohh-Ahoaz at 
La JoLla CalLhoKnLa uAtng a hztght taavzAAtng boom mAh dzw-poLntzA and 
tzmpzaatuAz AznAoa.
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Many of the great desert areas of the world are a direct climatological 
consequence of their position beneath the eastern part of the major sub­
tropical high pressure zones of the globe and the resulting subsidence with 
its clear skies and low precipitation amounts. These include the Great 
American Desert of the U.S. southwest, the Sahara of Africa, the Australian 
desert and the Chilean desert.

Frontal discontinuities

For decades it has been noted that radars occasionally detect boundaries 
within air masses such as weather fronts, land and sea breeze fronts (Plank, 
1956; Geotis, 1964; Meyer, 1971) and gust fronts (Brown, 1960). An example 
of the latter is shown in Fig. 1-36 from L. J. Miller (private communica­
tion). Such echoes, especially those associated with weather fronts, are 
often thought to be due to biological targets such as insects with feeding 
birds (Eastwood, 1967). However, the strong updrafts and rotary motions 
associated with violent gust fronts can sweep up substantial amounts of 
debris that,is large enough to provide good targets for radars. This is the 
probable explanation of the record in Fig. 1-36. However fronts and gust 
fronts are regions of enhanced turbulence so that radar reflectivity from 
refractive index turbulence may also be a factor. On the eastern slope of 
the Rocky Mountains in the U.S. a violent Chinook condition can create a 
rotor in the lee of the mountains that can sweep insects and debris aloft 
providing a very strong radar echo as shown in Fig. 1-37 acquired by a ver­
tically pointing 8.6 mm wavelength radar (a modified TPQ-11). The upper 
echoes are clouds but the lower echo, ascending in time, is from surface 
debris caught up in the lee wave rotor.

The boundaries between adjacent air masses are usually regions of abrupt 
change in temperature and humidity and are, therefore, commonly zones of 
large height gradient of refractive index. The variation of refractive index 
and refractive index structure constant through such layers is of particular 
interest. The boundaries between air masses are called fronts. Vertical 
cross-sections and plan views of several typ&s of weather fronts effective in 
producing refractive index layering are shown in Fig. 1-38. This layering is 
relatively predictable and is important to many kinds of propagation. Fig 
ures f-39 and 1-40 show examples of frontal systems near Denver, CO, USA. 
During these events observations were made with a vertically pointing FM-CW 
radar of 10 cm wavelength; the radar was at Boulder, 60 km north of Denver. 
The radar returns were compared with radiosonde (raob) balloon soundings 
taken at the Denver airport supplemented by a Boulder balloon sounding on the
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Tigufie. 1.38—Schematic pictuAe. o{, torm simple ^xontal itnucctuAeA.
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THURSDAY. APRIL 29, 1976

FIquah 1.39--ltiea£k&L map& Of$ 29 Kpnit 1976 (0500 MST)
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MONDAY, SEPTEMBER 18. 1978

FZguAe. 1.40--Wea£heA. map-i ofi 18 SzptmbeA 1978 [0500 MST).
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18 September 1978 case. The vertically pointing radar sounding data are 
shown with the balloon sounding data in Figs. 1-41 and 1-42. The profiles of 
C.2 were calculated from Eq. (1-17), derived in Chapter 2. In the case of 29

(p
April, the front was nearly stationary along the eastern edge of the Rocky 
Mountains and the height of the interface (at 1400 m AGL) was therefore 
nearly constant. On 18 September the surface front was moving northward, 
with the cold air wedge becoming thinner with time. The frontal interface at 
about 500 m AGL is descending and is characterized by very prominent buoyancy 
oscillations (gravity waves) recorded by both the FM-CW radar (middle frame) 
and an acoustic sounder (upper frame). The ability of clear-air radars to 
monitor this type of event is very promising for the study of both the weath­
er phenomenon itself and the associated radio propagation problems. If the 
radars have Doppler capability they can also monitor the height profile of 
the wind structure. The prominent wave structures seen on 18 September are 
common on stable layers in the atmosphere (Gossard and Hooke, 1975) and 
represent a scale and frequency of perturbation that can, on occasion, cause 
important fading on tropospheric and satellite paths at small grazing angles. 
Further examples of wave perturbations of atmospheric layers are shown in 
Fig. 1-43. The value of high resolution is evident in records of this kind. 
Such observations are invaluable in the study of dynamic instability in the 
atmosphere.

The stratosphere and middle atmosphere

2Using clear-air radar backscatter, it is now possible to monitor 
through the whole depth of the lower atmopshere. The tropopause is an elevated 
layer of particular meteorological interest, and Fig. 1-44 shows an example 
from Rottger (1980) of tropopause structure measured with a VHF radar at 
Lindau, West Germany. This example even shows some evidence of differences 
in the structure of mean reflectivity for different masses. Near-vertically 
pointing MST (mesosphere, stratosphere, troposphere) radars are now being 
used on a global scale to observe wind structure. Of course they provide 
profiles of C^2 also. Some locations where these kind of measurements are 
being made are Jicamarca, Peru; Arecibo, Puerto Rico; Lindau, West Germany; 
Sunset near Denver, CO, USA; Chatanika and Poker Flats, Alaska USA; Millstone 
Hill, Mass USA, Kwajalein and Japan in the western Pacific. A global pattern 
is already emerging for the height distribution of C^2. Figure 1-45 is taken 
from Balsley and Peterson (1980) soon to be published in J. of Appl. Meteorol. 
It demonstrates that Cn2 (or C^2) apparently decreases with height between 
altitudes of 10-20 km substantially faster in equatorial latitudes than in 
the higher latitudes. These new radar observation systems are also revealing 
wave-like perturbations not unlike those of the lower atmosphere. Observa­
tions by radars such as these, and the important design considerations, are 
discussed in Chapter 11. 59
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Figure 1.43--ExampZeA oft wave. peAtuAbatlonA oatmospheric Layeru obie/ived by
the. Rlehten. FM-CW nadan. at Saw Vtego. The value of, the nemaAkable neAolutlon 
of thl& nadax lt> evident when attempting to neiohve thin, r> mall-1, cole pentun- 
bationA.
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1FiguAe 1.44--Mean Aefatectivity C (continuous cuAve) faon 30 May to 4 June 1978. 
The dashed cuAve was deduced fanom the fainst 24 houns ofa data when con­
tinental. poLaA ain (c P,) dominated, and the dotted cuAve was deduced fanom

-6
the Last 24 houAS ofa data when maritime polaA aiA (x P ) nepLaced the con- 
tinentaL ainmasses. (Fnom RdttgeA, 1980.)
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APPROXIMATE SLOPE OF THE CN2 PROFILE

BETWEEN IO-20km vs/LATITUDE

“
J*

A#

S*

PF*
C*

A= Arecibo
C= Chatanika
J = Jicamarca 

PF= Poker Flat 
PL= Platteville 

S=SOUSY

PL*

____________ I____________ 1 ..... 1________ ___ 1

m ? x>

o
CO

90° N 60°N 30° H 0
GEOGRAPHIC LATITUDE (DEGREES)

30°S

Figuae 1.45—The latitudinal variation ofi Kate ofi dAop-o^ o{ cj pKo^iteA In the 
10-20 km height Kange. (FKom Bal&ley and Peteuon, 1980. )N

64



CHAPTER 2 - PHYSICAL EFFECTS OF THE ATMOSPHERE ON RADAR WAVES

2.1 Introduction

At microwave frequencies the refraction, absorption and scattering 
properties of the non-ionized clear atmosphere result mainly from the fact 
that the water vapor molecule possesses an electric dipole moment. Of lesser 
importance, except for millimeter wavelengths, is the magnetic dipole moment 
of the oxygen molecule. Except near the absorption lines of water vapor and 
oxygen, the refractive index for microwaves can be considered to be essen­
tially independent of frequency, and gaseous absorption can be considered to 
be negligible unless very long ranges are involved. For most purposes radar 
frequencies are deliberately chosen for which these conditions are satisfied. 
The real part of the refractive index n is then related to the ambient tem­
perature, pressure, and humidity by Eq. (1-12).

In general the non-ionized atmosphere can influence radar in several 
ways: a) reflection b) refraction c) absorption by atmospheric gases d)
absorption by hydrometeors e) scattering by dielectric inhomogeneities and f) 
scattering by hydrometeors.

2.2 Reflection and Refraction

Refraction and specular reflection usually have important effects on 
radar systems only when the propagating wave is incident on stratified atmo­
spheric layers at very small angles. This case is important for surveillance 
systems in which the radar points nearly horizontally in the presence of 
atmospheric layers with large vertical gradients of temperature and/or humid­
ity. An exception may be found in the backscatter of long wavelength (VHF) 
radar energy from the tropopause, where there is some observational evidence 
that a significant coherent (specular) component exists even at vertical 
incidence (Rottger, 1978; Gage and Green, 1979, Rastogi and Rottger, 1980).

Ray tracing methods in the fields of optics and acoustics as well as 
radar are discussed in many papers and texts (e.g., Hazelgrove, 1955). 
Generally speaking, the ray tracing methods are valid in the atmosphere when 
the refractive index varies slowly in the WKB sense (Budden, 1961). When ray 
tracing methods are invalid or cumbersome, a wave-guide approach is often 
more efficient. The waveguide approach is discussed in detail by Budden 
(1965). Atmospheric waveguides and ducting will be considered in detail in 
Chapters 9 and 10. 65



2.3 Absorption

At microwave frequencies, gaseous absorption occurs in the neighborhood 
of water vapor and oxygen absorption lines in the spectrum. The absorption 
spectra for oxygen and water vapor in the microwave band is shown in Fig. 2-1 
taken from Bean and Dutton (1968). Gaseous absorption is seldom important in 
atmospheric studies by radar because radar frequencies are usually chosen to 
minimize this effect.

On the other hand absorption by hydrometeors is important in many meteo­
rological applications. The effect on the attenuation of radar waves by 
precipitation particles is summarized in Fig. 2-2 for various rainfall rates. 
However, for cloud studies it only becomes important at the very short wave­
lengths. For small spherical scatterers, whose size is much less than a 
wavelength, the Rayleigh approximation is applicable and the absorption

crossection Q of a single sphere is a.
given by (e.g., see Batton, 1973)

2Qa = (w2D3/A)[Im ( m (2-T
- 1 )] 1)

m

where m = n-ik is the complex index 
of refraction of the scatterer (e.g., 
liquid water), A is wavelength, and D 
is diameter of the sphere. The 
attenuation of the radar wave by 
.hydrometeors is the sum of their 
absorption and the loss of energy 
scattered out of the beam. The 
attenuation by clouds (as related to 
visibility) and precipitation (as 
related to rainfall rate) is shown in 
Fig. 2-2.

ioo 5*6 20 (fc £ i" 0.5
WAVELENGTH-cm

Ftguie. 2.7 —MtcAowave attenuation due to 
gaAeout abAouption by mtex vapon and 
oxygen Ifi/Lom and Vutton, 1966). Bean 

2.4 SCATTERING

Scattering by both hydrometeors 
and by turbulence in the clear air is 
very important in many meteorological 
applications. A concise derivation 
of the radar equation, which includes
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Flguac 2.2—Tkcoacttcal valuzA oft attenuation 
by Haln and fiog. Solid cuav&a ikow attenua­
tion -in aaln oft IntenAlty. [a], 0.15 mm/kn 
[dnlzzle); (b) 1 mm/fai (tight twin); (e),
4 tm/ka [modenate Haln); [d], 16 mm/ha 
[heavy Haln). VaAhed cuavza a how attenua- 
tion -in 6og oh. cloud; (e), 0.031 g/m$ 
[v-iAlb-illty about 600 m); (f$) 0.31 g/m$ 
[v-ulb-ilily about 110 m); (g), 1.3 g/m$ 
[v-iAlblllty about 30 m). (F/iom Kzaa, 1951.)

the radar system parameters, is given in the Appendix. At this point it is 
necessary to introduce the concept of "reflectivity" resulting from scatter­
ing. It will be derived in terms of the incident electric field, and in­
dependent of,radar systems.

The electric moment per unit volume induced in a scatterer is

(4TT)’1 (e-co)E (2-2)

where e is the (uniform) dielectric constant of the scatterer, is the 
ambient dielectric constant of the propagation medium and E is the electric 
field in the scatterer. The total moment for a scatterer of volume V is then

f = (e-eQ) (EV/47r) . (2-3)

The scattered field Eg at a distance rg from a dipole of moment f is given by

k2 f sinijj
Es = "I—r---- exP(_i *s * £s} (2'4)

o s

where ks = 2tt/A is the wavenumber of the wave scattered in the direction 
r , and i|> is the angle between the direction of polarization of the incident 
electric field and the direction of k .

If some small sphere of undefined composition with dielectric constant e 
is considered, the electric field E induced in the sphere is (e.g., Gans, 
1912)
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E = Eo (2 + c/£o) exP ' To) (2-5)

where Eq is the magnitude of the incident electric field and eo is the radio­
frequency in radians per second. The vectors tq and kQ are the range from 
the source and the wavenumber of the incident wave respectively, and their 
dot product gives the phase at the scatterer. Therefore

Es = {Eo r^ }sin* exP ' Zs - ' Eo} (2‘6)

where Eg is the scattered field at rg and V = (tt/6)D^.

For atmospheric targets there are usually many scatterers within the 
radar resolution volume. It is convenient to assume a monodispersive drop 
size distribution whose drops are all of diameter D. This constraint will be 
relaxed later. Letting N dro be the number of drops in the position incre­
ment between rQ and rQ + drQ, Eq. (2-6) becomes

Es = E0(k2/4mrs) 3 KV sin^ / N(rQ) exp i(mt - k.*rs - kQ-ro)dro (2-7)
Eo

where K = (e/e0-l) / (e/eQ + 2) - (e-eQ) / (c + 2eQ) and V = (4/3) ir(D/2)3 is the 

volume of the spherical scatterer. We have assumed that all the drops in the 
volume are illuminated by the same incident electric field strength; i.e., 
the radial extent (A) is much smaller than rg and the cross-beam illumination 
is a step function. This latter constraint will be eliminated later. From 
definitions and geometry

k r + • r k (r + r ) (k - k ) r e 2k~s~~ • r + k • r (2.8) is~o ~o ~s ~s v~s ~oJ ~s ~o ~o

where the definitions k = kQ - kg and r = (rg + r0)/2 have been adopted. 
From Fig. 2-3

k = 2k sin(6/2) (2-9)

where k = |kg| = | kQ | . Recalling that average power is proportional to E E*, 
where the overbar indicates time average and the asterisk means complex 
conjugate, we have for the envelope of the scattered power

P = P k4 9 | K12V2 (sin2ijj) I/(4irr )2 (2-10)
SOS *5
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Ftguxe 2.3--Schematic ofi maXteAlng geometxy due to volume element dV between 
tAanimltteA T and necelven. R. Vefilnei the fielatlomhlp between the vaxloui 
wavenumbeJU.

—————

where I = |/N(rQ) exp(-i K*ro)dro| . Now suppose the number density distri- 
bution function N(r ) to be composed of a deterministic and a random (in some 
sense) part, i.e., N = N(rQ) + 6N(rQ). The deterministic part will in gen­
eral lead to partial reflection from large scale gradients of N within the 
radar beam, and it will be ignored in the present context. Then

I = ffSN (rx) 6N(r2) exp [iic- (r-L-r2) ] d^ dr2 (2-lla)

I = //<5N(rQ)5N(rQ + £)drQ exp(-iK•£)d£ (2-llb)

where £ is the separation of a certain scatterer from some reference position
r in the scattering volume. It is convenient to define a spatial correla- 
~o
tion function

1CCA) J 6N(r )6N(r +£)dr . (2-12)~o ~ ~o
sn2v V

where V is now the scattering volume rather than the volume of a single 
drop. To carry out the volume integration it is simplest to define a co­
ordinate system relative to the transmission direction, i.e., from trans­
mitter to the scattering element dV. (See Fig. 2-4.) Thus 0 is the angle to 
the scattering element dV off the direction from transmitter to the center of 
the scattering volume, £ is the separation of the scatterer from the volume 
center and cf> is the azimuthal angle about the transmission direction. There­
fore the differential volume element d£ is
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dSg - £dB 

dS^ = ./sin9 dtp

dV = dl dSg dS^ = /2 dl sin# dB d<f>

¥^tJnb4ol!>S<lhm<VUa PlCAUA<i H iphe/Uc/xZ Moxdlnatz iyUm mXh d^lnUlon oi

d£ = dV = £zdZ sin@d0d<(> (2-13)

so
2tt -it

I = 6N V / Z C(£)d£ / / [exp f-iK£cos0) ] sin0d0d<J) (2- 14a)
O 7T

or

2 4 itI - <5N V — J £C(£)sini<£ d£ . (2-14b)
o

The choice of °° as an upper limit for Z is justified by the assumption that 
C(£) falls off fast enough so that the contribution for large Z is negligible.

A function often chosen for C(£) because of its mathematical simplicity 
is

C(£) = exp(- £/£q). (2-15)
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Then
8tt£o

I = <5N V (2-16)(1-^K2)2

a result first obtained by Booker and Gordon (1950).

It is easy to establish the relation of scattered power to the power 
spectrum (J>(k) of scatterer concentration (number per unit volume) by re­
calling the relation of ((>(<) to the correlation function, i.e., the one 
dimensional line spectrum is

) (k) = - 6N2 / CU) coskS, d£, (2-17)
o

where l is scalar separation of scatterers along a line. Choosing C(&) 
exponential as before,

^(k) = \ 6N2 (2-18)1 + £2k2 ‘ 
o

However, Kovasnay et al. (1949) pointed out that the power spectral density 
E(k) is related to the one dimensional spectrum of isotropic, homogeneous 
fluctuations such that [see Eq. (6E) of Appendix E]

34>1(ic)
E(k) = -k “Tic (2-19)

Therefore
---t 2 „ 3....2 k &46N oE(k) = (2-20)2z 2(1 + ^K )

Furthermore, if the scatterer concentration fluctuations are isotropic, the 
spectrum of vector k is related to the power spectrum of scalar tc simply as 
[see e.g., Bolgiano (1958), also Eq. (5E) of Appendix E]

, 3E (k) 6N2 £o
<p (k) (2-21)2 " ,2 (1+.2k2)2 '4ttk

-3Because <|>(k) is the spectrum of number density it has dimensions of (length) 
Comparing (2-16) and (2-19,20,21) it is readily seen that

I = 8tt v<(> (k) (2-22)
or 0 2„ E(k) o 2„ 1 8<!>1CK)

I = 2lr V -y- = -2-ir V - — (2-23)
K
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This remarkably simple relationship between the scattered power and the 
spectrum of the scatterers is perfectly general as pointed out by Villars and 
Weisskopf (1955).

Scatter from Clouds and Precipitation

In calculating the scatter from cloud and precipitation particles it is 
usually assumed that the scatterer concentration is random in the sense that 
the particle concentration in neighboring parcels is completely -uncorrelated 
where the meaning of "parcel" is an atmospheric volume of size approximately 
(A/2)3. If the number of scatterers <5N(r1)dr1 is independent of SN(r2)dr2, 
the mean of the product in (2-lla) is zero except when r^ = r2; then,

I = / [6N(r)]2 dr = / N(r)dr = NT , (2-24)
v ~ v

the total number of drops in the volume. That the variance is equal to the 
mean follows from the assumption of a random array of scatterers [e.g. , 
Present (1958)].

Then from Eq. (2-6)
k4

P = P ---4tt | K | 2 (D/2) 6NT sin2/ (2-25)
5 ° (47r)r2

where NT is the total number of drops. A scattering cross-section a is often 
defined as

P = F°P (2-26)
s 4irr2

s

a = Vq = 4irk^ | K |2 (|)6 (sin2/) NT = (tt5/A4) |K|2 D6 (sin2/) NT (2-27)

and n is of the same form as a if NT is replaced by number of drops per unit 
volume.

Of course, in the case of cloud or precipitation particles the number 
distribution is not adequately represented by a single diameter D as assumed 
above. Instead the population of drops in the volume is represented by some 
type of size distribution Np, where the number of drops in the size interval 
D to D+dD is ND dD. The total number of drops in the volume is then
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CO

NT = / Nd dD . (2-28)
o

The total reflectivity is therefore proportional to

ZT = / Nd D6 dD. (2-29)
o

In order to distinguish this quantity from the reflectivity n, it is called 
the "reflectivity factor" Z (or Zj when it is desirable to distinguish total 
Z from its value for a limited range of drop sizes). Thus, defining the 
reflectivity as

5 t o 00 An = \ |K|2 sin x / N(D)D6dD, (2-30)X4 o

evaluated per unit volume, we find

n = (it5 |K| 2/A4) sin2x ZT (2-31)

which is the usual expression for reflectivity for backscatter from clouds and 
precipitation found in all textbooks except for the sin x factor which is just 
unity in backscatter.

The possibility that number density in neighboring parcels is not com­
pletely uncorrelated in precipitation was considered briefly by Goldstein and 
by Seifert in Kerr (1951) and rejected as an important consideration. How­
ever, it is not so evident that a coherent (Bragg) scatter is negligible in 
clouds, where number densities can be as high as 1000 cm , and this possi­
bility was considered from a theoretical standpoint by Smith (1964) , by Naito 
and Atlas (1964) and by Chernikov (1968). The subject was apparently never 
pursued further because of the difficulty of measuring cloud number density 
spatial spectra, which Eq. (2-22) shows to be the decisive factor in the 
relative importance of incoherent vs. Bragg scatter from clouds. Equation 
(2-25) shows that incoherent scattered power has an inverse 4th power wave­
length dependence, so short wavelength radars favor the incoherent return.
If the cloud droplet spatial spectrum is approximately that of a passive 
scalar mixed by mechanical turbulence, <f) (k) should vary as approximately 
A11/3, nearly canceling the inverse 4th power dependence so the Bragg-co­
herent backscattered power should fall off only slightly with increasing 
wavelength. Until recently, most radars used for tropospheric weather ob­
servation had wavelengths of 30 cm or less and cloud returns might be ex-
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pected to be dominated by incoherent backscatter. With the modern use of 
radars at several meters wavelength for sounding the clear (and cloudy] 
atmosphere, the question should be reexamined.

In the case of a cloud at saturation the question arises as to whether 
condensation will lead to more drops or to growth of existing drops or both. 
The answer probably depends on the number and kind of nuclei present, the 
temperature and the degree of super saturation. The question can be largely 
avoided by dealing with liquid water content rather than number density.
Thus a distribution function for mass of liquid water can be- defined such 
that the total mass of liquid water per unit volume is

Mt = / Md D3 dD = pL j (tt/6) / Nd D3 dD (2-32)

where p^ ^ is the density of liquid water or ice. The correlation function 
analogous to (2-12) is

C(£) = _L_ f 6M(r )6M(r +£)dr (2-33)
2 v ~o ~ ~o6MZ V v

so Eq. (2-10) becomes

ps = P0 9|K|2p"2 sin2<jj I/(4^rs)2 (2-34)

where
I = 6M2 V ^ fZC(Z) sinKl dl (2-35)

I = 8tt3 V <t>M(k) . (2-36)

Scatter From the Clear Air

If we consider scatter from the molecules of the clear air, it is evi­
dent that the incoherent scatter will be negligible at radar wavelengths 
because D6/A4 is such a small factor. However, the mean product in (2-lla) 
may not be zero because of fluctuations in dry air density (temperature) or 
in water vapor density due to turbulent mixing on scales of the order of A/2 
If there is variation of dielectric on this scale, the incident electric 
field will polarize small volumes which deviate from the average by <5e and 
each small element will behave like a dipole of moment f = (E/4tt)6e V. Sub­
stituting f in Eq. (2-5), the power-scattered from such a continuous medium
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is found. For small deviations in e, 3K - (Ae/e ). Comparing such a medium 
with spatial fluctuations in e instead of the previous medium composed of 
discrete droplets of constant Ae but variable concentration N, it is readily 
seen that 6e/eo is analogous to 3K NV in Eq. (2-10); thus,

ps = P0[kg/(4iTrs)2]sin2x I (2-37)

where

I = I / — (r ) exp(-iK*r )dr |2 
1 J e ^ o' r ~ ~o' ~o1 v o

has dimensions of (length)By a derivation analogous to that of Eq. (2-22)

I = 8ir3V<j)e(K) (2-38)

where <f>(<) is now the spectrum of atmospheric dielectric fluctuations and has 
~ 3dimensions of (length) . It is often more convenient to express the problem 

in terms of the refractive index m given by

m = /ye

where the permeability y is essentially unity for air. But m = n-ik - n
2except near absorption lines in the spectrum, so e - n and 6e - 2n6n. There­

fore

6e(r) 6e(r- £) - 4 6n(r) 6n(r-£) (2-39)

since e0 ~ n0 - 1.0. Thus, using Eq. (2-20), we see that

<t>£ (k) = 4<hn (k)

where 4>n(K) is The spectrum of n. Therefore

o 4 - 2 d>„p mj -S-j- . (2-40)
\ r ks

Defining the reflectivity n as in Eqs. (2-24,26,27), we find from Eq. (2-40) 
that

n = 3—?— sin2x n 2 = 87:2 4> (k) sin2x- (2-41)
s n ~
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Scattering and the Refractive Index Structure Parameter

It is often convenient to express the scattering properties of the clear
2atmosphere in terms of the structure parameter of refractive index (C ) 

which is most easily defined in terms of the structure function D (£) given 
by

Dn(£) e [fin(r) - 6n(r-£)]2 . (2-42)

In the inertial subrange of homogeneous, isotropic turbulence it is found 
that

DnU) = Cn2 *2/3 (2-43)

2where Cn is a proportionality constant called the structure parameter. 
Ottersten (1969) shows that Tatarskii's (1961) exposition leads to the con­
clusion that the one dimensional spectrum is given by

$lnOO - (l/4)Cn2 k'5/3 (2-44)

in the inertial subrange of homogeneous, isotropic turbulence. Then, using 
Eq. (2-19)

4>ln(K) = (3/5) cj>n(k) , (2-45)

and then Eqs. (2-42) and (2-44), we find

^5-, r2TT-, 4 p -11/3 . 2.C—) Cr k sm ijj. (2-46)

Therefore, three primary measures of the scattering property of the atmo-2sphere are widely used — Z, n and Cn depending on the nature of the scat­
tering problem to be solved; the scattering cross-section a is usually used 
for single discrete targets. The various relationships between reflectivity 
(q), spectrum (<j>) and structure parameter (C ) are summarized in Table 2-1.
The minimum detectable values of n, Z and C are a measure of the sensi-n
tivity of the radar and processing system. These are tabulated for a variety
of cloud/storm sensing, radars and clear-air radar sounders in Tables 3-la
and 3-lb. We will now discuss the properties of the clear air that determine
H and C 2. 

n
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Table 2-1

nN = 2tt21c4 | 3K | 2 V2 4>n(k) sin2X Reflectivity in terms of concentration spectrum (in 
vector k) of spherical particle ensembles.

2ir2k^ sin2x Reflectivity in terms of spatial spectrum of fluctua­
tions in gas dielectric constant.

8fr2k4 tj>n(K) sin2y Reflectivity in terms of spatial spectrum of refrac­
tive index fluctuations.

2irk4 K 2 <j>n(K) sin2y Reflectivity in terms of spatial spectrum in scalar 
K for isotropic fluctuations of refractive index.

H = 
n 

(5/6)irk4 K-11^3 C 2 sin2y 
n 

Reflectivity in terms of structure parameter of tur-
bulent refractive index fluctuations assuming -5/3
spectrum.

Refractive Index Variance of Clear Air

The radio refractive index of non-ionized air depends on temperature, 
humidity and pressure (e.g., Bean and Dutton, 1966; Kerr, 1951) as given by 
Eq. (1-12). It is often convenient to express water vapor pressure in terms 
of moisture density Qy. To do this note that the vapor pressure e in milli­
bars is related to Qy such that

e = P CQV/P)/(0.622 + Qv/p) = P(Qy/p)/0.622 (2-47)

where 0.622 is the ratio of the molecular weight of water to that of dry air, 
P is pressure and p is air density). Then Eq. (1-12) becomes

(n-1) x 106 = (77.6 P/T)(1 + 7.733 Qy/T) (2 - 48a)

= (77.6/T)(P + 7.733 R Qy) . (2 - 4 8b)

In (2-48b) we have used the equation of state p = PRT, where R is the gas 
constant = 2.88 x 10~3 if P is in millibars.

It is useful to consider the influence of fluctuations in P, T and Qy on 
n. It is then found (e.g., Gossard, 1977) that
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Sn x 106 a -1.43 <$T + 7.65 6Qy + 0.34 <5P (2-49)

where average values of T = 280 K, P = 1000 mb and Qy = 8 g kg ^ have been 
chosen as representative. The variance in n is then

<5n2 x 1012 = 58.5 6Q2 + 2.04 6T2 - 21.9 6T 6Qy

+ 5.2 <5P 6Qy + 0.115 6P2 - 0.97 6T 6P_ (2-50)

in the order of the usual decrease of importance of the terms. The variance 
of pressure seldom exceeds .01 mb in the turbulence range of wavenumbers and 
will be ignored for present purposes.

Effect of Temperature-Humidity Covariance

The importance of the cross-product terms depends on the degree of 
correlation of the different quantities and is quite variable under clear-air 
conditions. However, it was pointed out by Gossard (1960a) that the tem­
perature-humidity correlation term can be negative under clear-air condi­
tions. He reported measurements obtained with humidity and temperature 
sensors carried by a captive balloon flown near San Diego in southern Cali­
fornia. Figure 2-5 shows spectra obtained with and without the contribution 
of the cross-spectrum at a height of 420 m MSL (400 m AGL) in (1) a convec- 
tively unstable boundary layer and (2) beneath an intense subsidence inver­
sion. The covariance was negative and large under unstable conditions and 
therefore added (by almost a factor of two) to the power in the refractive 
index spectrum. Under stable conditions the total power was about two orders 
of magnitude less and there was no significant consistency to the cross 
spectral contribution.

Wyngaard et al. (1978) have shown that the spectral form of the cross 
spectrum in the inertial subrange of turbulence should be the same as the 
form of the power spectra of temperature and humidity. Using aircraft-borne 
sensors, they also find negative covariance in the upper portion of con­
vective boundary layers, but they find positive correlation near the surface.
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tively un&tab&e; 1b KpnJJL «w aeLattvely 
stable. [Goi-baAd, 1960.)

2.5 Bragg Scatter from the Air Compared with 
Bragg Scatter from a Droplet Medium

In order to compare the amount of Bragg scattering from spatial fluctua­
tions of the dielectric constant of air with scattering from fluctuations in 
the liquid water content of cloud, it is convenient to define an "equivalent 
refractive index" 5ng for variations in the water droplet population analo­
gous to the refractive index fin representing the variations in the dielectric 
constant of air. To do this we simply note that equations (2-10) and (2-37) 
[using (2-39)] have the same form if an equivalent refractive index for the 
liquid medium is defined such that

fin2 x 1012 = (9/4)2 IK|2 fiM2/p2 T . (2-51)
0 L j I

It is more common to express liquid water content, as mixing ratio Q T,L , 1
defined as mass of water (or ice) per mass of dry air. The density of dry 

3 - 3air is p - 10 g m , so the mass of liquid water per gram of dry air isa - 3 -1
M/p = M x 10 , i.e., Q. = M if mixing ratio is expressed in g kg . The
density of water is pL = 10° g m and of ice is pj = 0.9 x 10° g m . There­
fore (2-51) shows that
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I 2.09 6Qj (water)
(2-52)

0.52 6Qj (ice) .

Comparing Eq. (2-52) with the first term on the right hand side of Eq. 
(2-50), it is possible to estimate the relative magnitudes of scattering from 
clear-air inhomogeneities and of Bragg-coherent scatter from water droplets. 
However, to do so it is necessary to estimate the relative variances (or 
structure parameters) of Qy and j• In general, this is very difficult as 
no good observational data exist at the relevant scales. However, within a 
cloud in steady-state at saturation with no precipitation removing water from 
the cloud and with minimal entrainment, it seems reasonable to assume

(2-53)

Equations (2-52) and (2-50) may then be directly compared and we conclude 
that the dielectric contribution to the Bragg scatter is about 30 times as 
effective as Bragg scatter from the droplets.

Temperature-Humidity Covariance in Clouds

In addition to the contribution of humidity variance to the refractive 
index variance, there are contributions from the temperature variance and the 
cross-covariance between temperature and humidity. The latter contribution 
could be quite important if they had high negative correlation because a 
factor of about -22 multiplies the covariance term assuming the mean values 
chosen for Eq. (2-50).

Based on the Clausius-Clapyron equation, in-cloud temperature perturba­
tions originating in turbulent down-gradient flux should be positively cor­
related with humidity in saturated air because warm air can hold more water 
vapor than cold air. However, other models can lead to negative correlation. 
For example, if dry warm air from outside the cloud is entrained into the 
cloud, negative correlation might be anticipated in the zone of entrainment, 
leading to significantly enhanced refractive index perturbations near the 
edges of the cloud. Furthermore, if the condensation-evaporation process has 
a finite relaxation time, there is a thermodynamic source of variance. Then 
the supersaturation resulting from over-shoot leads to nearly perfect, nega­
tive covariance between temperature and humidity as shown by Clark and Hall
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Flgune 2.6--In-cloud nefinactive Index vanl- 
ance genenated thenmo dynamically In the 
Clank and Hill cloud model [solid cunve) 
In which the. cnoss covanlance ofa tempena- 
tune and humidity Is negative. Vashed 
cunve shorn the connespondlng cunve l{, 
the covaniance had been positive. Hene, 
ovenban means spatial avenage oven honl- 
zontal planes.

(1979). They deliberately ignored the usual variance generated through tur­
bulence by ignoring large scale gradients of temperature and humidity in 
their model. The thermodynamic contribution alone was found to produce 
substantial temperature and humidity variance and covariance. This cross­
covariance could thus produce significant enhancement in the general reflec­
tivity of clouds as shown in Fig. 2-6, and the wavelength dependence would 
certainly depart from that predicted from incoherent scatter from droplets.

2.6 Forward-Scatter Observation of Bragg-Coherence in Clouds

Because the distinction between Bragg-coherent and incoherent scatter 
reveals itself most clearly in the predicted wavelength dependence, it seems 
superficially, that experiments involving several radars of different wave­
lengths should be used to observe simultaneously the same cloud. There are 
several difficulties with this experiment: a) Very accurate cross calibra­
tion of different radars is necessary. b) The beams of all radars must be 
matched requiring specially designed, different size antennas. c) The radar 
must all be observing the same volume which requires that their beams be 
coaxial. d) The data should all be processed through the same system. The 
above constraints make such an experiment difficult and expensive, although 
multiple frequency radar comparisons have been attempted at the Wallops 
Island facility (Atlas and Hardy, 1966; Naito and Atlas, 1966). Furthermore, 
a beam matched, bore-sighted pairs of radars (3 and 10 cm) using the same 
processing system exist at the University of Chicago — Illinois State Water 
Survey (CHILL) facility. oi



However, a simpler experiment suggests itself. If we note from Eq. (2-9) 
that the Bragg wavelength is given by Ag = (A/2)[sin(0/2)]"1, it is clear 
that the effective wavelength Ag can be used to vary the spectral scale of 
<t> (<) by varying the scattering angle 0. Thus, a forward scatter experiment 
in which the beams of the transmitting and receiving antennas are swung 
simultaneously to vary the scattering angle can be used to obtain the analog 
of a wavelength dependence using a single radar system, thus avoiding all of 
the difficulties listed above. Furthermore, the in-cloud spectra can be 
simply and directly compared with clear-air spectra to reveal possible dif­
ferences in spectral form of in-cloud and clear air spectra. As of this 
writing, the only such experiment reported is that described by Gossard and 
Strauch (1981). In that experiment two Doppler radars of 3.2 cm wavelength 
were placed at opposite ends of a 28 km baseline between Boulder and Brighton 
near Denver, Colorado USA. The topography and geometry were carefully chosen 
such that terrain prevented direct, line-of-sight signal from one radar 
entering the receiver of the other through antenna sidelobes even when both 
antennas were aligned along the baseline and pointing toward each other. The 
terrain profiles along the baseline are shown in Fig. 2-7. The center of the 
beam is shown at an elevation angle of 1.4° above horizontal at Boulder. At 
the Brighton site the corresponding elevation angles were 1.7° and 1.9° for 
the two positions used at Boulder. The lower edge of the beam (the first 
principal null in the antenna pattern in the vertical plane) was then just 
tangent to the terrain so that radiation below the main lobe was blocked. The 
two-way sidelobe suppression was thus about 54 dB and essentially all of the 
signal can be attributed to the common volume of the main beams of the an­
tenna. The antenna beamwidths (between 3 dB points) were 0.8°. Thus they 
can be considered to be a narrow beam system in the sense that the effective 
scattering volume is limited by the common volume of intersection of the 
transmitting and receiving antennas rather than by the scattering properties 
of the atmosphere. (Booker and DeBettencourt, 1955.)

The geometry of the forward scatter path is shown in Fig. 2-8 where the 
scattering angle between the incident and scattered wave directions repre­
sented by the vector wave numbers kQ and kg is 6. The distances from the 
transmitter to the scatterer and from the scatterer to the receiver are 
rQ and rg respectively. Simple trigonometry shows that the vector difference 
between kQ and kg has a magnitude of |k| 2 sin(0/2). It is called the Bragg 
wavenumber.

The experimental procedure was to vary eg by swinging both beams off 
midpath together. Thus, the altitude of the scattering volume remained the
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Forward Scatter Link 
Geometry

PtguAe. 2.7—Path gzometAtu &oa In-cZoad, fconmAd. AcatteA experiment deJsCAtbzd 
In tdxt. [Go&iaAd and StAauch, 19SO.)
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FtqiOie. 2.8—Schematic picture ofi horizontal, beamiiMlnglng experiment faon. In-cloud 
faaward 6 cotter experiment described In tut. Transmitter and receiver sites 
are at T and R respectively.

same, and an unambiguous measure of power vs. the Bragg wavenumber was ob­
tained. This relationship will be shown to unambiguously determined the 
spectrum <|>(k) of the spatial distribution of the scattering ensembles. If 
the scattering process is coherent in the Bragg sense, the cloud should 
scatter strongly in the forward direction from transmitter to receiver. If 
it is fundamentally incoherent, it should be independent of scattering angle 
because the radars were both vertically polarized. For the geometry given, 
the minimum scattering angle was 3-3.5°. As the beams were swung hori­
zontally, power vs. azimuth patterns were obtained like those shown in Fig. 
2-9. The orientation of the baseline from the Boulder site was 91.4° east of 
true north for one path and 87.1° for the other (labeled NBS). For the site 
labeled RB-3 the beams were swung toward the south where the path was unob­
structed for 3.5° from the baseline. Farther off-axis, selected azimuths 
were chosen to ensure that paths were clear of trees or buildings on the 
horizon. The site labeled NBS was unobstructed on all relevant azimuths. 
Usually, several elevation angles between 1.4 and 2.0 degrees were used at 
the Boulder site. Occasional recordings of signal vs. elevation angle on the 
baseline were made to obtain height profiles of Cn2 and power spectra.
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From Eq. (2-28) , the scattered power at distance rg is

P (2-54)s

The incident power Pq is related to the transmitted power P^ from a source at 
distance rQ such that
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Po = PtGt/4ttto2 (2-55)

where G^, is the gain o£ the transmitting antenna. The power into the re­
ceiver is (see Appendix A)

PR ‘ PsAe ‘ W2'4” C2’56)

where A is the effective collecting area of the antenna and where it has
2 2been assumed that the gain of the receiving antenna is G„ = A 4v/X = tt /a, a,K 6 1 L

where a-^ and a2 are two orthogonal one way half power full beamwidths of the 
antenna.

Combining Eqs. (2-28), (2-55), and (2-56), and assuming G = G„ = G,
K 1

= ct2 = a, it is readily found that

2 2 PT GZ X
P Vn . (2-57)R 77T3 2 2(4<> rs ro

Near midpath rs - rQ D/2.

If the scattering is completely incoherent in the sense that the total 
scattered power is just the sum of the powers scattered by all of the indi­
vidual scatterers, Eq. (2-29) applies and

q = (tt/16) k4 | K | 2 (sin2y) Zrp (2-58)

where = E i-s a "reflectivity factor" and represents a sum over unit
volume of the number of scatterers N. of diameter D. per unit volume. For 
Bragg scatter [Eqs. (2-42) and (2-46)] give

n = 8tt2 k;4(sin2x) <Kk) = (5/6)vk4 K 11 /3 c^2 . (2-59)

In backscatter, the volume intercepted by the radar beam is

V = irD2a2 A/16 (2-60)

for a "top-hat" beam, where A is the spatial resolution (half the pulse 
length) and D is the two-way path length.
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In forward scatter the total common volume is fairly well represented by 
two more-or-less conical volumes whose bases are circular sections of diam­
eter cxD/2cos2e/2 and whose lengths L = ctD/[4 sine/2, cos(0/2)] so

V = 2(l/3)ma3D3/64 cos5(6/2)sin(9/2) (2-60a)
or

V = C 2 tt / 3) a3D3/320 = a3D3/15.36 for 0 << 1. (2-60b)

From Eqs. (2-57) and (2-60a) we see that

Pr = {PTG2A2/(4Tr)2D2)a3D n/24 cos 5 (0/2) s in6/2 (2-61)

where the factor in braces is often called the "free space" power at distance 
D, Pp and n is given by either (2-58) or (2-59).

If the spectrum of refractive index for an isotropic medium is presumed 
to follow some power low, we may write E(k) = 47rK2<|> (k) = A^k m, where A is a 
proportionality factor. Then, if 0 is small so that 2sin0/2 = 0, k = k0 and

PR - PF a3Dk2"m(Tr/6)Ane~ (3+m) (sin2x) . (2-62)

2For homogeneous, isotropic turbulence in the inertial subrange, A^ = 5/12 Cn 
where Cn2 is the turbulent structure parameter and m = 5/3. In the Gossard- 
Strauch experiment

Pp = 20,000 watts 
A = 0.032 m so k = 196.3 m ^ 
a =0.8°
G = (tt/cx)2 = 47 dB 
D = 28,000 m 

sin x ~ 1.0.

From Eq. (2-61) the angular dependence for incoherent scatter will be 0~^ for 
small angles. This dependence results from the change in the size of the 
scattering volume with angle 0. From Eq. (2-60) the dependence will be 0~13//3 
for Kolmogorov spectra in the inertial subrange for small 0.

In addition to the forward scatter measurement, backscatter measurements 
by both radars were alternated with the forward scatter when the cloud or 
precipitation conditions provided measurable backscatter.
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As seen in the example shown in Fig. 2-9, the forward scatter was always 
dominated by angle-dependent, Bragg coherent scatter out to about 3-4 azi­
muthal degrees from the baseline. When there was significant scatter from 
clouds or precipitation, the return at greater angles was essentially in­
dependent of azimuth, providing a clearly identifiable transition from the 
Bragg-coherent regime to the incoherent regime.

Figure 2-10 shows an example of the kind of observations obtained on a 
day when clouds and snow precipitation were more-or-less uniformly distributed 
over the area. The total reflectivity n was computed from the forward scat­
tered power. The incoherent component of the reflectivity was calculated 
from the backscattered power. In the calculations of <K<), the Bragg co­
herent component was calculated by subtracting the reflectivity in the (in­
coherent) backscatter from the total reflectivity measured in forward scat­
ter. This procedure was based on the assumption that the coherent component

Figure 2.10—Log-tog plot o{> <Mk) v*. k = 2fe *ln 6/z under tight *now condition*. 
<J>(k) mo* calculated ^rom deceived power through equation* (2-24) and 2-25).

re^ractcve Index fluctuation* axe cheated by homogeneou*, l&otroplc tur­
bulence and k tie* within the Inertial *ubrange a *lope oft -7 7/3 would be 
expected.
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came from dielectric fluctuations in the gas so that the coherent and in­
coherent components were additive. Figure 2-11 shows an example from clear 
air.

Thus, from beamswinging, forward scatter observations can be used to
deduce (k) from Eq.(2-62). If the scattering medium is isotropic, the
spectrum is independent of the direction of k , so the spectrum (in magnitude
of k) is obtained by integrating over all directions in k space; thus 2E(k) = 4ttk <)> (k) . If Kolmogorov turbulence in the inertial subrange is 
assumed to account for the refractive index inhomogeneities, E(k) should obey 
a k law and <J>CK) should vary as k ^he receiver was at the NBS site
for the cases recorded in October 1979.

The average of the least squares fit to all of the data on clear days 
does, indeed, give a dependence of k However, data collected in clouds
and precipitation show some tendency to fall off less steeply. More quanti­
tative statements are probably not warranted because of the spatial inhomog-

f
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Table 2-2

Date -(mf2) c 2n Weather

1/31/79 -4.7 6.5xl0~16 Clear
2/15/79 -2.5 2.6xl0"15 Cloud
2/27/79 -4.9 4.0xl0~14 Clear
3/19/79 -4.2 2.4xl0-14 Mixed
4/11/79 -3.43 l.lxlO-14 Cloud

10/ 3/79 -2.46 4.4xl0_15 Clear
10/ 4/79 -3.10 -153.7x10 Clear
10/ 9/79 -1.49 l.OxlO-15 Cloud/

Lt rain/
snow

Av. — 3.7 clear
Av. — 2.9 cloud

eneity and the rather large temporal variability. These results are sum­
marized in Table 2-2 which is a compilation of the regression coefficients 
from least-squares fitting of all of the individual beamswinging measurements 
averaged for each date. The exponent m is the power of the k dependence of
the spectrum if the scatterer spectrum is isotropic; i.e., m = 5/3 for a2Kolmogorov spectrum, and m+2 = 11/3. The computation of Cn is done using
Eq. (2-63) assuming m = 5/3. An equivalent quantity using the measured value
of m has been tabulated as (C')2. There is no clear evidence of enhancementn
of scattered power in cases of clouds, compared with clear air cases, for the 
winter storm data shown here. The strongest and weakest forward-scattered 
signals were found on clear days. However, it should be emphasized that all 
of these observations were made in winter-time, horizontally homogeneous 
stratiform clouds generated by up-slope flow over the Colorado plains re­
sulting from large scale synoptic conditions. It seems likely that other 
cloud types, such as violent convective systems, might display drastically 
different characteristics. Of particular interest is the sign and magnitude 
of the cross covariance of temperature and humidity in the various cloud 
types and its spatial distribution.

The regression coefficients were calculated for all cloud cases and used 
in Fig. 2-12 to plot the regression line representing the crossover between 
the dominance of Bragg-coherent backscatter and incoherent scatter from 
droplets for some radars of common wavelength. Thus, for a 6 meter wave­
length radar Bragg scatter would dominate for any droplet dBZ values less
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FiguAe 2.12--A n.egn.e**ion {,it ofi powen v*. k fan. ait data unden cZoud condition* 
compared with that to be. expected fan clean-ain condition* o& vaniou* C 2 
intensity. n

than about +57. At the other extreme, for an 8.6 mm wavelength radar, drop­
let incoherent scatter would dominate for reflectivity factors of dBZ > -43.

On 31 January and 15 February, forward-scatter scans in the vertical 
crossection including the baseline were made from elevation angles of 1.4°
(at Boulder) to about 3.5°. For greater elevation angles there was sig­
nificant blockage by tree limbs. The case of 31 January is shown in Fig. 2- 
2-13. The weather was clear with fair skies, and the forward scatter was 
very weak. Lenticular clouds were present over the mountains and the weather 
was typical of mild local Chinook conditions. Horizontal beamswinging was 
done at elevation angles of 1.4° and 1.9°. These data are included on the 
figure and compared with the free-space, two-way antenna pattern shown in the 
lower, far-left frame. The height profile of Cn is shown, on a linear 
scale, at the upper right plotted with the temperature sounding from the 
Denver RAWIN taken at 1700 MST, two hours after the radar observations. A 
prominent low-level subsidence inversion characteristic of this kind of 
weather condition is evident in the sounding. The radar observations were 
made above the inversion, since the horizon rays intersected at a height of
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Clear Air 31 Jan 1979
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A vertical beamswinging experiment was also carried out on 15 February 
and the results are shown in Fig. 2-14. The WPL 8.6 mm, vertically-pointing 
radar was in operation at the time and its facsimile recorder record is 
shown as the background of the figure. The 1700 MST temperature sounding 2from the Denver RAWIN is also shown on the figure. The height profile of Cn 
calculated from the forward-scatter radar observations is shown plotted on a 
log scale. Although there was significant precipitation from the clouds, 
including some large snowflakes, the cloud layer was obviously very thin and 
capped by a large temperature inversion. From the surface weather map for 
the period, it is clear that the temperature inversion was a weather front 
and that the precipitation was related to the local frontal dynamics. Per­
haps the most dramatic feature of the forward-scatter data is the very sharp
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10000

Ftgure 2.14--Pro£tle o^ Cn^ calculated {,rom forward-scatter received power through 
the boundary between precipitating cloud* and the clear air above compared 
with the temperature profile measured by raob. The cloud backicatter record 
[shaded background) wu Irom a modified TPQ-11 radar cellometer o<j 8.6 mm 
wavelength.

2increase (by an order-of-magnitude) in Cn at the cloud top, which is also 
the inversion base. This is not altogether unanticipated, since it is to be 
expected that the entrainment of warm, dry air from above the inversion into 
the region at the cloud top would produce a locally enhanced variance at that 
height. Furthermore, this mixing process would lead to a negative covariance 
between temperature and humidity fluctuations which would further enhance the 
refractive index variance (Gossard, 1960, 1979). If in-cloud processes alone 
are considered, and if the cloud is presumed to be everywhere at or very near 
saturation, the correlation between temperature and humidity might be pre­
sumed to be positive because warmer air holds more moisture than colder air 
(the Clausius-Clapyron relation). This concept would diminish the refractive 
index variance. Thus the mixing and entrainment occurring at the inversion 
boundary is likely to produce a pronounced boundary effect detectable by 
vertically pointing radars (Gossard, 1978). In the presence of cloud the 
effect may be enhanced by the evaporative cooling of penetrating cloud 
tongues whose evaporation locally increases the humidity increasing the 
negative covariance.
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2.7 Conclusions

From the theoretical considerations and modeling experiments described 
in this Chapter:

a) Fluctuations in refractive index due to gaseous inhomogeneities in 
dielectric constant should be about 30 times more important for coherent 
radar backscatter than fluctuations in cloud liquid water if the magnitudes 
of variance of water vapor and liquid water are about the same.

b) Water vapor variance resulting from internal thermodynamic processes 
coupled to the cloud dynamics through non-linear interaction may be competi­
tive with the corresponding turbulent dynamic variance in water vapor outside 
the cloud.

c) Negative correlation between temperature and humidity in clouds may 
lead to substantially greater coherent cloud reflectivity (in the Bragg 
sense) than previously thought.

From the results of the forward scatter experiment, comparing Bragg 
scatter from the gas with incoherent scatter from particles:

a) Winter clouds/precipitation near Denver exhibit no evidence of 
significant departure from the classical concept of incoherent reflection of 
radar waves in the wavelength range from 20 cm to SO cm. This conclusion may 
not be valid for summer convective storms.

b) There is some evidence of less slope to refractive index spectra 
inside clouds than would be expected if a -5/3 wavenumber dependence were 
valid.

c) In clear air the radar data substantiate the -5/3 law when all 
clear-air cases are averaged.

d) Radar wavelengths of 20-30 cm are typical values for cross-over 
between dominance of coherent to incoherent backscatter in those winter 
cloud/ precipitation events observed in this experiment which had typical dBZ 
values of 0-10.

2e) There is a dramatic increase in Bragg-coherent return (C ) at cloud 
tops when they are capped by a temperature inversion with dryer air above.
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CHAPTER 3 - VARIOUS RADARS AND THEIR POTENTIAL FOR 
CLOUD AND CLEAR AIR DETECTION

It is of obvious interest to compare the Z values of various cloud types
? 2and the C of the clear air with the minimum detectable Z and C of various n n

radars. The starting point of such a comparison is Eq. (2-57) and Eqs. (2-258) and (2-59). Obviously, the minimum detectable values of Z and Cn 
depend on the radar parameters P^., Ae> (pr)min an^ They also depend on
the range, r, and range resolution A. For a pulse radar, Pt and (Pr)min are 
usually expressed as peak powers although average powers are readily used if 
the pulse-repetition period T and the pulse length t are known.

For single-pulse processing it is convenient to take (pr)min as The 
system noise power referred to the receiver input; then

(P ) . = k. T B (3-1)v r'mm B e

if the noise is uniformly distributed over the receiver bandwidth B. Here
v = 1.375 x 10~23 is the Boltzman constant. The quality of the receiver can 
B

be either expressed in terms of the "effective noise temperature," Tg, or 
the receiver noise figure, F, related to the noise temperature by

T + 290°T. _ e

F is often given in dB.

Tables 3-la and 3-lb present the resulting calculations of minimum 
detectable Z, Cn2 and n at a range of 10 km for many radars used in atmo­
spheric investigations. Single pulse processing is not usually relevant to 
the class of radars used in profiling the winds of the clear atmosphere, so 
these radars, listed in Table 3-lb, are described in a processing mode be­
lieved to be typical.

From Table 4-2, to be discussed later, it is immediately evident that 
cumulonimbus, cumulus congestus and Hawaiian orographic clouds should be 
detected by almost all radars at a range of 10 km. However, for those radars 
listed in Table 3-la fair weather cumulus and continental cumulus should be 
detected only by the Defford and Wallops Island 10-cm radars and by the 0.86 
cm radars. Note that Eqs. (2-57), (2-58) and (4Aa) show that there is an 
inverse fourth power dependence of Zm^n on A, although Dm^n ps independent 
of wavelength; therefore, the short wavelength radars have a very great
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TABLE 3-1 a CLOUD AND STORM-SENSING RADARS

Pulse
Doppler

WPL

Pulse
Doppler
NSSL

Pulse
Doppler
Detford

Pulse 
Doppler 

Wallops Is

WSR-57 
(Hook 
Mode)

WSR-57
K-Band
Doppler

WPL
TPQ 11 Chatanika

Radar

P,(w) 0.9 x 105 4.7 x 105 3 x 105 2 x 106 4.1 X 10s 4.1 x 105 1.5 x105 1.2 x 105 3.2 x 106

P, (dBm) -106 -111.2 -110 -110 -100 -108 -106 -99 -128

A (cm) 3.22 10.7 10.7 10.7 10.3 10.3 0.86 0.86 23.25

Ae <m2) 4.02 31 270 146 5.8 5.8 .64 1.8 310

Mm) 75 150 30 195 75 600 37.5 75 1500

R (km) 10 10 10 10 10 10 10 10 10

n(m“1) 2.7 x 10*12 9.8 x 10“16 1.1 x 10“14 5 X 10“16 1.6 X 10“12 3.1 x 10“14 2.2 x 10“11 2.2 X 10“ 11 3.0 x 10“ 19

Min
Cn2 (cm"2'3)

Cn2 (m-273)

1.0 x 10~13

2.2 x 10"12

5.6 X 10-16

1.2 x 10-14

6.8 x 10-16

1.5 x 15-14

2.9 x 10“17

6.2 x 10“ 16

9.0 x 10“ 14

1.9 X 10“12

1.8 x 10“15

3.85 x 10“14

5.5 x 10“13

1.2 X 10“11

5.5 x 10“13

1.2 x 10“11

2.2 x 10“19

4.9 x 10“19

Z (mm6m-3) 1.0 x 10‘2 4.5 x 10'3 5.4 x 10-3 2.3 x 10“4 0.625 1.2 x 10'2 4.2 x 10“4 4.2 x 10“4 3.1 x 10“6

t (psec) 0.5 1 1.25 1.3 0.5 4 0.25 0.5 10

T (psec) 512 768 1250 960 1520 6097 500 1000 3400

Antenna (m) 3.05 8.5 25 18.4 3.65 3.65 1.12 2.14 26.8

Beamwidth (deg) 0.86 1.1 0.33 0.50 0.50 2.0 0.5 0.25 0.6

TABLE 3-1 b CLEAR-AIR RADAR WIND SOUNDERS

FM-CW
WPL

Meteorological
Profiler

WPL
Sunset,

Colorado
SOUSY

W. Germany
Poker Flat, 

Alaska

P,(W) 200 (av) 1.5 x 103 (av) 1.25 x 10s 6 x 105 0.15 x 105

A (cm) 10.2 32.8 741 561 600

Mm) 100* 900** 1000 50 750

R (km) 10 10 10 10 10

< d (m“1) 1.8 X 10“14 4.1 x 10“17 5.9 X 10“19 2.1 x 10“2° 1.0 X 10“18

Cn2(cm“2'3) 9.9 x 10“16 3.5 x 10“18 1.4 x 10“19 4.6 X 10“21 2.3 x 10“ 19

Cn2(m“2'3) 2.1 x 10“14 7.5 x 10“17 3 x 10“18 1 x 10“19 5 x 10“18

Z (mm6m“3) 6.2 X 10“3 1.7 X 10“3 6.2 7.5 x 10"2 4.8

Antenna (m) 2.44 10 60 x 30 62 100 x 50

Beamwidth
(deg)

Remarks

2.7

Sweep length 
50 ms

2.3

Integration 
time 4.6 ms

5x9

Integration 
time 60 ms

5

Integration 
time 100 ms

2x4

Integration 
time 60 ms

Typical. Maximum resolution is 1m.
'High altitude mode. Low altitude, 100 m resolution.
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advantage in the detection of targets consisting of small discrete spherical
droplets whose reflectivity is describable by Z while Eq. (2-59) shows that

-1/3there is only a very weak wavelength dependence (A ) in the detectability2of Bragg scattering targets whose reflectivity is describable by .

Comparing Z values for the various clouds with the minimum detectable 
values shown in Table 3-la, we see that most clouds would not normally be 
seen by the 3.2 cm wavelength radar listed in the Table at a range of 10 km 
based on single pulse processing alone. However, if longer pulse-lengths 
(e.g., 1-5 ysec) were used and averages taken over many pulses, clouds such 
as those observed at South Park, Colorado, USA should be detectable. If the 
Doppler velocity spectra in clouds are narrow, the total processing gain to 
be realized from Doppler processing and averaging may amount to as much as 
10 dB.

Clear-air radars must be very sensitive. Therefore, ground clutter can 
be a severe limitation unless great care is taken to reduce antenna side- 
lobes. Because of the low peak power of the modulated CW radars, clutter is 
not so likely to saturate these systems as in the case of pulse radars with 
their high peak powers. However, if the CW radar does saturate it is in­
operable for all ranges. Although clutter at short ranges typically obscures 
any clear-air returns close to a pulse radar, the return from longer ranges 
remains visible. This factor and the transmit-receive switching that is 
necessary with pulse systems makes them of limited value at short ranges.
The FM-CW or pseudo-noise modulation radars which use separate transmit and 
receive antennas are therefore of more value for short ranges, but consider­
able care must be taken in ground clutter suppression in the processing and 
in antenna sidelobe reduction, as well as in siting of the radar. In Doppler- 
coherent radars, stationary targets (clutter) may be eliminated by removing 
zero frequency-shift signals. But this technique fails if the rf portion of 
the receiver saturates. The general procedure for processing radar signals 
using coherent and incoherent integration is outlined in Chapter 10.
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CHAPTER 4 - RADAR REFLECTIVITY AND CLOUD CHARACTERISTICS

4.1 Introduction

This section reviews past work on cloud detection by radar and sum­
marizes some conclusions regarding the detectability of various clouds. Some 
special drop size distributions are analyzed, and one quite general form is 
discussed.

4.2 Drop-Size Distribution - Some Special Cases

The results of measurements of cloud drop-size distributions prior to 
1949 have been summarized by Best (1951). He concluded that the data fit the 
relation

1 - F = exp [ - (D/Do)n] (4-1)

where F is the fraction of liquid water in drops of diameter less than D. He 
shows that the mean of values of n found by all investigators is 3.3. Further­
more, of the various choices for D , such as the mean, mode or median, Best
found that the median drop diameter (the size at which half the water is
contained in larger drops) is most independent of n and of the minimum mea­
surable diameter in the sample.

Another widely used distribution is the exponential law, = Nq e"AD, 
where N^dD is the number of drops of diameter between D and D + dD. The
total mass of water is then given by

nD 3 e -AD ,nM„ 0 l N dD  = p t̂t  N.. 3! o o -j (4-2)

If Dq is mass median diameter, A = 3.67/D^. The total number of drops per
unit volume is then N„ = N D (3.67) ^ and the total liquid water content

1 4 0 _4(LWC) is M^, = p it Nq Dq /3.67) . The water content in the drop-size in­
terval dD is

_ , -3.67D/DMd dD = dM = p £ No DJ e 0 dD (4-3a)

so the fractional water content in the interval dD is
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. , - 3.67D/D
dM/MT = [(3.67)/6] (D/Dqj e °d(D/Do) (exponential). (4 - 4a)

This expression can be compared directly with dF, found from Eq. (4-1) to be
-(D/D )ZZ

dF = dM/MT = 3.3 (D/Dq)2-3 e 0 d(D/DQ) (Best). (4-4b)

We are more interested in the fractional contribution to the total
reflectivity factor Z by drops of different size. Note that dM = p(ir/6)

*2e Np dD and, from the definition of Z,

dZ = D6 Nd dD . (4 - 5a)

Therefore,

dZ = p"* 1 * * * * * * * * * (6/tt) D3 dM . (4-5b)

So from Eqs. (4-4a) and (4-4b) we can find expressions for the fractional 
contribution to Z analogous to those for liquid water content M. They are 
plotted in Fig. 4-1. The contribution to reflectivity factor is evidently 
concentrated near the mass-median of the drop-size population. The total 
reflectivity factor ZT is thus related to the mass median drop-size as follows:

ai 7 6! Mt D 3
7 

1
= N ---——=- D = ---- - -S— (for Marshall-Palmer type exponential) (4-6a)

 0 (3.67) 7 0 p tt A5

ZT = r(-3% + 1-’ t6/17) CMx/p^ Do3 (for Best's distribution). (4-6b)

4.3 A General Drop-Size Distribution Function

The Marshall-Palmer and Best distributions are special cases (or nearly
so) of a more general function usually called (see Deirmendjian, 1969;
Sal'man, 1973) a "modified gamma distribution." It is given by [see Eq.
(1-5)]

dN = Nrdr = a r01 exp(-br^) dr = a'Da exp(-b'D^) dD (4-7a)

where, in this section, r is drop radius and a' = a/2a+1, b' = b/2Y; a and y
are free constants. This distribution is shown schematically in Fig. 4-2.
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0 i Z 3 4
D/D0

0 12 3 4
D/D0

Vlgunt 4.7— Spuatnum ofi AnaatlonaL contribution to Liquid. water and factional 
contribution to radar rcAtectloltij factor Aon Bebt’& drop-ilzc distribution 
and {>on exponential distribution.

Figure 4. Z-Schmatic oA modified gamma distribution [Veinmendjian, 1969).
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As seen above, the mass (or volume) median drop-size (D ) is a con­
venient scaling length in radar scattering problems. In terms of Dq and G

Nd = a' D“ (D/Do)a exp[-G(D/Do)y] (4-7b)

where G is readily identified as b(DQ/2)y. Integration of dD over all D 

gives

Nt = a1 y"1 D^ + Ct G~ (1 + o)/y r [ (a+1)/y] (4-8)

where NT is the total number of drops per unit volume. The slope of the
distribution is zero at r = 0, at N = N and at r = ». In Table 4-1 themax
drop size radius or diameter associated with the maximum of N(r) is called rc
or D . At N where dN/dD = 0 c max

b  G_
Y Y Yr'  c'  r o'

a -

whence it is readily seen that

D„ - OV/Y (4-9)

The corresponding mass of liquid water is given by

l 
D.

M(DX) = p I D3 NDdD (4-10)

Using Eq. (4-7b) and integrating over all D

-1 (4+a)/Y r[(4+a)/y]2-(4+a)D4+a>M, pir a (4-11)yT 3

The mass of liquid water contained in drops for which D < is given by

M(D:) J xC4+a-y)/y e-x dx (4-12a)
r(^) o 

y

= Mft1 - e"X C|t + XH^TJT ---- X + 1] (4-12b)

when n = 4+a-y is integral and where x = G(D/DQ)y. (Note also that r(n+l) = 

n!.) Thus G is uniquely determined for given values of a and y; it is found 
for D = Dq from that value of x for which the mass M(D) = 1/2, so that half 
the volume (or mass of liquid water) lies in sizes less than Dq. A plot of G
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Figure 4. 3--Relation*kip between the eoe^leienti ofa the modified, gamma dlitAl- 
butlon and the exponential {,acton. G.

is shown in Figure 4-3. From (4-7b) we see that the exponential distribution
results when a = 0, y = 1. Then G = AD = 3.67 and a' = N . It is therefore

0 -10 -1no surprise that Eq. (4-8) then yields N„ = a' Dq (3.67) = j A whence we
identify Nq with a/2. Then Eq. (4-11) becomes

Mt = £ pir aG'4 r (4) 2"4 Dq4 (4-13)

in agreement with the above discussion of the exponential distribution.

The distribution of Best, (Eq. 4-4b) , does not conform precisely to a 
special case of Eq. (4-7a). Note that G = 0.5 instead of unity when y = 3.3 
and a = 0.7. Also, in his discussion of Eq. (4-7a), Deirmendjian chooses to 
constrain a to be integral.

Here, we are more interested in the reflectivity factor Z than in M so,
6 3as in Eq. (4-5b) of the previous section, we note that dZ = D° N^dD = (6/pTr)DJ 

dM. Using Eq. (4-7b) and Eq. (4-10) and transforming to x as in (4-12a), the 
integration is straightforward and we find
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dZ = (6/Ptt) Mt r 1 [ (4+a)/y] G"3/y D3 x<7 + a‘T)/T e"x dx (4 -14a)

and
6MtD3 

r o r (7+a)/yZ (4 -14b)T 377 r . (4 + a)/yPttG

Some parameters that have been suggested for the modified gamma function
are shown in Table 4-1 for selected aerosols and hydrometers. The values of
rc, N^, a and y are taken from Deirmendjian (1969) except as indicated, but
the values of G, M„, D , and a have been calculated from those values.T o T
Using the relations (4-8), (4-9), (4-11), (4-14b), and (S-6c). (The value of 
rc = 4 ym given by Deirmendjian for a Double-Corona cloud seems to be an 
error. In our Table 4-1 we have assumed that it should have been rc = 2 ym.) 
For comparison with the Deirmendjian models, we have also calculated the 
corresponding quantities from the Marshall-Palmer distribution for rainfall 
assuming the coefficients found by Gunn and Marshall (1958) for various 
rainfall rates. They find

Rain Snow
AQif1) = 4.1 x 103 R~0,21 Atm’1) = 2.29 x 103 R’0,45

N (m"4) = 0.08 
ov J 

x 108 N (m'4) 
o

= 0.038 x 108 R"0-87

in the exponential distribution, where = Nq e"AD. All lengths are in 
meters except rainfall rate R which is in mm hr 1. In Table 4-1, it has been 
assumed that R = 1, 4 and 16 mm hr’1 for light, moderate and heavy precipi­

tation respectively in accordance with the convention in Kerr (1951) .

In the following paragraphs, observed cloud drop-size parameters have 
been compiled and tabulated, and it will be seen that the Deirmendjian param­
eters drastically underestimate the total liquid water content measured in 
natural clouds. Better in-situ measurements combined with good radar mea­
surements are obviously needed.

4.4 Methods for Measuring Drop-Size In-Situ

Most in-situ measurements of drop size distribution have been made with 
powered aircraft, because the required instruments are complicated and rela­
tively heavy. Exceptions are the measurements made on Mt. Washington and 
those made from a sailplane and reported by workers at the National Center
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for Atmospheric Research (NCAR) near Boulder, CO. The advantage of the 
latter systems is that the air stream is relatively undisturbed.

Conceptually, the simplest method is direct photography if an arrange­
ment is achieved that allows an undisturbed sample of air to be photographed. 
Unfortunately this is difficult, and the method is expensive requiring a 
great deal of time to collect and process enough data to represent a sig­
nificantly large sample.

One of the oldest methods is to expose slides to the air stream and 
count individual drops and their sizes. Such slides may be coated with 
grease (Weickmann and aufm Kampe, 1953) or with soot (e.g., Breed et al., 
1976). This method is fairly accurate, but it is slow and laborious, re­
quiring human measurement and counting of individual drops. The photography 
and slide collection methods are most accurate for drops larger than 100 pm.

An earlier method, used extensively by Diem (1948) and by Boucher (1952) 
on Mt. Washington, employed a cylindrical "impinger." It is probably the 
least reliable of the widely used techniques.

Two recently developed methods that are now becoming widely used depend 
on the scattering properties of spheres for optical wavelengths. A simple 
natural example of optical scattering is the halo that some clouds produce 
around the solar disk. The instrument is called the Axially Scattering 
Spectrometer Probe (ASSP), best for particles 2-30 pm in diameter; and the 
Forward Scattering Spectrometer Probe (FSSP) , best for particles 3-45 pm in 
diameter. Such instruments aboard sailplanes probably provide the best data 
that can be collected in quantity (Dye, 1973). Unfortunately the lack of 
powered flight limits the mobility of the sailplane and makes it difficult to 
sample different parts of a cloud system rapidly. The various measuring 
techniques recommended by Particle Measuring Systems Incorporated of Boulder, 
Colorado for the different particle size ranges are summarized in Fig. 4-4.

4.5 Observations of Drop-Size Distribution in Natural Clouds

In 1953 Weickmann and aufm Kampe reported measurements of drop-size 
spectra in cumulus clouds. Observations were made at many locations within 
the clouds and the drop-size spectra from all observations were compiled into 
average spectra for three cumulus types: fair weather cumulus (cumulus 
humulis), cumulus congestus, and cumulonimbus. Photographs of typical drop
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Cumulus
humilis

(a)

Cumulus
congestus

(b)

Cumulo­
nimbus

Figure. 4.5—Sampler o'£ vutfuAal dxop-*ize 
(c) dlitAibulion* in vanlou* cloud*. (Wcick- 

mann and au&m Kampc, 1953).

distributions are shown in Fig. 4-5. In addition to drop-size distributions 
that allow the median diameter D to be calculated, the average liquid water 
content M(g m~J) and the average number of drops are given in Table 4.2.
From these data a radar reflectivity factor (Z) can be calculated using the 
Atlas Bartoff method (see Section 4.6). The height distribution of cloud 
radii and of spectral spread are shown in Fig. 4-6. The rms drop size 
reaches a maximum near cloud base. The total water content is concentrated 
in drops of much larger radius in cumulus congestus than in fair weather 
cumulus as shown dramatically in Fig. 4-7. This fact has important impli­
cations for cloud detecting radars. However, some caution in accepting these 
data as typical is suggested by the fact that the median diameters of the 
clouds investigated by Weickmann and aufm Kampe are much larger than those of 
other investigators, so the reflectivity factors given in Table 4.2 may not 
be very typical.

Squires (1958) has compared clouds of maritime origin near Hawaii with 
cumulus clouds of continental origin in Australia. Multiple exposure samp­
lers were used, and the drop-size concentrations showed spatial variations on 
scales down to 300 m or less. Clear patches were often found even in dense 
clouds. However, characteristic differences were found. Squires studied
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Table 4-3. Cloud parameters (after Diem).

Diem's cloud types

OT1

1
(gr rrf3)

0.32

2 = E Ni Di6i
Z (mm*3 m 3)
I.l8xl0"3

D0

(m)
11.2xl0“6

cu2 0.87 2.76x10-2 20.6xl0-6

SC 0.09 3.53xlO_U lO.lxlO-6

AS 0.28 2.40xl0~3 12.8xl0_6

NS 0.40 1.40xl0-2 23.4xl0'6

ST 0.29 1.29xl0“2 24.1xl0-6

orographic clouds 600 m to 1500 m thick with updrafts of 0.1 to 0.25 m sec'1, 
dark stratus clouds about 300 m thick, and cumulus clouds over the sea with 
updrafts at about 1 m s ^. He compared the results of the maritime cumulus 
with Australian continental cumulus of similar size and found very signifi­
cant differences. Maritime cumuli showed relatively low drop concentrations 
(45 cm 3) when compared with the continental cumuli which contained about 228 
drops cm . The liquid water content was similar in both, so the drops in 
the marine clouds were significantly larger than their continental counter­
parts. The cloud characteristics as measured by Weickmann aufm Kampe and by 
Squires are compiled in Table 4-2. Table 4-3 summarizes aircraft observations 
over Germany reported by Diem (1948). Figure 4-8 (from Boucher, 1952) shows 
cloud data collected at Mt. Washington along with Diem's aircraft observa­
tions .

In experiments at South Park, near Denver, Colorado, Knollenberg's 
Axially Scattering Spectrometer Probe (ASSP) was used to measure drop-size 
distributions. Soot-coated slide samples were also taken. The results were 
reported by Breed et al. (1976) in the Proceedings of the International Cloud 
Physics Conference. The authors reported drop number density, mean diameter 
D of the drops and total liquid water content for five cases from both the 
ASSP and the slide observations. The results are shown in Table 4-4. Assum­
ing an exponential distribution, Dq has been calculated from D, and Z has 
been calculated from Eq. (4-6a).
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Table 4-4. Cumulus cloud parameters; South Park, Colorado.

Nt (m"3) D (pm) M (gr m”3) Dq (pm) „ , 6 ■ Z (mm m

687 8.4 .216 30.8 .0163

' 72 7.4 .015 27.2 7. xl8 O-4

487 9-7 .234 35.6 2.7xl0-2

565 9-3 .236 34.1 2.4xl0"2

46l 9-9 .233 36.3 2.9xl0-2

559 9-7 .405 35-5 4.7x10-2

104 7.1 .028 26.1 1.3xlO-3

64 8.3 .027 30.5 2.0xl0-3

209 8.1 .085 29.7 5.8xlO-3

352 9-5 .234 34.9 2.6xl0-2

It is clear from the various observations tabulated here that the liquid 
water content of the Deirmendjian clouds is an underestimate of what has been 
measured in natural clouds. This is most clearly true of cumulus types, for 
which much observational data exist; there have been few in-situ observations 
in the corona producing clouds.

4.6 Observations of Drop-Size Distribution in Man-Made Clouds

In recent years there has been concern about the ways in which man's 
activity may affect the environment. One concern has centered on problems of 
heat and moisture "pollution" and the resulting modification of local cli­
mate. Thus cooling tower plumes associated with the various kinds of power 
generating plants have been studied and their modification of the environment 
examined. Huff (1972) and Agee (1971) have demonstrated that snowfall is 
enhanced downwind of power plants. The physical explanation is not clear 
though mechanisms have been proposed (Hanna and Gifford, 1975). The drop size 
distribution within the plume is a critical factor in the physics. It is 
exceptionally difficult to measure in a plume because tower-mounted in-situ 
sensors are seldom feasible and aircraft-borne penetrations are expensive and
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too brief to provide satisfactory data. It is therefore of interest to 
examine the utility of short wave-length radars (e.g., 8.6 mm) to probe plume 
structure remotely. The problem has also been studied by Ricks (1977).

Few data sets are available, and we use here data acquired by Pena 
(1977) from aircraft penetrations of a power plant plume at Keystone, Penn­
sylvania. The same data set was used by Ricks. The drop size spectra are 
listed in Table 4-5 along with the conditions under which the data were 
collected. We have used these data to calculate (by numerical integration) 
the total number of drops (N^), the total volume of liquid particulates (VT) 
and the total reflectivity factor (ZT). Because of the importance of the 
large drops (Z « D°), the distributions have been extrapolated by fitting an 
exponential distribution to the measured distribution at the large-drop tail 
of the spectrum. The resulting Z values from manmade clouds are very similar 
to the values found in natural clouds, for example in South Park (see Table 
4-4), but they are almost 2 orders of magnitude larger than Z's found from 
the Deirmendjian distribution for cumulus.

4.7 Observations of Cloud Reflectivity

Few radar observations of clouds are to be found in the literature; most 
observations reported have been confined to precipitating systems, primarily 
because of the radar wavelengths used. The status of cloud observations 
using millimeter wavelength radars prior to 1964 has been presented by Plank 
et al. (1954) and by Harper (1964). At that time radar was not an impressive 
tool for cloud observation.

Based on observations relating the percentage mass distribution by size 
to drop-size distributions as measured at Mt. Washington Observatory, Bartoff 
and Atlas (1951) undertook to relate median diameter to the radar reflec­
tivity factor Z. They arrived at the following relationship between re­
flectivity factor, median diameter, and total water content M (where the 
subscript T is dropped from now on):

Z = 1.35 (6/tt) Dq3 (M/p) x 1012 (mm6 nf3) (4-15)

where Dq is in meters and M is g m . Although Eq. (4-15) is empirical, it 
is similar in form to (4-6b). The difference between T[(3/n) + 1)] and 1.35 
is probably not significant. Of course, Dq and M are not unrelated; in fact,
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Atlas (1954) finds

DQ(m) = 26.5 x 10~6 M1/3 (4-16)

so
, 6 -3,Z = 0.048 M2 (mm m J (4-17a)

Z = 139 D 6 x 1024 ( 6 -3,(mm m ) . (4-17b)0or

If radar reflectivity is used to calculate D and M, Atlas estimates 
that Eq. (4-15) gives a standard error of estimate of only 6.51 for Dq and 
211 for M. Equation (4-16) yields Dq with a standard error of 331. Using 
(4-15), Eq. (4-17a) is found from which M is obtained with a standard error 
of 53% and (4-17b) is found yielding Dq with an error of 16%. Apparently 
these relations might be useful for some practical problems such as esti­
mating visibility within clouds, but they are not accurate enough to test the 
microphysics of cloud models.

For advection fogs, Donaldson (1955) finds the following relationships 
corresponding to the cloud Eqs. (4-15, 16, 17):

( + 34%Z = 3.26 D 3 M x 1012 (4-18)o l - 53%

; + ii5%? Z = 8.2 î (4-19)
: - 53%
( + 91%Z = 2.7 Dq6 x 1024 | (4-20)l - 48%

In Table 4-3, the Atlas-Bartoff relationship, (Eq. (4-15), has been used 
to compute Z for the Weickmann aufm Kampe data and the Squires data. These 
may be compared with £N^ AD^ calculated from Squires' data*. For compari­
son, Nt Dq has also been computed, and it is clear that the Atlas-Bartoff 
equation is better, though not dramatically better, and it might sometimes be 
useful to substitute information about N for information about M when com­
puting Z.

Squires' data are presented as drop size histograms in size increments 
of typically AD = 10 pm.
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Conclusions

Experience gained in the 1950's and 1960's does not demonstrate that 
radar reflectivity is a very useful quantity in the observation and study of 
clouds. However, with the advances in radar technology in the 1970's, and 
with the inclusion of dual-frequency attenuation measurements, dual polari­
zation and Doppler, the utility of radars for cloud investigations should be 
re-evaluated.

There is a wide range in measured values of cloud drop size distribu­
tions. This is partly due to the variety of measurement methods used, but 
present evidence suggests that the large variation may be real. There has 
probably been some bias because most experimental programs have been aimed at 
storm and precipitation research, and aircraft penetrations have tended to 
occur under conditions prior to or during precipitation conditions. This may 
partly explain why larger drop sizes and higher Z values are found from in- 
situ measurements than are deduced from optical techniques and the Deir- 
mendjian model.
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CHAPTER 5 - RADAR ATTENUATION AND CLOUD OBSERVATION

5.1 Introduction

The previous Chapter addressed the question of useful data that might be 
obtained with a cloud detecting radar and considered what information might 
be available from reflectivity measurements alone. In this section we con­
sider what information might be extracted if both reflectivity and attenua­
tion measurements were available from radars with different wavelengths. Such 
methods have been used with some limited success in studies of precipitation 
(Goldhirsh and Katz, 1974), but the problem is different (and in some ways 
simpler) if it were to be used with clouds. It could, in principle, provide 
a spatial picture of the drop-size distribution in the early stages of a 
developing storm.

5.2 Attenuation of Radar Waves by Small Water Drops

Attenuation of radar waves may result from gaseous absorption, particle 
absorption (say by water droplets) or from particles scattering energy out of 
the beam. If radar wavelengths are chosen which avoid the water vapor and 
oxygen spectral lines (say 3.2 cm, 0.86 cm, or 0.31 cm), gaseous absorption 
can be considered small. If the water drops are very small compared with the 
radar wavelength, the Rayleigh approximation for the scattering and absorp­
tion cross-sections gives (Battan, 1973 pg. 67):

(5-la)

3 (5-lb)'

2 2where D is drop-size diameter, K = (m - l)/(m + 2), m is the complex index
of refraction, X is radar wavelength and I(-K) is the imaginary part of minus 
K shown plotted in Fig. 5-1. Obviously, for very small D, as in clouds, the 
absorption cross-section is the important consideration. Then k (the absorp­
tion coefficient) is the sum of the absorption cross-sections of all the 
particles within a unit volume; so

'a a ' (5-2a)vol o
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n n
FIgaJie 5.1—Imagtnaay pant ofa -K - -(m -7)/(m +2) as a function ofi wavelength and 

tempenatune.

where dD is the number of drops in the size interval from D to D + dD. 
However, note that total mass of liquid water

00 zMI = p l / Nd D-5 dD 
O

SO

k = IC-K) Mt (5-2b)

and is independent of the drop-size distribution. Thus, for water clouds, 
attenuation provides a simple, direct measure of liquid water content if 
temperature can be estimated so that I(-K) is known. From Chapter 4 the 
reflectivity factor Z is given by:

f\ I 7Z = N --- 1-- y D (for exponential distribution) (5-3a)0 (3.67)7 0

Z = — F (1.91) D 3 M„ (for Best's cloud drop-size distribution) (5 - 3b)
OTT 0 l
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3.67 D/D
where Nq = e and Dq is the drop-size above which half the liquid
water is found. From (5-2b) and (5-3a,b) it is easy to verify that

3 _ 7T2 I(-K) Z ^2r I(-K) q7'> | (exponential).(Best) , (5-4a,b)o A r(1.91) K

If we consider the more general drop size distribution, Eq. (4-7a), we 
see from Eq. (4-14b) that

I -K G3/y r[(4+a)/Y]/r[(7+a)/Y]  . (5 - 4c)\
Apparently radar measurements of both reflectivity and attenuation can 

provide information about important microphysical cloud quantities.

5.3 Optical Extinction by Small Water Spheres

The extinction coefficient a . is defined by the relation I/I =ext o
exp(-agxtr) where I is the intensity of the transmitted light at range r and 
I is the intensity at r = 0. If Q is the extinction efficiency of a drop, 
then the extinction from a single drop is Q A, where A = ?rrz and r is the 
radius of the spherical drop. For a distribution of drops of uniform size 
the extinction coefficient is = N Qg ttt = N Qe(Tr/4)D where N is the
number of drops per unit volume. For number density distribution

Gext = (it/4) / Qe 1)2 ND dD (5_5a)
o

(see Van de Hulst, 1957, pg. 129). In the Mie scattering limit of drops very 
large compared with wavelength, which is the usual condition for visible 
wavelengths, Qg •+■ 2 if the absorption is relatively small; then

°ext = (7r/2) / °2 ND dD‘ (5~5b)
o

It follows that

°ext = 5 rp°'7--- ^ (Best), aQxt = 367 ~~ (exponential) . (5-6a,b)

Again, the result may be calculated for the modified gamma function using 
Eqs. (4-7b) and (5-5b) and we find
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°ext = 3 P’1 MT g1/Y Oq’1 r[(3+a)/Y]/r[(4+a)/Y]. (5-6c)

The assumption that Qg = 2 has been examined by Hodkinson (1966) and 
Jiusto (1974). They find that it actually varies from 1 to 2 depending on 
the angle and range to the scatterer.

Apparently combinations of optical and radar systems have potential for 
remotely acquiring information about drop size distribution when the attenua­
tion of the optical wavelengths is not too large.

5.4 Cloud and Rain Parameter Diagrams

From Eqs. (4-13), (4-14b), (5-2b) and 5-6c) it is clear that Z, k, D , M 
and are inter-related in a simple way if y and a are known (as, for
example if the drop size distribution is exponential). Atlas and Ulbrich 
(1974) have made use of this fact and have constructed a "rain parameter 
diagram" describing the relationships between the above quantities and rain- 
rate R (mm hr *) assuming a Marshall-Palmer distribution in which A = 41 R'0,21 
(cm ). For particles of precipitation size, the Rayleigh approximation is 
not necessarily valid. Atlas and Ulbrich therefore write M = £A^ where the 
attenuation in dB per unit distance is A = 10 k log e = 4.34 k. Actually, 
they express A in dB km ^. In the Rayleigh approximation 3 = 1. On the 
other hand, when the drops are very large with respect to wavelength 3 = 3/2 
for a monodisperse size distribution. In general the functional behavior of 3 
is quite complicated because the full Mie scatter calculation is needed and 
the drop size distribution must be known. Assuming a Marshall-Palmer dis­
tribution, Atlas and Ulbrich made the necessary calculations for X = 3.22 cm 
and T - 10 C. Their results are shown in Fig. 5-2. The inter-relationships 
are much simpler for clouds because the Rayleigh approximation is valid for 
the usual radar wavelengths. We have calculated the corresponding "CLOUDPAD" 
shown in Fig. 5-3. On the cloud diagram R of course is not relevant. In the 
cloud case, the diagram can be very general if a dimensionless attenuation 
AA/K-K) is defined and used as a parameter. The diagram then applies to all 
temperatures in the Rayleigh size range. In Fig. 5-3 an exponential drop 
size distribution is assumed but no assumption of a value for N is necessary.

If Z and k can be observed by radar, some of the most important cloud 
quantities such as liquid water content, drop size (D ) and extinction coef­
ficient can be monitored continuously in time and space about the radar. If
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extinction coefficient can be obtained optically, the observational errors 
can be estimated and the relevance of the assumed spectral functions could 
then be judged.

5.5 Measuring Z and k

Suppose we make cloud reflectivity measurements with two radars of 
different wavelengths, one having a wavelength that is essentially unat­
tenuated and the other heavily attenuated. Then for the unattenuated radar 
the received power P is

(5 - 7a)

and from the other
r

-2 / k dr
o (5 - 7b)

where r is range and and C2 are known constants depending on the radar 
parameters. Then it is easy to see that

(5-8a)

and
k = \ d £n(Prl/Pr2)/dr . (5-8b)

From Z and k the cloud information is readily calculated from (5-4a,b) and 
(5-2b) .

Unfortunately Eq. (5-8b) depends on absolute calibrations of both radars 
(C^ and C2), so the ratio Pr^/pr2 cannot be as accurate as comparative mea­
surements made by a single radar. However, a single radar can yield k if the 
gradients in Z are not large. To see this, write the integral over k from 
some range rQ to r = rQ + A where A is some small increment of range over 
which backscattered powers are to be compared. Then

r o +A 2
/ k dr (5 - 9a)

r o r o
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If k and Z can be considered constant over the increment A, this gives

r P (r ) 1_ o r oJk C 5 - 9b)2 A (r +A) P (r +A) v. o 1 rv o J

Now the ratio of powers applies to a single radar so only relative power at 
different positions is needed, and relative powers can be measured quite 
accurately. However, (5-9b) requires that Z be constant over the increment 
A. In principle A can be as small as the range resolution of the radar. If 
the antenna is stationary, many pulses can be integrated to obtain accurate 
power estimates. Thus the variance of received power,

VAR Pr(rQ) = VAR Pr(rQ+A) = 51tdBI 

where N is the number of independent samples (pulses).

5.6 Analysis of Errors

If we presume that careful calibration of the radars will allow absolute 
power to be observed to an accuracy of + 3 dB then Eq. (5-8a,b) and Eq. (5- 
4a,b) lead to error bars on M shown in Fig. 5-4a. If relative powers for a 
single radar have an accuracy of + 0.3 dB, Eq. (5-9b) gives the much smaller 
error range shown in Fig. 5-4b, integration over many pulses could substan­
tially improve this accuracy figure.

However, it is to be remembered that the validity of (5-9b) depends on Z 
remaining constant over the range of A. In severe storms there are many 
times when this approximation is not valid even when A is chosen as small as 
1 km. However, in the case of cloud systems that are more-or-less strati­
form, or of storms in the early stages of development, the approximation that 
Z is roughly constant over increments of a kilometer may be much more realis­
tic. It is likely that both (5-8b) and (5-9b) will be useful, with (5-8b) 
used mainly through regions of large gradients of Z.

Figures (5-5a) and (5-5b) show the corresponding errors in Dq to be 
expected for average reflectivities of -20 and -30 dBZ if Z can be estimated 
to an accuracy of + 3 dBZ and pr(rQ)/[Pr(r0+A)] is known to + 0.3 dB. We see 
that regardless of average reflectivity, the expected range of error is about 
+_ 251 which is probably not bad for many purposes since the range of Dq is so 
great. 123
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FiguSvz. 5.4a. Evloa in aaicuLaiion maAA Liquid waieA aAMuming an eAAoA oft 
± 3 d.B in mea&uAed poweA di^eAzncm between nadant, ofa iwo diUeAznt mve.- 
Izngth*.

Figu/ie. 5.4b- Eaaca in aaiauialxon ofi maAA o£ Liquid waieA aAAuming an evioA 
±0.3 dB/km in meM>uAe.d aitznuadion bedwzzn Aangu Aq and a^ + A.
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Figure. 5.5a— EaaoA in calculation oft median 
mass diameteA fioA assumed conditions in 
dicated on fiiguAe. 

FiguAe 5.5b--EAAoA in calculation ofa median 
mass diameteA &oa an assumed Aefilectivity
ofi dBZ = -30. Conditions otkewise as in
Fig. 5.5a.

5.7 Conclusions

In some ways clouds are more convenient to work with than precipitation 
because the Rayleigh approximation can be used.

Multi wavelength radar observations can provide information about micro­
physical quantities. We see from Eq. (5-2a) that there is almost a factor of 
four difference in the attenuation of 3.2 cm radars and 0.86 cm radars. This 
should be enough difference to provide valuable information on spatial drop- 
size distribution and on its evolution. If a 10 cm radar were used, its 
waves could be considered as unattenuated and even better quantitative ob­
servations could be made. This kind of information could be of great value 
in understanding the microphysics of nucleation and precipitation. As an aid 
to short-term forecasting at a Weather Service site, a forecaster might find 
it of value to watch for a rapid growth in Dq3 (by watching Z/k) as a pre­
dictor of place and time of the onset of local precipitation.
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CHAPTER 6 - POLARIZATION AND SCATTERER CHARACTERIZATION

6.1 Introduction

One of the impressive results of past radar cloud observations was the 
conclusion that high reflectivities in non-precipitating clouds were often 
associated with the presence of ice particles. More recently measurements of 
signals from satellites received on two polarizations have sometimes shown 
significant signal in the cross-polarized channel even when there is little 
attenuation along the path. These observations could result from the polariz­
ing effects of ice particles located somewhere on the path. Finally, cloud 
studies with radars have always produced cases for which there was signifi­
cant backscatter from the apparently clear air. Some of these observations 
undoubtedly resulted from backscatter from turbulent inhomogeneities in the 
dielectric structure of clear air, but some of them might well result from 
enhanced backscatter from particles having a favorable alignment relative to 
the radar's polarization. The depolarization of satellite signals under 
conditions that occasionally are visually "clear" suggests that such events 
may be associated with ice crystals.

Additional support for this hypothesis comes from observations made with 
the 10 cm FM-CW radar pointing vertically. Strong and consistent returns 
were observed at Fraser, Colorado from particles identified as ice blown off 
the peaks and ridges surrounding the site. An example is shown in Fig. 6-1, 
in which both cloud particles and dielectric backscatter are shown. The 
dielectric backscatter is seen in the breaking wave structure faintly visible 
at a height of 2 km. The identification of the scattering particles was 
substantiated by simultaneous lidar observations.

Immediately we are presented with a mystery, of sorts, if we assume an
2 2expression similar to (Eq. A17) to be valid, because K = (m -l)/(m +2) - 0.97 

for water and only 0.45 for ice. The situation is even more drastic for snow 
because K/p s constant and the density of snowflakes is only about 0.05 that 
of ice. Thus Ksnow = 0.05 K^cg, and we would expect water drops to be much 
more effective scatterers than ice or snow. A possible explanation lies in 
polarization effects and the possibility that ice particles are often water 
coated. Growth and nucleation processes may also be important because par­
ticles with ice centers may grow to drop-sizes relatively large compared with 
coexisting water drops.
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These observations suggest that it is imperative that more information 
be acquired on the relationship between cloud types and radar backscatter; 
they demonstrate the potential importance of radar as an observational tool 
in a weather observing facility but emphasize the gaps in present knowledge 
that prevent its use in a quantitative and explicit way.

The observational results summarized above suggest an experimental 
program in which radar polarization might be exploited to fill some of the 
crucial information gaps.

6.2 Backscatter by Non-spherical Particles

Discussion

There has been increased interest in methods of calculating the polariza 
tion effects of non-spherical scatterers because of the anomalous depolariza­
tion events that are now recognized to occur commonly on earth-satellite 
paths. There are three primary ways in which the effect of scatterer shape 
on incident radiation may be analyzed. The theory of Gans (1912) is an 
amplification and extension of Lord Rayleigh's earlier theory (1881) for 
scattering from small spheroids. With the availability of computers, scatter 
ing theories based on Waterman's (1965) "extended integral equation" tech­
nique have been used (e.g., Bringi and Seliga, 1977) to treat non-spherical 
scatterers with dimensions up to about 3A. It provides an exact solution, 
but computers are generally needed for solution of the transition, or T- 
matrix. Finally, numerical solution for the scattering from bodies of arbi­
trary composition and shape is possible by dividing the scattering volume 
into incremental volume elements and matching the (complex) boundary condi­
tions at all inter-volume-element boundaries. Only the Gans method provides 
results parametrically simple enough to make conceptually general statements 
about the effects of non-sphericity on scattering.

Theory

It is presumed in Gans theory that a uniform plane electromagnetic wave 
intercepting an ellipsoid excites dipole moments that can be resolved into 
three components along the orthogonal axes of the ellipsoid. The length of 
the axes are presumed small compared with the wavelength, and multi-pole 
moments are neglected. The Gans theory has been adopted by Atlas, Kerker, 
and Hitchfeld (1953) to deduce some effects of scatterer shape on radar 
backscatter. 128



The electric moment per unit volume induced in the scatterer is E (m -m ) 
so the total moment is (see Section 2-4)

£ = mQ2EV (m2/mo2-l)/4ir (6-1)

where V is volume of the scatterer, m is its refractive index, m is the
refractive index of the propagation median, and E is the electric field
induced in the scatterer. Gans (1912) finds the induced field in a spheroid
to be related to the incident field E aso

EC = (6-2a)m2/m 2-l 
1+ --- t”---  p4 TT

on (6 - 2b)2, 2 .m /m -1
1+ ._____  p-4 TT

o t, (6-2c)m2/m 2-l 
1+ --- rf---  p'4tt

where E, is the direction of the axis of rotation (or figure axis) of the 
ellipse and n and ? are the directions of two orthogonal diameters. There­
fore, from Eq. (6-1),

f? = C4*)’1 m02g Eo^ fn = (47r)_1 mo2g' Eon’ £s = (4it)’1 mo2g’ Eo? (6"3) 

where g is the complex quantity

V[(m/mQ) -1] 3V L Li e-ix,x' (6-4)g> g 4 TT ’4tt + [ (m/m ) -l]p,p'

where

p' = 2u - p/2.

The quantities L, L', x> x’> an(i g> g' are defined by the identities in Eq. 
(6-4). For an oblate spheroid (flattened at the poles of the major axis) 
Gans finds

ii nP
e M1" arc sin e] (6-5a)
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and for a prolate spheroid

P = (6 - 5b)

2 2 1/2here e = (a -b ) ' /a is the eccentricity and a and b are the serai axes of 
the elliptical cross-section.

The scattered field Es at distance r from a dipole of moment f is given 
by Eq. (2-5), that is,

E exp (-i ks (6-6)s

where kg = 2tt/A. The r.f. phase factor, exp(-i kg • r) , will be neglected 
because we are interested in the signal magnitude. Also, the scattered power 
Pg at r is related to the incident power Pq as

P V (6-7)s 4-rrr 2

where a is the equivalent cross-section of a target isotropically scattering
the same power in the direction r as the real scatterer. Noting that P ,2 2 0 
s’ “ o ’ “s and that V = ^ D-5 is the volume of the equivalent sphere; Eqs.
(6-3), (6-6), and (6-7) give

5n 6  2 .2 tt Dg (m -1)
a. o ■ ’ 6 4 it *  D US, S' (6-8)
i i A4 [4tt+ (m2-l)p,p' ] 2 a '

,

where is the cross-section of an individual drop scattering parallel to 
the principle axis and is the scattering cross-section for the two re­
maining orthogonal axes, Dg is the diameter of a sphere of equal volume, and 
S and S' are here defined by (6-8) for later use. If we examine the limiting 
case as e + 0, and expand both the arc sin factor and the radical in Eq. (6- 
5a) for small e, it is found that P -»■ P' -* 4tt/3 so that

i 2 . | 2m -1 D6 I K I2 2 (6-9)
(m +2)z I*

in agreement with the well known result for Rayleigh scattering from small 
spherical particles (e.g., Battan, 1973).
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Of course, Eqs. (6-8) and (6-9) give the scattering cross-section for a
single particle only. The total scattered power is therefore proportional to
0 = E a- where the summation is over a unit volume presumed to be uniformly 

vol
filled with scatterers. If the size distribution of particles is described 
by where is the number of drops in the size interval D to D + dD, Eq. 
(6-9) gives

K|2 / D6 ND dDo (6-10)
o

over the whole size range of spherical particles and for spheroidal particles 
in general Eq. (6-8) gives

a, a' = (?) (m2 - l)22 7T r D6 Nd dD,4 1 (6-lla)
\ [4tt+ (m2- l)p ,p' ] 2 0

and therefore from the definitions of L and y in Eq. (6-4)

^ / L,L'e‘lx,x' D6 Nd dD .
a, o' (6-llb)

Seliga and Bringi (1976) define the quantity

ZDR = 10 log (a/a')

as the "differential reflectivity" where a,a' are given by Eqs. (6-lla) and 
(6-llb), and NR is assumed to obey a Marshall-Palmer distribution, i.e., 

-3.67/D
Nr = NQe . Some insight is provided by first assuming a uniform size
distribution and assuming that all particles are oblate spheroids with ver­
tical axes, equal eccentricity and equal volume. Then Eq. (6-8) gives

a/a' = g /g .

Geometry of Scattering

We first consider the radar backscatter problem, then generalize it to 
the case of forward scatter because of the interest in scattering on earth- 
satellite paths. The orientation of the axis of symmetry (figure axis) of 
the ellipsoid is in the direction £ and two orthogonal minor axes are chosen 
in the directions n and t;. The geometry assumed is shown in Fig. 6-2 and is 
summarized as follows:
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x

Figure 6. 2--Schematic. -UluAtAaXlon ofi aiMimcd geomeAny defining AymbolA and 
quantdJxci a&cd Ln poZasu-zatlcm anaZy&jj>.

a) choose E, to be the direction of the rotational or figure axis of the 
ellipsoid,

b) choose z to be the propagation direction of both the incident and (with 
opposite sense) the radar backscattered energy,

c) choose the x axis to be in the direction of the incident field E
~o

where the zero subscript is dropped from now on.

d) without loss in generality, choose one minor axis E^ of the ellipsoid to 
lie in the xy plane (i.e., <j>' = <j> + 90°) and the other to lie in the £z 
plane (i.e., cj>' = <j>, 6' = 6 - 90°).

e) make 0 and 6 the angles between the E, direction and the x and z axes
respectively. <j> is the angle between x and the direction of E^ projected
onto the xy plane. 0' and 6' are the angles between the p direction and the
y and z axes respectively, and 4>' and <f>" are the angles between x and the
azimuthal directions of E and E .n C
Dropping the zero subscript the projections of E onto the three axial direc­
tions are
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EC = E cose = Ea, E = E cose' = Em, E = E costj" = En
n

and the projections on x are

E „ " E5 cose = E^ sin6 costj, Exn = E cose' = E cos 6 COStj) , Ex? = -E^sintj).
x? n n

Similarly, on y and z,

Ey? = E^ sin6 sintj) E = E cos6 sintj Ey? = E costj)
yn n

ez5 = E^ cosS E = -E sin6 Ez, = 0
zn n

so

2 2 2, 2 „ . 2.
Ex? = E sm 6 cos <J) E = E COS 0 cos <P Ex, = E sm <j>

xn

• 2 2. 
Eyc = E sm 6 cost)) sintj) E = E cos 6 COStj) sintj) Ey? = -E sintj) costj) (6

yn

Ezc = E sin6 cos6 cost)) E = -E cos6 COStj) sin6 Ez? = 0
zn

and
fxE ■ "o28 ExE ‘ fx„ ' "o28'Exn " CL'''iX'Exn.

xn •

fXE " "o2«’Ext ■ CE'eiX'Ex5 etc'

where C = 3 m 2 V/4tt and V is the volume of the scatterer. Summing all 
o

components along x, y, and z,

f = CE (Le'ixsin26cos2tj> + L' e"ix' cos26cos 2<p + L'e'ix sin2tji)

= CE \(Le>'lx - L'e‘lx')£^ + L'e lx' (6-13a)

= CE |Le ixsin2S sintj) cost)) + L'e ix cos26 sintj) cost)) - L'e ix sintj) cos<)>| 

= CE <(Le‘lx - L' e~lx') (6-13b)

f = CE cost)) cos6 sin6(Le ^X-L'e :'‘x ) = CE (Le ^X-L'e x (6 -13c)
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where £^ = sin6 cosj>, £2 = sin6 sintj), £^ = cosS are the direction cosines of 
E^ projected onto the x, y, and z axis respectively.

If z is chosen to be the propagation direction, E^ = fz = 0. If the E 
vector lies on the x axis, the propagation plane is yz, and if the x axis is 
horizontal the radiation is horizontally polarized. If xz is the propagation 
plane, containing the E vector, the radar is vertically polarized. In either 
case, f is the cross-polarized component of the radiation.

Of course, in reality we are not dealing with single scatterers but with 
ensembles of scatterers oriented in some manner only describable statistically 
Atlas, Kerker, and Hitchfeld suggest three cases of particular interest: (a) 
the case of random orientation, (b) the case uniform orientation of oblate 
spheroids with figure axes vertical, and (c) the case of prolates with their 
major axis arbitrarily oriented in the horizontal plane. From Eqs. (6-13a,b)

fx2 = C2E2j^L2e~2lx + Cl-2iI12 + <I14) (L')2e"2lx + (£12-£^4)LL'e~1*-x+x'^j
(6 - 14a)

|L2e-2ix-2LL’e-i(x+x,) + (L')V2ix'j .f 2 = C2E2(£1£2)2 (6-14b)

If an average is taken over a complete cycle of the incident wave propa­
gating such that L exp(-iy), L'exp(-ix') “ exp i(wt - kQz - x.X1)

C2E2 fa)„4it i2L| "+(l-2£2 + *J) |L’ |2 + 2 f £? - £? ■i(X-x')2 (£^ - £p | L | | L» |e (6-15a)

2 C2E2 2£y 2 I LI I L • I e"1 ^x~x * ^ + I L' I2!
= V" (*1£9)2 (6-15b)12'

Perfect Sphere

Return to Eqns. (6-4) and (6-5) and consider tKeir limiting form for a 
perfect sphere. Note that e = 0 for a sphere. If the sin £ factor and the 

radical in Eq. (6-5a) are expanded in series for small e, it is found that 
p = p'->- 4tt/3 as e + 0 -so that

„ . g. . —U - a3 I*/1! . a3K C6-16a,
4tt(hi +2) (mz + 2)

for a sphere, i.e., Le~lx = K. Noting that ^ = £2 = 0 if we choose a co­
ordinate system for the sphere such that £ = z, Eq. (6-14a) gives

134



_p2 _ 4 6tt2-c2 __ c 71 a ~\ 2 4 Tr21vr2c2± m0 a K E = (3/4tt) mQ V K E (6 -16b )

in agreement with the classical result for the dipole moment of a sphere.

Random Orientation

If the orientation of the axis is entirely random

2" i 1 o 1 x 1^4. 1
£1 = j J ^ dSL^ = j, £1 = i- / ^ d^ = i etc.

Then

2 + fllL' I2 + T5-I L I I L ' I cos(X-x')j (6-17a)

2 2c Ez 1 | | L|2 - 2|L| |L’ | cos(x-x') + IL' I 2 (6-17b)2 ’ 15

Oriented Oblate Spheriods

Suppose the scatterers are all oblate spheriods, oriented with their 
figure axes vertical. The vertical direction is then £. Also, choose the x 
axis to be horizontal. Since z is by definition the propagation direction, 
the propagation plane is then zy; it must contain (i.e., 0 = 90°) if g is 
to be vertical and x horizontal. Therefore, the projection of E^ on x, is 
SL-^ = 0 and on y is ^ = sin <$.

Note that the polarization has not been specified. Equations (6-15a)
and (6-15b) are written assuming E to be horizontal, lying along x. For
vertical polarization the x and y axes can be exchanged. Then f and f mustx y
be interchanged and also and Thus for horizontal polarization

0 (6-18b)

and for vertical polarization
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2 0 (6-19a)

, 2 C2E2 ,. I 2 . 4. ^ ,t,|2,, 9 .2. ^ - 4,-.
^— | LI sin 6 + |LT | (1-2 sm o + sm oj

+ 2 | L | | L'|(sin26 - sin^6) cos(x-x') • (6-19b)

Thus with horizontal polarization the E vector is perpendicular to the 
y, z, and £ axes, so only f^2 is non zero. Furthermore, since the x axis of 
the spheroid is independent of 6, the moment f does not depend on elevation 
angle. When the propagation plane y£ contains the E vector, the polarization 
is said to be vertical. The projection of E onto the x axis is then zero so 
f = 0, but the projection onto E, clearly depends on the angle between 5 and 
the propagation direction z, so f^ depends strongly on <5.

Oriented Prolate Spheroids

Suppose the scatterers are prolate spheroids with their major axis lying 
in the horizontal plane. Then 5 is horizontal as is x by assumption.

Therefore the horizontal plane is xE, and H1, the projection of E? onto 
x, is just = cos6, and S,2, the projection of E^ onto y, is = sin6 sin6. 
Thus

o • 2.sm 6 / . 2nsm 6 sm 6d0 = —t—2tt -TT

• 2.s m o / cos20 sin20d0 = g- sin26
(] it 1 -2,2) 2 7T -TT

3 . 4,sm 6;¥

so for horizontal polarization and horizontal prolates,

2„2 I 1H 2 +  |L 1 lcos(x-x’) + I I L' 1 21 2 C E \ I L* (6 - 20a)

2r,22 _ C E 2i sin26 1L|2 - 2|L||L'|cos(x-x') + IL' (6 - 20b)
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and for vertical polarization and horizontal prolates

__ 2 2
r 2 CTE i sin26 |L|2 - 2|L||L'|cos(X-x’) + |L' (6-21a)x 2

__ 2 2r 2 _ C E L|2sin^5 + (sin26 -  sin^S)|L||L'|cos(x_X')7 " 2 j

+ (l-sin26 + sin^6)|L' (6-21b)

6.3 Differential Reflectivity from Non-Spherical Particles

Suppose a volume containing oblate spheroidal scatterers of common size 
and shape is viewed simultaneously by radars of horizontal and vertical 
polarization. Furthermore, assume that the axes of rotation of the spheroids 
are all vertical. Then the ratio of powers in the two polarizations will be 
given by the ratio of Eqs. (6-18a) and (6-19b). The ratio will generally 
vary dramatically with zenith angle as shown in Fig. 6-9 parametric in the 
ratio a/b where a is the semi axis of rotation (principle axis) and b is the 
orthogonal semi axial dimension. However, if the two radars are viewing the 
volume horizontally (6 = 90°) a rather simple relationship is obtained as 
shown in Figs. 6-3 and 6-4. For either water or ice the ratio of the powers 
in the two polarizations depends mainly on the ratio a/b with only a weak 
dependence on radar wavelength A or temperature. Therefore, a simple measure 
of power backscattered on the two polarizations provides a direct measure of 
drop shape.

In order to obtain information on actual drop-size, it is necessary to 
use either a relationship between absolute reflectivity and drop size or a 
relationship between drop shape and drop size. The latter relationship has 
been investigated by Pruppacher and Beard (1970). They studied water drops 
falling at terminal velocity in a wind tunnel at 20°C at a pressure of sea 
level in a nearly saturated environment. They obtained drop-shape photo­
graphically, and examples of various size drops are shown in Figs. 6-5 and 
6r6. At first glance the drops in Fig. 6-5, which are between 30 and 450 ym 
radii appear to be spherical. However, with magnification even drops as 
small as 155.5 ym radius were found to be deformed. In summary, drops less 
than about 140 ym (Reynold's number = 20) showed no deformation; drops such 
that 140 ym < a £ 500 ym were slightly, but measurably, deformed oblated
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conforming fairly well to the relations obtained by Imai [1950) which can be 
combined (Pruppacher and Beard) into the expression

a/b = [1- (9/16') aopVt2/s]1/2 (6-22)

where aQ is drop radius, in cm, p is saturated air density (^1.19 x 10 g cm ), 
Vt is terminal fall velocity in cm s 1, and s the surface tension of water at 
20°C (-u72. 75 erg cm"2) .

Figure 6-6 shows drops in the size range 0.5 £ aQ £ 4.5 mm. It shows 
that the shape deviates markedly from spherical in this range, but up to 1.5 
mm radius the shape is still well approximated by an oblate spheroid. At 
larger sizes the bottom of the drop is flattened. The various experimental 
results to be found in the literature were collected by Pruppacher and Beard 
and are summarized in Fig. 6-7. In the size range 0.5 < aQ < 4.5 mm the 
deformation a/b is linearly related to size aQ by the empirical expression

a/b = 1.030 - 0.124 aQ (6-23)

where a is in mm.

(!) Kumoi taqoki 
(2) Blanchard

TiguAt 6.7--VAop d.e.&oAmaticm v&i&uA dAop-ilze. (,Aom AouAc&b lndU.c.outzd. on filgu/ie..
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Pruppacher and Fitter (1971) have presented a method with more physical 
basis for calculating drop shape but the method requires assumptions about 
the appropriate pressure distribution over the drop and requires computer 
calculation. From the radar-observed deformations a/b it is easy to cal­
culate effective values of drop radius aQ using Eqs. (6-22) and (6-23).
Then, using empirical fall velocity-size relations given by Gunn and Kinzer 
(1949) or by Foote and DuToit (1969), the fall velocity in quiet air can be 
retrieved. Finally, with Doppler observation of total fall velocity, the 
contribution from vertical air motion can in principle be deduced.

The discussion above has been based on the assumption that all drops in 
the volume are of the same size and shape. Seliga and Bringi (1976) adopt 
the more reasonable assumption that the drop sizes form an exponential number 
distribution NR = Nq exp-(ADg). The total backscattered power

P « / VDdDeD=0
where the index "e" refers to a sphere of equal volume. So from Eq. (6-10),

a'
 DeSi NDdDe

a (6-24)00 Z/ D;s.NDdDe

J

where S, S' are defined by the identity, Eq. (6-8). Bringi and Seliga (1976) 
call 10 log(Z'/Z) the "differential reflectivity" = ZRR although "differen­
tial reflectivity factor" would be a more appropriate term, as Z is conven­
tionally called reflectivity factor to distinguish it from the reflectivity 
p. In their interpretation Z' is the value for horizontally polarized in­
cident radiation and Z is that for the vertically polarized wave. When the 
distribution for NR is inserted in Eq. (6-24), Nq cancels and Dg disappears 
in the integration. Therefore, since the mass median diameter D = 3.67/A, 
the quantity Dq is uniquely determined by the radar power measurement ZR/Zy.
Then, from an absolute measurement of either Z„ or Z.r, the value of N can n V o
be found. Using the results of Pruppacher and Beard to relate a/b to Dg and 
thus to calculate P, P' and S, S'; Seliga and Bringi compute the integrals in 
Eq. (6-24) by numerical methods and obtain the results shown in Fig. 6-8 
(solid curves) where ZDR is defined above and where Nq is related to the 
horizontal polarization reflectivity factor through the quantity 10 log(ZH/NQ)

It is noteworthy that essentially the same relationship between Z__ andDR
size scale is found from Eqs. (6-18a) and (6-19b) by suitable definition of

140



Figure 6. 8 Variations ofi 1^ and normalized horizontal reflectivity 10 log (Z^/N ) 
with Vg. The. drop-size distribution Is assumed to be. exponential with eoeffl- 
clent Ng. Vashed curve Is obtained from Eqs. [6-lSa], and [6-19b] by assum- 
tng a homogeneous distribution of drops by reseating VQ.

the size scale (say D^) to use in the uniform size model assumed in the use
of (6-18a) and (6-19b). The dashed curve shown in Fig. 6-8 for Znr> is foundUK
if the abcissa is D, instead of the mass median diameter D , where AD 
2.0. (Note that ADq = 3.67.) Thus, defining = 0.54Dq, the rather simple 
reasoning that led to Figs. 6-4 and 6-5 can be used to deduce the drop-size 
scale Dq from the differential reflectivity, effectively by-passing the 
numerical integration of Seliga and Bringi and the shape-scale-fall velocity 
relations of Pruppacher and Beard.

6.4 Attenuation by Non-Spherical Particles
The total attenuation, Qt, of radar waves by small particles is made up 

of attenuation due to the scattering of energy out of the beam, Q , and of
141



attenuation due to absorption Q&. That is, Qt = Qs + Qa- In the Rayleigh 
approximation for very small spherical particles (e.g., see Battan, 1973)

(6-25)

(6-26)

In order to generalize these results to the case of non-spherical particles, 
return to Eqs. (6-4) and (6-5a,b) and consider their limiting form for the 
case of a perfect sphere. In Eq. (6-5a) if the sin 4 factor and the radical 

are expanded in series for small e, it is found that P-*-4tt/3 as e->0 and Eq. 
(6-16a) is obtained. Equations (6-25) and (6-26) can then be written

Qa = r~2 •
Amo

Generalizing to the case of spheroids of random orientation

Q CIgI 2 + 2|s g' |2) (6-27)

Q Im (- g 2g') • (6-28)a

We see from Eqs. (6-25) and (6-26) that Q « (V/A)2, whereas Q “ V/A.
s a

Therefore, when considering liquid cloud droplets and cm or mm radar wave­
lengths, Q should easily dominate Q because of the relatively small volume a s
of each cloud droplet. However, the imaginary part of the refractive index 
of ice is very small, i.e., m = 1.78 -i7.9 x 10~4 at -10°C, whereas for 

liquid water m - 7.14 -i2.89 at 0°C for a 3.2 cm wavelength radar (Battan, 
1973). Obviously Eq. (6-27) can be used to calculate the attenuation in 
water clouds, but for ice particles the scattering cross-section is the 
important component and Eq. (6-28) must be used.
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6.5 Scattering in an Arbitrary Direction

We have so far considered only backscatter because that is the case of 
most interest in radar. However, in bistatic radar systems or in analysis of 
the effect of spheroidal scatterers on one-way communications and telemetry 
paths it is necessary to generalize the previous expressions.

If the scatterers are not spherical, the scattered electric field may 
have components E , E y , and E in all coordinate directions. The dipoleX  Z
moments f^, f^, and fz may exist along all three axes as shown in Fig. 6-9.
We consider the scattering to be along the dashed vector at an angle y with 
the z axis and let the angle y lie in the xz plane. The total electric field 
associated with the wave scattered at the angle y is therefore the vector sum 
of the y component and the components of Ex and Ez projected onto AB, the 
normal to the propagation direction in the xz plane. The scattered field has 
dipole moments f^, f , and f^, and the intensity of the power radiated is

I(Y) = C2tt/ A) 4 Cfy2 + fx2 cos2y + fz2 sin2y) . (6-29a)

Z

FUguAt 6. 9--Rcutco ofi backAc.aJXtAtd poweA aji vtAticaZ. and honUzonJaZ. poZaAA.zaJU.onA 
fioa voaZouA ztnUXh angZtA oa Aiming ApheAoZdaZ AcattoAtAA who At axtA o& 
Atjmt&iy axt vtAticaZ. Plot aa paAamttAZc. In tht Aatio a/b. ConcbuUonA 
othzAMAt OA ZndLLcatzd on j$ZguAt.
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In the backscatter direction, for which y = 180°, this reduces to simply

I (Y) = C2tt/X) 4 Cfy2 + fx2) (6- 29b)
as is to be expected.

Polarization effects in the forward scatter direction have recently 
assumed great importance. The depolarization that results from non-spherical 
scatterers imposes a major limitation on the possible use of polarization 
diversity as a means of increasing channels on satellite-to-earth paths. It 
is readily seen from the above, that both attenuation and depolarization are 
simply calculated within the approximations contained in the Gans theory. If 
the (spheroidal) shape of the scatterers is known; the depolarization and the 
attenuation are intimately linked through Gans' factor g.

Imagine, then, the surprise of experimentalists when the phenomenon of 
"anomalous depolarization" without attenuation was discovered on satellite to 
earth paths.

The answer, of course, is to be found in the comparison of Eqs. (6-14), 
(6-15), and (6-19). If we consider ice needles, it is immediately clear from 
Eq. (6-14b) and (6-15a) that there will be significant cross-polarized scat­
ter from ice prolates unless 6=0. On the other hand the imaginary part of 
the refractive index of ice is very small (k = 8 x 10 ^) so Eq. (6-19) will 
yield very small attenuation. It seems clear (Cox et al., 1976) that the 
depolarization results from ice particles in the atmosphere.

6.6 Conclusions and Possible Observational Applications

1) When the incident electric vector is perpendicular to a plane containing 
one of the spheroid axes, there is no dipole moment excited along that axis 
so there will be no cross polarized component in the scattered wave.

2) Ice spheroids are relatively weak backscatterers compared with water 
spheroids of comparable volume, and their backscatter and attenuation depend 
only weakly on shape. On the other hand, water spheroids are very shape- 
dependent. It is pointed out by Atlas, Kerker, and Hitchfeld, (1953), that 
the shape effect should be completely negligible for snow. They base their 
conclusions on the fact that (m -l)/(m +2) « p where p is density, and note 
that P is proportional to m -1. Since the density of ice is about 0.9 and 
that of snow is about an order of magnitude less, the very weak shape
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dependence of pure ice is further greatly reduced when it occurs in the form 
of snow. However, for melting snow, when the flakes are water coated, the 
reflectivity might become very shape-dependent.

3) Kerker, Langleben, and Gunn (1951) and Warner (1977) have made computa­
tions on the basis of theory assumming an ice sphere to be surrounded by a 
thin water film. They find that even a very thin water coating is sufficient 
to make the scatterer behave like a water droplet of the same mass.

4) For oblates the backscattered power does not change with zenith angle 6 
for horizontal polarization, but for vertically polarized transmission the 
backscattered (parallel polarized) power decreases dramatically as 6 in­
creases. This is also true if prolates (needles) have their major axis 
horizontal but are randomly oriented in azimuth.

5) For prolate spheroids whose principal axes are vertical, the backscatter 
increases as the zenith angle 6 increases.

6) The ratio of the backscattered power in vertical and horizontal polariza­
tion and their phase difference is a sensitive measure of drop-shape. If 
both radars view the volume at horizontal grazing angle (6 = 90°) especially 
simple relations are found as seen in Figs. 6-3 and 6-4. The ice phase 
differs greatly from the water phase. Drop shape a/b is closely related to 
drop-size so the dual polarization measurement is of significant potential 
value to the meteorologist monitoring locally changing conditions. The drop- 
shape deviates significantly from spherical only for drops greater than about 
200 microns, so such a measurement may not be of much use in studies of non­
precipitating clouds. However, it should be a sensitive indicator of when 
the first few large drops appear and permit the observer to monitor the 
occurrence and growth rate of precipitation-size particles within clouds.

7) Polarization measurements can reveal to the meteorologist much about 
conditions near the freezing level by exploiting the bright-band phenomenon.
As pointed out above, the reflectivity of snow above the freezing level 
should be very small and independent of polarization at all zenith angles 6. 
However, a region of high reflectivity occurs just below the zero degree 
isotherm. Suggested reasons for the enhanced reflectivity producing the 
bright band include (1) transition from ice to water (Austin and Bemis, 1950) 
and (2) change in shape as particles melt (Wexler, 1955). Based on depolari­
zation measurements, Wexler concluded that shape changes accounted for only 
about 1.5 dB of enhancement. Because flat oblates with vertical axes would
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not be expected to produce depolarization, but should produce significant 
aspect vs. reflectivity changes, an experiment should be done using two 
polarizations to measure the relative backscatter dependence on elevation 
angle in an RHI scan. However, horizontally oriented prolates (or needles) 
could cause significant depolarization, so measurements of both the co­
polarized and cross-polarized backscatter on both polarizations would be of 
value to the meteorologist wishing to monitor the change of state and dis­
tribution of particles in his vicinity. The dependence of the ratio of 
backscattered power in the vertical and horizontal polarizations on zenith 
angle 6 and on wavelength A is shown in Figs. 6-10 and 6-11.

figure 6.10--Ratio o<$ back*cattered power 
in vertical and horizontal, polarization* 
j[or variou* zenith angle* ai-iuming *pher- 
oidal *catterer* who*e axe* ofi *ymetry 
are vertical. Vlot i* parametric in the 
ratio a/g. Condition* othemi*e a* in­
dicated on figure.

figure 6.11—Geometry oft o^-path *cattering 
in arbitrary direction y; general picture 
with z not nece**arily the propagation 
direction.
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8) For ice, k (the imaginary part of the refractive index) is very small so 
X is small and attenuation due to absorption is very small. Attenuation is 
almost entirely due to scattering.

9) Equations (6-18b) and (6-19a) show that no cross-polarization results 
from oblate spheroids whose axes are vertical for either horizontal or ver­
tical polarization.

10) Prolate spheroids whose major axes are randomly oriented in horizontal 
planes produce significant cross polarization of the backscattered signal.

11) When the electric vector is parallel to a plane containing the major or 
minor axis of the spheroid only the dipole moment along that axis is excited.

12) By monitoring the height region containing the freezing level, the 
meteorologist could tell when an ice cloud begins to precipitate, because the 
bright-band phenomenon depends on particles falling through the freezing 
level. In fact the distinctive banding is partly a result of the change in 
particle fall velocity as they change state from snow to liquid (see Fig. 
6-12, taken from Lhermitte and Atlas, 1963). In Fig. 6-12 the radar was of

10 IOZ I05 I04
Ze - mm6/ms

VlQan.e. 6.12—SAjnu2ta.ne.ou,i pno^ltu oi ncitLcXXotty ia.cX.on. I and noot-mcan-iquanc. 
panXXcZz-iaXZ ipccd In tight [1 mm/hn), AXmdy pnncA.pttaXA.on wttk a bnlghX 
band. (Vnom LhoJmiXXz and AXtU, 1963.)
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wavelength X = 3.2 cm and pointing vertically. The bright-band is often more 
intense than would be expected simply from the change in state from ice to
snow. Note that Z increased by a factor of 30.6 between level 2 and level 3e , , 2 in Fig. 6-12. Referring to Eq. (6-9) and noting that |K| ^ 0.92 for water
and | K | = 0.21 for ice, we see that the change from ice to liquid can only 
account for a factor of about 5. This fact caused Lhermitte and Atlas (1963) 
to propose that rapid aggregation of ice crystals into larger and larger 
snowflakes proceeded down to level 3 within the bright-band. Even when ran­
domly oriented, nonspherical particles can be much more effective back- 
scatterers than spheres as shown by Fig. 6.14. For particles with an axial 
ratio of 10 to 1, the normalized backscatter intensity in the parallel polar­
ized channel 1^, is about 10 for oblates and about 25 for prolates. Further­
more randomly oriented particles can produce substantial power in the cross 
polarized receiver channel. Figure 6.15 shows that water drops with axial 
ratios of about 10 lead to depolarization ratios of about 10% for oblates 
and about 30 percent for prolates. For randomly oriented particles typical 
values of the depolarization ratio, expressed in decibels range from -10 to 
-25 dB. By comparison, the backscattered power from oriented particles is 
shown in Fig. 6.16 and may be compared directly with Fig. 6.14; from Atlas, 
Kerker and Hitschfeld (1953) .

FZgan.il (>.13--Ratio o{> backAcattenlng croAA-Aectlon for water and Ice. partlcleA 
oa a function o& Ahape aAAuming vertically pointing radar.
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Figune 6.14—PanaZZeZ-poZanized bac.kic.cUtM. and attenuation 
by randomly oniented waten and ice iphenoidt, negative 
to netunn and attenuation by equivoiume iphenet. Fnom 
Attat, Kenken and Hitchietd.

oitar noitaziraloped

Figure 6.15—VepoZanization natio [natio oi
cnoAA-polanized component oi back* cottoned
enengy to panaZZeZ-polantzed component) ion
nandomZy oniented waten and ice paniicZet. 
Fnom AtZat, Kenken and HitckieZd. 

 Figune 6.16—PanaZZeZ-poZanized component oi 
 backs cottoned intensity finom oniented panti- 
 diet [negative to back&catten inom equi- 

oohrne iphenet) ion the two extneme catet oi
venticaZZy [6 = 0°) and honizontaZZy (6 =
90°) pointing, venticaZZy poIonized antennat. 
Fnom AtZat, Kenken and HitchieZd.
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CHAPTER 7 - DOPPLER RADAR OBSERVATION OF CLOUDS AND CLEAR-AIR

7.1 Doppler Radar Measurements

The radar techniques so far described for observing the atmosphere use 
the magnitude of the backscattered power, the relative power backscattered at 
different wavelengths, or the relative power backscattered on different 
polarizations. However, radar systems can also measure the Doppler shift of 
the backscattered signal which is due to movement of the scatterers toward or 
away from the radar. The use of Doppler radar for research in the dynamics 
of mature storms is not new and the imminent incorporation of Doppler capa­
bility into National Weather Service radars gives it new potential impor­
tance. Until recently, Doppler radars have been limited to observations on 
systems containing precipitation size particles. However in the last decade 
important observations have been possible in the optically clear atmosphere 
using Doppler radars with wavelengths of 0.1 to 10 meters. It now seems 
likely that Doppler radar capability will be extended to study non-preci­
pitating clouds. Therefore, at this point Doppler radar systems will be 
considered briefly and their potential for cloud observations assessed.

The conventional, non-Doppler radar, measures the total power back- 
scattered from each radar resolution cell. The radar resolution cell is 
defined by the two-way antenna pattern and the resolution along the antenna 
axis which depends on the bandwidth of the transmitted signal (pulse width 
for a pulsed radar) and the receiver response. Doppler radars measure radar 
reflectivity in each resolution cell but they also measure the reflectivity- 
weighted distribution of radial velocity (the Doppler velocity spectrum) in 
each cell. These data are obtained simultaneously for all resolution cells 
along the antenna pointing direction. Typical observation times are about 
0.1 sec. Real-time estimates of the mean radial velocity (first moment of 
the Doppler spectrum) and width of the spectrum (second central moment) can 
be made with presently available hardware. The complete Doppler spectrum can 
be found in real time for a limited number of resolution cells. Figure 7.1 
is an example of the Doppler spectrum observed with a vertically pointing 
radar. In this case both rain and hail were present in the resolution cell 
and the Doppler spectrum shows two distinct fall speeds. In many cases the 
spectra are very much broader than that shown in Fig. 7.1.

The primary information provided by a Doppler radar is the three dimen­
sional fields of radar reflectivity, mean radial velocity, and spectral 
width. Radar reflectivity provides insight into the type of scatterers
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Figuxe 7.7 —Top fixame: Schematic. iiluAtxation ofi the. Vopplex spectxa o£ two 
succusive pulses in a pulse xadax system illastxating the ambiguity in 
intexpxetation called velocity folding; ifi signal #7 coxxcsponds to pulse 
#1, the xadial velocity is just V = + Howevex, ii the xadial velocity
0(5 the taxget ii gxeatex than 1/^, signal #7 goa> with pulse #2 and l/ =
-2 1/^ + 1/j. Bottom l>vame.i Schematic appeaxance o{> folding on an "A" scope 
display.

present; mean radial velocity fields are used to construct the wind field 
(scatterers are assumed to move horizontally with the mean wind and to have a 
fall speed which depends on particle size) ; the width of the spectrum can be 
used to infer atmospheric turbulence. Radar reflectivity and mean velocity 
are widely used by radar meteorologists whereas estimates of spectral width 
are not. The reason for this is two-fold: (a) reliable estimates of width 
are more difficult to obtain and (b) the meteorological interpretation of 
width estimates is not as straight forward. Spectral width depends on a 
number of factors as discussed in Section 7.2.
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Meteorological Doppler radars measure the velocity of the scatterers by 
observing the phase change of the returned signal from pulse-to-pulse. The 
need to observe signals scattered by a sequence of transmitted pulses leads 
to restrictions on the maximum range and maximum velocity that can be mea­
sured unambiguously. As will be shown, these limitations are more severe for 
shorter wavelength radars.

A pulsed radar (conventional or Doppler) transmits a series of pulses of 
temporal duration x and of pulse repetition interval T. If a target at range 
r is so far away that the travel time of the microwave energy to the target 
and back (t = 2 r/c) exceeds T, then the succeeding pulse is transmitted 
before the preceding signal returns, so the signal appears at the same range 
as that of a target whose range is r = c ^~. The maximum unambiguous (or 
folding) range is:

(7-1)

The minimum scale the radar can resolve in the radial direction is

Ar =  ex . (7-2)j

In both cases the factor of 1/2 appears because target range is one-half the 
total travel distance of the radar pulse.

In the pulsed Doppler radar, the phase of the transmitted pulse is known 
and the phase of the returned signal is compared with that transmitted to 
obtain the range to the target. If the target radial velocity is so large 
that target range changes more than A/4 between succeeding pulses, then the 
signal phase change will be more than it radians. But this phase change could 
have been caused by a target moving in the opposite direction at a slower 
radial velocity. The unambiguous (or folding) velocity is therefore

= + AZ± (7-3)m - T

Note that the maximum frequency that can be observed without ambiguity is 
f = ± yT To satisfy the Nyquist sampling criterion and, since Doppler fre­
quency and velocity are related by

f = 2V/A , (7-4)

152



vm - \ “ 1 7r 50 that Vm is usually referred to as the Nyquist velocity.
Velocity resolution depends on observation time; that is, if N pulses are 
used to observe the target, the frequency resolution is so the velocity
resolution is

AAV = (7-5)2NT

The range at which aliasing (or folding) occurs is proportional to the 
pulse repetition period while the velocity at which aliasing (or folding) 
occurs is inversely proportional to pulse repetition period. Thus, for a 
given radar wavelength and with uniformly spaced pulses we can only minimize 
range aliasing at the expense of velocity aliasing and vice versa. Since the 
product of unambiguous range and unambiguous velocity is

R V = ± (7-6)mm 8

aliasing problems are more troublesome for shorter wavelength radars.

It should be noted that velocity aliasing can often be resolved using 
spatial and temporal continuity constraints or from additional meteorological 
information. The velocity of range-aliased targets can be measured if they 
do not coincide in range with echoes that are not aliased. Also, range 
aliasing is not a problem at higher elevation angles so that the maximum 
velocity can be increased by decreasing the pulse repetition interval as the 
elevation angle increases.

7.2 Atmospheric Turbulence and Doppler Velocity Spectral Width

If all particles within the pulse volume of a very narrow beamwidth 
Doppler radar were moving in the same direction with the same velocity, a 
single Doppler frequency spectral line could be unambiguously identified. 
Actually, the Doppler spectrum of atmospheric backscatter has finite width.
In fact, it may often be quite broad. There are several reasons for spectral 
broadening:

a) If the air within the pulse volume is turbulent, the various air 
parcels are moving randomly in all directions with a wide range of velocities. 
The Doppler spectral width therefore contains valuable information about the 
turbulence intensity throughout the volume of space being probed.
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b) If there is shear in the mean wind, the speed and direction of the 
mean wind may vary significantly within the pulse volume causing broadening 
of the Doppler spectrum. Usually, the important shear is the transverse 
variation in the radial wind component because the transverse dimensions of 
the resolution value are greater than the radial dimensions. If this is 
significant, a correction for it must be applied before the turbulence in­
formation can be extracted. According to Sloss and Atlas (1968), the con­
tribution to the variance by shear transverse to the beam is given by

R2 rV2 Py r 9^ (7-7)0 = 2.76

where 8^ is the transverse shear (s ^), r is range to the pulse volume, 6^ is 
the half beamwidth to the half power (3 dB) point on the (Gaussian) mainlobe 
of the antenna pattern and the constant 2.76 results from a Gaussian beam 
assumption and the definition of antenna width.

The contribution of radial shear in the mean radial wind has been given 
by Sirmans and Doviak (1973) as

a2 = (6r A)2/12 (7-8)

where BR is the radial component of shear in the mean radial wind and A is 
range cell length.

c) The Doppler spectrum is broadened if the antenna is in motion.
Sloss and Atlas find this contribution to the variance to be

a2 = D2D2/2.76 (7-9)

where D is antenna diameter and ft is angular rate of rotation in radians s ^.

d) Even if there is no turbulence or shear in the mean wind, so that it 
is completely uniform in speed and direction, and even if the reflectivity is 
constant over the pulse volume, the Doppler spectrum would have appreciable 
width when measured with any real radar because of the finite width of the 
radar beam; that is, if the beamwidth is not infinitesimal, the radial direc­
tion from the radar varies over the beam so that a range of radial velocities 
is sensed even if the wind is perfectly uniform. In practice this effect is
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very small if the beamwidth is small. Formally its contribution is given by

a2 = V2 63/2.76 (7-10)

where is the component of the mean wind that is transverse to the beam 
axis, 63 is the half width to the half power (3 dB) point in the antenna 
pattern assuming a Gaussian beam.

e) If the radial velocity includes a component of particle fall speed 
there is a spectral broadening because not all the particles fall at the same 
velocity. This effect is negligible at low antenna elevation angles or for 
non-precipitating clouds. The variance caused by particle fall speed is 
given by

a2 = aD2 sin2 eE (7-11)

9where 0„ is the antenna elevation angle and a is the variance of the fall ■k 2 ^ 2 2speed of the scatterers. For rainfall, is about 1 m /sec .

f) Gradients in reflectivity within the pulse volume influence the 
spectral breadth because the influence of a given air parcel on the Doppler 
spectrum is weighted according to its reflectivity.

Because the total variance of a group of Gaussian broadening processes 
is the sum of the individual processes if they are independent, they simply 
contribute additively. Thus by subtracting the effects of (b) through (f) it 
is possible to deduce turbulent intensity within the pulse volume from Doppler 
radar observations. However, in addition to the contaminating effects listed 
above there are other complications. For example, it is necessary to assume 
that:

1) The outer scale of the turbulence is large compared with the largest 
dimension of the pulse volume, so that the inertial subrange of the tur­
bulence is fully established.

2) The form of the turbulence spectrum is known. This restriction 
could be relaxed if the radar had provision for varying the pulse length. By 
systematically varying the pulse length (and therefore the pulse volume) the 
form of the spectrum can be directly inferred if the turbulence is statis­
tically stationary in time and if it is spatially homogeneous.
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However, within the constraints imposed by the assumptions listed above, 
the spectral width can be used to calculate the turbulent dissipation rate in 
the pulse volume. The general technique seems to have been first discussed 
by Gorelik and Mel'nichuk (1963, 1968), but they did not explicitly include 
the spectral filtering that results from the limited transverse extent of the 
radar beam, and their results were only applicable to the case where the 
pulse width was much greater than the beamwidth. The general problem was 
treated by Srivastava and Atlas (1972) and by Frisch and Clifford (1974). 
Frisch and Clifford assumed a Gaussian beam crosssection and a Gaussian pulse 
shape, and they included both the case of pulse length greater than beamwidth 
and less than the beamwidth. The problem was further generalized by Labbit 
(1979) and he corrected an error in the Frisch and Clifford results for the 
case of pulse length greater than beamwidth. The correct treatment is not 
trivial and has been included here as Appendix D in which the derivation 
follows closely that of Labbit. Kolmogorov turbulence is assumed in which 
the energy spectrum is given by

e2/3 k*5/3E(k) (7-12)

It is further assumed that the illuminated pulse volume is represented by a 
Gaussian antenna pattern and a Gaussian pulse length so that the antenna 
pattern, normalized to the pulse volume, is

P = exp (7-13)

where x is the propagation direction and a and b depend on the beamwidth and
pulse length respectively. Then to 2nd order of a hypergeometric expansion 

?in y (see Appendix D),

(7-14)
.1.35 a(1 - Jg.

where
6 = a

when b < aY2 * 1-(b/a)2

6 = b
when a < bY2 = 4[1-(a/b)2]
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FIguAe 7.2—VlAtnlbution ofi veAtlcal velocity 
and tu/ibulent kinetic enexgy dlAAlpatlon 
note, e, -in a convective Atonm that iajcla ob- 
Aenved A-imaltaneouAly by a ventlcalty polnt- 
tng Vopplen nadaA and a distant nadan ob- 
Aexvlng it neanly honlzontatly. Con-touAA 
one. vertical aln motion meaAuAed by zenith- 
pointing aadax. Vertical velocity mea- 
AunementA wene connected faon. the ^ail 
velocity Oj$ the pantlcleA In Atiil aln.
Note that high dlAAlpatlon nateA wene mea- 
AuAed between updnafit and dominant. The 
spatial Acale was obtained by aAAumlng 
x 
(Fnom

- at, ichene u woA appnoxlmately 7 m A~ . 
 Fnisch and Stnauch, 1976.)

is the variance of the radar Doppler velocity spectrum.

Strauch and Merrem (1976) and Frisch and Strauch (1976) have used the 
method to observe the spatial distribution of turbulent dissipation rate in a 
convective storm. An example is shown in Fig. 7-2 in which computed values 
of e are superimposed on the vertical velocity pattern observed by a ver­
tically pointing Doppler radar as the storm cell moved overhead. Clearly, 
very strong turbulence was found (>2300 cm2 sec"3) in the zone between up­
draft and downdraft.

The method has also been used by Frisch and Clifford (1974) and Moninger 
et al. (1978) to observe the distribution of turbulence in the planetary 
boundary layer by injecting chaff into the airstream. Figure 7-3 from Monin­
ger et al. (1978) shows an example in which chaff was injected from a point 
source on a 152 m tower. The spatial and temporal patterns of diffusion of 
the chaff are shown for two releases.

The measurement of Doppler spectral width offers considerable promise 
for measuring the distribution of turbulence within developing clouds and 
relating it to drop size growth. Such a program would require the development 
of millimeter wavelength radars with Doppler capability because longer wave­
length radars can detect refractive turbulence in the optically clear air 
which can mask the signal scattered from the small droplets.
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7.3 Multi-Radar Doppler Systems

A technique that has provided dramatic new insight into the small- and 
mesoscale dynamics of storms is the dual Doppler or multi-Doppler radar 
system. The technique is very simple in principle and very sophisticated in 
practice — particularly in the methods of collecting, processing, and dis­
playing the data and analytical results. It has been used extensively in the 
study of mature, precipitating convective storms and even frontal systems 
(see Fig. 7-4) in which the drop sizes are large enough to serve as targets 
for conventional radars. The method holds great promise for cloud studies, 
but the necessary radar wavelengths are then very short and relatively highly 
attenuated.

The system uses two or more Doppler radars, separated by baselines, to 
scan a common volume of space with significantly different viewing angles.
The radar receivers are gated to collect data in increments of range, and 
their beams are swept in elevation and azimuth, thus scanning a pre-selected 
volume of a storm. Each radar measures the velocity component toward or away 
from the radar (radial component) within each incremental volume of the 
region scanned. It is necessary that there be particles of sufficient size 
for the radar to "see" within the volume of interest, such as naturally 
occurring rain or snow or artificially injected chaff or insects. Some 
radars may be sufficiently sensitive to use return from refractive index 
fluctuations in the clear air to operate in this mode as discussed in Section 
7.5.

The concept was first actively promoted by Lhermitte (1967), and such 
systems are presently operational at the University of Miami in Florida, the 
Wave Propagation Laboratory at Boulder, Colorado, the National Severe Storms 
Laboratory at Norman, Oklahoma, the National Center for Atmospheric Research 
(NCAR) at Boulder and at the Centre National de la Recherche Scientifique in 
France.

Key factors in the success of the multi-Doppler radar systems have been 
the technique of scanning the volume and the method of processing the data, 
and the various programs have differed mainly in their approach to these 
problems and in the missions for which the systems were designed.

The Miami program has aimed at a real-time processing capability, and 
special hard-wired logic was developed for rapid calculation of the wind 
fields from the combined radar observations. The data were collected in
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Flguxe 7.4—Example, ofi thn.ee.-dlmen&lonal wind. ^leldA xeconstxucted fixom multi
Popplex xadax ob&eAvatlonA. Top fixameA: Plan vleuti ojj hoxlzontal filow ^leldA 
thxough a fixont appxoaehlng the Slexxa Nevada fioothllli neax Aubuxn, Callfioxnla. 
Note the cyclonic &eatuxe at xlght eentex o& the le{,t-hand faxame. A imall 
toxnado wcw ob&exved on the gxound at thli point. Bottom fixame: i/extlcal 
cxoii-iectlon thxough the fixont.

planes common to both radars so that the radial velocities from the two 
radars could be simply combined to yield the total velocity vector in that 
common plane. Note that this does not mean that the two radars scan at a 
common, constant elevation angle, but rather that the radars must be pro­
grammed to scan in a fairly complicated manner. For low plane angles the 
technique provides a method for quickly and simply calculating the approxi­
mately horizontal field of the wind. The University of Miami system has been 
used effectively to provide wind fields for the weather modification experi­
ments conducted by the Equatorial Meteorological Laboratory CEML) of NOAA.

Unlike the University of Miami radars which transmit 3 and 5 cm waves, 
the Norman radars use 10 cm waves. That system was designed specifically for
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studying the generation and evolution of severe weather, and the identifica­
tion and prediction of those severe weather cells which spawn tornadoes. The 
10 cm wavelength of the Norman radars provides them with a generally greater 
range and smaller attenuation than the shorter wavelengths of the Miami and 
WPL systems. However, the components are larger, and the radars must have 
much larger antennas for comparable beamwidths; the Norman system is there­
fore confined to one area of operation.

The Wave Propagation Laboratory system is designed to be capable of 
being moved to various meteorological regimes and participating in various 
field experiments. It is therefore a 3 cm-wavelength system mounted on 
trailers. It is used as a research tool, so the processing of the data is 
done off-line by general purpose computers rather than in real-time. This 
permits computer calculation of the full, three-dimensional velocity field in 
a Cartesian coordinate system by methods which will be described below. The 
Doppler frequency information is extracted either by the covariance ("pulse- 
pair") method (Rummler, 1968; Miller and Rochwarger, 1972) or by a full 
Fourier transformation of the time series of information collected in each 
range "bin" of each individual "beam" using FFT (Fast Fourier Transform). The 
latter method provides information about spectral shape in addition to the 
Doppler shift information provided by other processors. Display of the full 
spectrum also aids in editing the data if multiple peaks are present, or if 
ground return must be removed, or if a threshold is to be adjusted to elimi­
nate "noise." The spectral shape and width contains information about the 
turbulence within the pulse volume of the radar, as will be described later.

Three-Dimensional Wind Fields in Storms Observed by Doppler Radar

In the co-plane method the radial velocity data are collected in common 
tilted planes scanned azimuthally by two radars. The two radars scan in­
dependently in azimuth through a predetermined number of "beams" in their 
common plane and then together step up to the next plane and independently 
scan it, etc. The original WPL system used 24 range gates, so for a typical 
number of beams and gates it required about 30 seconds to scan a single 
plane. In order to minimize the effect of temporal changes in the wind field 
during the scanning time, the field is referred to a common time by moving 
each parcel forward or backward according to its temporal displacement from 
the average time for each plane. If the storm system is changing rapidly, as 
few as 64 pulse samples may be collected in each volume increment so that the
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storm may be scanned very quickly. For cloud observations in which the 
system may be changing rather slowly, but in which the signal is likely to be 
very weak, as many as 512 pulses may be used to measure the Doppler signal.

In processing coplane data, a cylindrical coordinate system is used 
because such a system is natural for the dual radar baseline geometry, and it 
leads to very simple expressions for combining the radial velocities into the 
total velocity field in the planes (Lhermitte and Miller, 1970) . The situa­
tion is shown schematically in Fig. 7-4. The technique is described in 
detail, along with the relevant equations, by Miller and Strauch (1974).
After the 2-dimensional velocity field in the common planes has been found, 
the divergence of the wind field in the plane is computed. The equation of 
mass continuity as formulated in cylindrical coordinates is then used to 
calculate the velocity component normal to the plane by integrating the 
velocity divergence starting with the 0 deg elevation angle plane where the 
normal velocity component must be zero over level ground. This yields the 
total velocity field in the volume in cylindrical coordinates, and it only 
remains to interpolate the velocities from grid points in the cylindrical 
system to grid points in a Cartesian system and to transform the r, s, a 
velocity components into x, y, z components (see Fig. 7-5). Typically two or 
more radars interrogate radial winds in about 20,000 volume increments in 
about 4 minutes for a total period of an hour or more depending on the speed 
of storm motion and the size of the radar network. The quantity of data so 
collected is enormous and usually processing has been done off-line by high 
speed computers. One such software package has been developed by the Wave 
Propagation Laboratory and has been titled MUDRAS (Multiple Doppler Radar 
Analysis System). It has been published as NOAA Technical Memorandum ERL 
WPL-35 by Kohn, Johnston and Mohr (1978). Another software package that has 
been published is called MASTER, documented in Technical Memorandum ERL WPL- 
55 by Moninger and Sanders (1980). It is suitable for small computers but is 
designed to process the data only through the stage of interpolating the 
radar data into a Cartesian grid. Further manipulation of the data and 
display is most conveniently done in the SKY program published in MUDRAS.

An example of a single-cell storm in Northeastern Colorado is shown in 
Fig. 7-6 taken from Kropfli and Miller (1973). In this case only two Doppler 
radars were available in the experiment and the coplane method was used for 
its simplicity. However, if three or more radars are used to scan the same 
volume the coplane method is not feasible. The concept of synchronous scan­
ning of common planes must then be abandoned, and a plan for synchronous
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FlguAe 7. 5--Top finame: Schematic plotaxe oft the coplanan. ican commonly uied In dual-Vopplen 
wend faeld obAexvatloni. Bottom fame: Schematic picture fan. 3 nadam, with equation*, 
xelxtlng the Indicated velocity componenti. Vj h, the terminal £all velocity In quiet

scanning of the common volume adopted. There are a variety of options for 
such scanning. However, if it is decided to begin and end the volume scan 
simultaneously at all radars, it must be recognized that those radars close 
to the storm have much wider angular sectors to scan and must therefore scan 
much faster than radars farther away. It should also be recognized that the 
shape of the pulse volume of radars close to the scan volume can be very 
different from those farther away so that care must be taken in combining the 
measurements to produce three dimensional measurements. When more than two 
radars are used, it is usually most practical to interpolate immediately from 
the spherical coordinate system in which the radars collect their data into a 
Cartesian grid common to all the radars.

Particle Fall Velocity

Of course Doppler radars do not measure the air motion directly but 
rather the velocity of tracers within the air volume. Such tracers have a
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Y = 11.4

10 m/s

Distance North of Baseline Midpoint (km)

36 39 42 « 48
X (km)

Elguae 7.6—Example. Mind. fileZcU obieaved Mlth dual Vopplea aadau (top ^mme) 
compared Mlth a model o& a ilmple ilngle-cell convective i>toam (bottom ^aarne). 
The volume mean &Iom ha& been Aubtaacted fiaom the total Mind leaving the 
aeilduali. Note the gait finont, the Inflow at the fiaont, the {\Iom &oamxd 
Into the anvil, the (loM o{> day ala at mid-cloud level Into the back ofa the 
itoam exiting at the aeon, at iua^ace level and the doundoafit pnoduced by 
evapoaatlve cooling In the paeclpltatlon ihafit. [Eaom laopfili and Uillea.)

terminal fall velocity in still air which is added to the natural vertical 
velocity of the air itself. Since multi-Doppler radar systems view the 
atmospheric volume at very low elevation angles (maximum typically IS deg), 
and since the terminal velocity only enters the problem as the product of the 
sine of the elevation angle, the effect is generally small. The fall ve­
locity of chaff is about 0.3 m s'1 and the fall velocity of snow is about 
1 m s'1. However, the fall velocity of water drops is highly variable de­
pending on drop size and may reach 9 meters per second. Furthermore, in 
convective storms the drop size distribution may be highly variable through­
out the storm. It is therefore sometimes necessary to take account of the 
terminal fall velocity of the water drops in a more rigorous way. This is 
most accurately done by relating the fall velocity to the easily measurable 
reflectivity distribution through the storm. The relation between fall 
velocity and drop size is rather well established. Furthermore there is a
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large body of experimental data relating rainfall rate to drop size distri­
bution and radar reflectivity to rainfall rate. These various relationships 
can be combined to provide a relationship between terminal fall velocity and 
the radar reflectivity factor. One relationship commonly used in multi- 
Doppler radar software is that proposed by Joss and Waldvogel (1969).

Boundary Conditions

Although three or more Doppler radars can, in principle, directly ob­
serve the 3-dimensional velocity of a target, in practice it is found to be 
necessary to use the equation of continuity regardless of the number of 
radars in the experiment for two main reasons:

1) The vertical component of the velocity of precipitating particles is 
contaminated by a "fall velocity" that is often difficult to estimate.

2) The antenna elevation angles needed to obtain a reliable estimate of the 
vertical velocity component are only found for targets in the upper levels of 
storms in typical situations.

Therefore the combination of multiple-radar geometrical estimates and 
estimates using the equation of continuity are found to be optimum. The 
resulting redundance, in principle, allows the vertical particle velocity and 
vertical air velocity to be separated. Miller (1979) has in fact calculated 
reflectivity vs. fall velocity estimates using this technique.

In order to integrate vertically the horizontal divergence patterns, a 
starting boundary condition must be known. Over water or over flat terrain 
such as the Great Plains it is usually adequate to assume the lower (rigid) 
boundary to be horizontal and flat so that the condition w = 0 at z = 0 can 
be imposed. If the lower boundary is not flat it is usually desirable to 
work from an upper boundary condition rather than a lower boundary. For one 
thing, any errors introduced by the erroneous assumption that the lower 
boundary is level and flat grow in the course of integration upwards because 
of the exponential decrease in atmospheric density with height, whereas the 
corresponding errors are damped in the course of downward integration. If 
three or more radars are available the particle vertical velocity at the top 
of the storm where the elevation angles are large can be measured accurately 
geometrically. Furthermore, high in the storm the particle fall velocities 
are small and fairly accurately estimated. Thus the geometrical vertical
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velocities can yield a fairly accurate upper boundary condition with which to 
start the downward integration of the horizontal divergence. Moninger (1980) 
has described a refinement of the technique in which the integration is begun 
with the boundary condition as described and carried down to the next grid 
point where the calculated velocities are compared with the geometrical 
velocities and values which are weighted toward the geometrical are used to 
restart the integration. As the integration is carried downward through the 
top four levels, the calculated values are successively weighted more heavily 
From the fifth level down only calculated values of vertical velocity are 
used. Figure 7-7 shows an example of a penetrative downdraft in a cell 
analyzed by Moninger (1980) using this technique for establishing an upper 
boundary condition for beginning the integration.

The multi Doppler-radar analysis of cloud dynamics is simpler in some 
respects than that for storms. For example, the problem of estimating the 
particle fall velocity in quiet air is absent with very small drops. Further 
more, the potential mixture of hail, water drops and snow found in mature 
storms will not be present in clouds. Although water drops and ice crystals 
may be present, they will not severely degrade the kinematic observations.
On the other hand, the cloud medium will not normally extend to the ground 
providing a lower boundary condition; so an upper boundary condition is 
needed requiring three or more radars. The clouds that can usefully be 
observed by this method are therefore limited to geometrical relationships 
with the radars that permit accurate vertical velocities to be measured near 
cloud tops.

7.4 Choice of Wavelength in Cloud-Sensing Doppler Radar Systems

Figure 2-2 shows that the attenuation of radar waves due to absorption 
by water droplets increases strongly as wavelength is shortened. Conse­
quently most radars used in severe storm studies have employed the longer 
wavelengths, i.e., 5 or 10 cm. However, radars used to study clouds whose 
drops are small must use very short wavelengths so that the factor D6/A4 
(see Eq. 2-41) will be as large as possible.

The disadvantages of short wavelength radars are mainly:

1) Their relatively high attenuation (see Fig. 2-2).
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------------30 dBZ
1 0 m/s ------------20 and 40 d BZ

Figure. 7.7—Example, oft multlple-Voppler radar observation of a convective storm 
In the Sacramento valley. Storm shows evidence of a well developed penetra­
tive downdraft. In this case the Integration of the continuity equation was 
done from the top down with the boundary condition chosen at storm top, as 
described In the text, because of, the complicated terrain at the lower 
boundary. Note the unusual positive correlation between reflectivity pattern 
(contours of Z units at 10 dBZ Intervals) and vertical velocity. (From 
Monlnger, 1980.)

2) The severe aliasing that occurs if the particle velocities become large 
(see Eq. 7-6). Sophisticated modulation schemes can aid in solving this 
problem. For example pairs of pulses separated by a longer period can mini­
mize the velocity-range folding ambiguity. Thus the small separation of 
pulses in the pair can provide a relatively large value for VM, while the 
large separation between pairs of pulses can provide a large r^.

However, there are important advantages of short wavelength radars.
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1) Multi-Doppler-radar analysis has always shown that the limitation in 
spatial resolution, primarily depending on beamwidth, is the limiting factor 
in resolving the important vertical scales. Thus, the shorter wavelength 
radars have significant advantages because narrow beams can be achieved with 
reasonable apertures. Furthermore, for low angle coverage ground clutter- 
induced velocity errors are often very significantly reduced by narrow beams. 
Experience has shown that this is a factor that is hard to over-emphasize.

2) Another factor favoring the shorter wavelength radars is that the ac­
curacy of Doppler estimates (for large SNR and reasonably narrow spectra) is 
given by

Ao (7-14)
8/rr T

where
= dwell time

o = width of Doppler spectrum.

Thus, shorter wavelengths lead to more accurate velocity estimates in a given 
dwell time, provided that spectral widths are small compared to the Nyquist 
value. Also favoring the shorter wavelength radars is the fact that the 
reflectivity (n) is proportional to the inverse 4th power of wavelength, and 
for Doppler work the important consideration is the trade-off between the 
reflectivity (in dB) and the attenuation. For drops whose diameters are much 
less than a wavelength, Eqs. (2-25,29) and (5-7b) show that

Po
4 -2 / kdp

PR “ T6 lK|2 2 G2e ° (7'15)
'-----*-v------ '

n
where p is the attenuation path length through the precipitation. The 

o - 4reflectivity q is thus proportional to A and to the reflectivity factor

Z = E Nj D^ where is the number of drops of diameter D^ in a unit volume,
| K |2 - 0.93 and k is the absorption coefficient. Then, expressed in decibels,

Po
PR(dB) = const + 20 log G - 40 log A - 4.343(2 / kdp). Recalling that the
K 2 2 2 0 

gain G = (ir/1.22) (Dia) /h , we distinguish two cases of interest: (1) the
case of constant aperture of dish diameter (Dia) which is of overriding
importance for transportability and (2) the case of constant gain G which is
the important case for fixed sites where large antennas are feasible.
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Relative Reflection and Attenuation 
Through Heavy Rain vs Radar Wavelength

)evitale
R( Bd

Ftgune 7.8—Received poweA fieAattlng fa>iom 
relative ne^leclion and attenuation cu> 
a function ofa rn.veJte.ngth tn 16 mm hx~^ 
precipitation fior the Arne. aperture [top] 
and Aame antenna gain (bottom).

For (1)

P^(dB) = const - 80 log X - 4.3 k pQ.

For (2)

P^(dB) = const - 40 log X - 4.3 k pQ.

The two cases are shown in Fig. 7-8 where relative power is plotted for 0.9, 
3.2, 5, and 10 cm radars assuming values of absorption coefficient in heavy- 
rain taken from Fig. 2-2. Curves for 2-way paths Oadar range) of 10 and 20 
km are shown. It seems probable that depths of heavy precipitation should 
very seldom exceed 10 km. For Doppler work it should be noted that even in 
precipitation there is little to choose between the various 3-10 cm radar 
systems with realistic attenuation paths. If accurate reflectivities or very 
long ranges are required, it is desirable to have 10 cm radars in the system. 
As the drop sizes within the cloud grow, the millimeter wavelength radars 
will become heavily attenuated and longer wavelength radars must then "take 
over" as a storm develops.
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There are several reasons why a cloud sensing Doppler capability is 
important:

1) It would allow developing storms to be observed in their early evolu­
tionary stage. The variety of quantities observable with multi Doppler-radar 
is exemplified in Table 1-2 taken from Kropfli and Miller (1973). Cloud 
sensing capability would extend these observations into the cloud phase.

2) Present radar wavelengths permit only a relatively small volume of a 
storm to be observed. This is illustrated by the lower frame in Fig. 1-11 in 
which the velocity field of the storm shown in Fig. 7-6 has been superimposed 
by Browning on a realistic schematic picture of a storm. (The solid circular 
points are the calculated trajectory of a hailstone.)

3) The ability to superimpose microphysical information (from dual wave­
length, dual polarization observations) along with turbulent intensity (from 
spectral width observations) on the detailed kinematic morphology of clouds 
would help in cloud model verification.

7.5 Doppler Radar Studies of Clear-Air Structure 

The Use of Chaff in Studies of the Clear Air

An obvious extention of the multi-Doppler radar techniques now commonly 
used in storm research is their application in clear air conditions by use of 
chaff. The chaff usually is formed of thread-like pieces of aluminum-coated 
mylar, cut to one-half the wavelength of the radar. It can be dispensed by a 
variety of techniques. Small rockets, capable of releasing a chaff package 
up to heights of a few hundred meters, are commercially available. Other 
dispensers include shot-gun shells having a small explosive charge and a 
chaff package. The most useful method for filling a substantial volume of 
the lower atmosphere employs a chaff cutter that produces a continuous stream 
of chaff cut to the desired wavelength. Such cutters are easily adapted for 
use aboard aircraft or ground vehicles. They are fairly effective as fixed, 
ground-based dispensers, especially under convective conditions. The chaff 
is then quickly mixed through the whole depth of the convective boundary 
layer and provides very suitable tracers of the air motion. The chaff den­
sity needed is very low — one element per 30,000 cubic meters is adequate 
for most geometries.
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The multi-Doppler radar technique using chaff was very effectively 
employed by NOAA's Wave Propagation Laboratory in 1975 in the METROMEX pro­
gram carried out at St. Louis, Missouri, in the USA. In this program, one 
goal was determining the modification of the local meteorology by large urban 
areas (Auer, 1975). Some of the effects investigated in the total program 
included 1) urban influences on the amount and patterns of precipitation, 
resulting perhaps from "seeding" by nuclei produced by industrial areas; 2) 
the manner in which diffusion of nuclei and pollutants takes place; 3) pos­
sible heat island effects on circulation patterns in the volume above the 
city. A comprehensive description of the program, with contributions by many 
participants, is included in Vol. 17, No. 5, of J. of Appl. Meteorol., 1978 
(Special issue on METROMEX, S. Changnon, ed.)

Multi-Doppler radars are especially well suited to provide the three- 
dimensional wind patterns needed to evaluate many of the hypothesized effects. 
Figure 7-9, adapted from Kropfli and Kohn (1978), shows a flow pattern that 
was reproduced in the clear convective boundary layer whenever the mean flow 
was from the northeast. Figure 7-9 includes a background map of the area, 
showing the position of the Mississippi River, the siting of the two (NOAA/WPL) 
radars, and the location of Granite City. Granite City is an industrial 
suburb of the St. Louis complex. The presence of a substantial number of 
industrial plants suggests that it may be an important heat source, and this 
hypothesis is confirmed by temperature sensors aboard the University of 
Wyoming aircraft. A striking feature of Fig. 7-9 is the vortex roll existing 
downwind of Granite City. It is revealed in several cross-sections trans­
verse to the mean flow at distances downwind indicated by the Y value of each 
cross-section. The corresponding convergence pattern 300 meters above the 
city and the divergence pattern at 1300 meters are shown by the plan views of 
the residual fields of the horizontal vector wind, shown below and above the 
vertical cross-sections in the figure.

Figure 7-10 shows examples of flow patterns under conditions of sub­
stantial mean wind, i.e., 6 m s’1 from the ESE (top frame) and under condi­
tions of relatively low mean wind, i.e., 3 m s'1 from the south (bottom 
frame). The alignment, presumably resulting from shear in the mean wind, is 
clear in the fields shown in the top frame. More examples of the phenomena 
shown in Figs. 7-9 and 7-10 may be found in Kropfli and Kohn (1977). Other 
examples in which multi-Doppler radar techniques have been used with chaff to 
study flow patterns under clear-air conditions have been reported by Frisch 
et al. (1976), Gossard and Frisch (1976), Kropfli and Hildebrand (1980), and 
Hooke (editor) (1980). Figure 7-11 shows examples extracted from Frisch et
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Figure 7. 9—Flout pattexnA obAexved by dual Vopplex xadax In the convective boundary 
layer at St. LouIa, MO during the. METROMEX. The. wind hleldA were meoAuxed 
In the vicinity othe heavy daAhed tine cxoAAlng the MlAAlAAlppl xivex In 
the centex map downwind oh the InduAtxlal heat Aouxce at Granite City. Lowex 
plan view oh xeAldual wind fileld Ia at a height oh 300 m and AhowA pxonounced 
convergence along Atippled zone. Uppex plan view at a height oh 1300 m AhowA 
convergence haA been replaced by divergence auggetting a vortex role — a 
AuggeAtlon borne out by the vertical croAA-AectlonA oh velocity txanAvexAe 
to the daAhed line Apaced at 1 km IntexvalA Ahown In leht-hand hxameA. VaAhed 
contouXA over city Ahow potential tempexatuXeA meaAuxed by a UnlveXAlty oh 
Wyoming alxcxaht at an altitude oh 1300 m. (From Kxophtl and Kohn, 1977.)
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Z = 1.15 km

Figure 7.10--Examples o& ilow patterns under unstable, condition* with substantial 
mean Mind; i.e., 6 m s~1 ^rom the ESE (top fiaame) and undeA conditions ofi 
relatively low mean wind; i.e., 3msfirom the south (bottom firame). The 
pronounced alignment evident in the top rame presumably results rom vertical 
shear in the mean boundary layer wind, (from Krop^li and Kohn, 1977.)
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x= 6000m

ViguAe 7.11—UppeA le{,t-hand fiAame: Ventical cAOAA-AectionA 0f$ wind tAansveue 
to the. mean &low [laAge open oaaoma) meaAuAed by dual VoppleA AadaA using 
chafifi toxgets. UppeA night: Height distAibution oA tunbulent kinetic 
enengy diSAipation note in the convective boundajty layen finom VoppleA. ipectnal 
width, compaAed uxith in-Aitu meaAUAed value on 152 m toweA. Bottom: SpectAa 

vaAiouS velocity components and cAoAA-components faAom the AudoA-cha^ data. 
(FAom FAisch et al., 1976.)

174



al. (1976). In addition to research, the technique clearly shows great 
promise in the investigation of the diffusion of pollutants under conditions 
when simple statistical models are inapplicable. However, as of this writ­
ing, it has not been used in programs of this kind.

7.6 Dual Doppler Radar Measurements in the Clear Air Without Chaff

Doviak and Berger (1980) have reported returns from the clear atmosphere 
that were strong enough to use for dual-Doppler synthesis of three-dimen­
sional wind fields in the clear air without the need for chaff. They inter­
pret their radar backscatter to be a result of the kind of clear-air Bragg 
scatter discussed in Section 2.5 of Chapter 2. The PPI display for the 
example they analyzed is shown in Fig. 7-12, and the residual wind field, 
after the mean wind is removed, is shown in Fig. 7-13. The wind was 10 m s *

Elgu/ie 7.72--PPI eontouA display 0& fizlle.cXlv.Uiy xR~Z (R ti fiange) fifLom NRO 
Vopplex. Bfilght axza ofa kigheA fie^lectivUiy It, aligned poKallel to mean 
uiind and the bancU, axe ipaczd about 4 km apaxt. Range maxkx axe 20 km 
apanX. Elevation angle - 0.8°. (Apxil 21, 7977, 1350 CST).
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W 27 APR 1977 OUAL DOPPLER WINOS 143812-144101 CST (b) 27 RPR 1377 DUAL DOPPLER WINDS 144141-144417 CST 
HEIGHT 1.0 hh HEIGHT 1.0 Kn

FlguAe 7.13--Hoalzontal wind. fileld* In the. cJLeafi aJji mexuuAed by dual Voppleh.
siadaA without chafifi. Note high conA elation between *ucce**lve pattern* about 
2 1/2 minute* apa/it.

at the surface on this day and shows considerable shear with height so elonga­
tion of the convective features might be anticipated, and indeed, seems 
evident in both Figs. 7-12 and 7-13. The resemblence to the chaff cases 
discussed above is apparent. A major question in the interpretation of this 
kind of observation is whether the return is from the basically uncontaminated 
clear air or from a significant population of particulates. In the United 
States midwest, a very dense population of insects is present in the boundary 
layer, as seen in Figs. 1-27 in Chapter 1 and Figs. 8-2 and 8-5 in Chapter 8. 
The subject of insects will be discussed in more detail in Chapter 8. With­
out the very high resolution 01-6 m) provided by the FM-CW radar, or without 
frequency polarization diversity, it is virtually impossible to distinguish 
radar signals caused by an insect/seed population from the diffuse return due 
to Bragg scatter from the clear air. However, these particulates themselves 
provide excellent air-motion tracers, except in the rare cases when the 
dominant insect species is not a "weak flyer," so they are seldom a detriment 
to the use of radar as a meteorological tool.

7.7 Frequency-Modulated, Continuous-Wave (FM-CW) Radar

The first successful radar designed specifically for use in clear-air 
research was the FM-CW radar (Richter, 1969). It immediately provided spectac­
ular observations of buoyancy (gravity) waves and convective perturbations in
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Figure 7.14--Example* oj gravity (buoyancy) wave. *tructure on elevated stable 
layeu In the atmo*phere ob*erved by the Richter FM-Cltl radar at San Vlego.
Horizontal line* are range markers or clatter {,rom £Ixed target*. The dot* 
and vertical *treak* are point target* — usually ln*ect* and bird*. (From 
Go**ard and Hooke, 1975.)

the lower atmosphere [Gossard et al., 1970; Richter and Gossard, 1970; Atlas 
et al., 1970; Gossard and Richter, 1970). It provided pictures of atmospheric 
perturbations with unparalled resolution and detail, as shown in Fig. 7-14. 
However, this development was not actively pursued elsewhere, although a 
similar system was used for a time at ESSA, and results from operations in 
Colorado were reported by Bean et al. [1971, 1972). The reason this develop­
ment was not pursued seems to lie in the almost concurrent development of the
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acoustic sounding system, sometimes called SODAR, described by McAllister et 
al. (1968) and Little (1969). The scientific community generally turned to 
the acoustic system as a boundary layer remote-sensing tool, even though it 
did not have as great range or range-resolution as the FM-CW radar. Further­
more, the acoustic sounders are generally inoperative during high wind or 
precipitation events. The main reasons the community turned to the acoustic 
system were that 1) it is basically cheaper than the radar, and 2) it is easy 
to incorporate Doppler capability into the pulsed acoustic system. It was 
widely thought that an FM-CW radar, designed for use with a distributed 
target such as the atmosphere, could not have a Doppler capability. Such a 
radar uses the frequency difference between the transmitted signal and the 
returning signal to provide range information. It therefore seemed impos­
sible to extract velocity information from an additional Doppler shift in 
frequency. (For further discussion see Chapter 10.) Thus, the apparent 
inability to sense velocity within a continuous target was probably a major 
factor in the lapse of interest in the radar. However, in 1974, the prac­
tical use of Doppler in this type of radar was demonstrated (Strauch et al., 
1976), and its use in providing clear-air wind profiles to heights of 1 km or 
more was reported (Chadwick et al., 1976a,b). Figure 7-15 shows the first 
radar-measured wind profiles, compared with measurements by tethered balloon 
(solid curves) and RAWIN (circled points). The details of the incorporation

figusit 7.7 5—Wind pxofiiltA meoAuAed by an FM-CW VoppteA xadax [daAhed cuAveA) 
eompaxed Mith tnX.heA.td balloon pxo^iteA (BLP, Aotid cuavha).
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of Doppler processing in the radar are given in Chapter 10. After its dis­
covery, it was evident that Doppler processing in this type of radar is very 
simple in practice, because the radar processing is done in the frequency 
domain and the usual transformation from time to frequency is unnecessary.
The Doppler capability opens up a wide range of possibilities for use of the 
FM-CW radar in boundary layer research. In addition to continuous monitoring 
of mean wind profiles, the following quantities can be observed in the clear 
air:

a) Height profiles of divergence and deformation can be monitored by the 
methods summarized in Fig. 1-9. Information about the spatial spectrum of 
these quantities can be obtained by varying the radius of the cone of the VAD 
scan.

b) Velocity variance and turbulent energy dissipation rate (e) can be moni­
tored by the Frisch-Clifford method described in Appendix D.

c) The inherent ability of this radar to vary range resolution continuously 
provides information on spectral shape and outer scale in the planetary 
boundary layer.

d) Because the radar transmits and receives continuously, wind information 
can be acquired at very low altitudes (^20 m above the radar).

e) Spatial radial wind velocity information can be acquired and displayed in 
a PPI mode (called plan-shear indicator, PSI), as shown in Fig. 7-16. In
Fig. 7-16, shear conditions along the glide path at the Denver Airport (Staple- 
ton Field) were being monitored by the radar.

This type of radar has been used by Gossard et al. (1978) to measure the 
velocity variance and the turbulent dissipation rate inside a frontal inver­
sion. The synoptic situation is shown in Fig. 1-37, and the meteorological 
soundings from the Denver RAWIN are shown along with the radar backscatter 
vs. height and time in Fig. 1-39. The height profile of Doppler spectra and 
the A-scope display of backscattered power are shown with a portion of the 
time-height display in Fig. 7-17. During these observations, the radar was 
pointed vertically so the vertical scale is hoth height and velocity for the 
Doppler record. Since the mean vertical velocity is virtually zero, there is 
no detectable Doppler shift of the spectra from their zero position in each 
range cell. Therefore, the important information is contained in the width, 
or 2nd moment, of the Doppler spectra. Using Eq. (7-10), the variance
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Radar Site

Figure 7.16—Plan-shear indicaton. (PSI) display o(, radial winds in the dean ain 
above Stapleton International Airport at Denver, Colorado. The display may 
be understood by referring to Fig. 7.1 and imagining a plan view othe spectral 
peaks as viewed firom above over an azimuthal sector. The radial dimension is 
both range and velocity. The concentric cirdes o& dots correspond to the 
zero radaal velocity position in each o9 range cells 353 in size. The dear 
air return is in the farm o{, the vdocity spectra (see Fig. 7.1) seen as the 
dongated radial streaks. Their displacement firom the zero vdocity cirdes 
is the radial vdocity Doppler shi£t. F& the echoes {rom successive range 
cells come dose or cross each other, large shear in the radial wind exists.
(From Campbell et d., 19S0.)
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and the turbulent energy dissipation rate e were calculated. The results of 
Gossard et al. (1978) were based on the values of the universal constants 
originally proposed by Frisch and Clifford (1974). It has since been pointed 
out by several workers that the constant A should be 55/11 = 1.35 and the 
values of e shown in the profile in Fig. 7-18 are based on the corrected
value. The height profile of C in this figure is based on the non-Doppler

^ 2 
backscattered power, so the resolution is 6 m and the maximum value of C at

17
the center of the layer is 4.8 x 10 . From the discussion in Appendix E,

2 —r—r-observations of e and Cn allow estimates of the flux quantity w' <j>1 to be 
made. Thus,

C 2 c1/3
wTirr = (7-16)

B. (3*/3z)

2 2 2212 where C, is related to C as given in Appendix B; i.e., C, = C x 10 6 n 6 ’ <b n
10 cm2 s 3 = 10 3 m2 s 3, d<J>/dz = -0.2 and C 2 - 0.3, we findIf B, e

w' , 05

within the refractive layer produced by the inversion.

‘ E

IIO)
CD

1 i

FIguAe 7.1 &--VeAtu.cal vao filler otf tempeoatuAe and dew potent fiAom VenveA Aaob 
compaAed with CnL, calculated ^Aom bachscatteAed poweA ihown In Fig. 7.17, 
and Aadlal velocity vaxlance fiound Aom width, oft VoppleA ipectAa In Fig. 7.17 
and e calculated &Aom Eq. (7-10).
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Time (MST)OC 30 0730

Vel (m s ')

Flguie 7. 19--SecdXon ofi Fig. 1.40 {middle, faiame) compelled iclth iimiLtaneouA acoaitic 
ioundeA lecoid (top fiiarne).

A frontal situation similar to that shown in Fig. 1-39 is shown in Fig.
1-38. The vertically pointing radar record is shown with the Denver and
Boulder (tower) sounding data and an acoustic sounder record in Fig. 7-19.
Unfortunately, this event occurred early in the morning when the radar was
unattended and no Doppler observations were obtained. However, the radar was
operating near an acoustic sounder. Both sensors clearly recorded the frontal
interface and the wave event on it. The acoustic backscatter depends only on 

2 2CT , so CT can be calculated by a technique similar to that used to calcu-
2 1 2 2 late from the radar backscatter. However, CT and C^, are related to the

structure parameter of humidity Ce“ through the relation (sec hq. 2-50)
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2 2ab cl (7-17)

where (Gossard, 1977)

77.6 p 5 e 3.73 x 10'a = + 7.46 x 10 b = (7-18)

when e and p are in millibars. It is usually more useful to express Eq.
?(7-17) in terms of the potential quantities 0, e^ and where 0 is poten­

tial temperature and e is potential vapor pressure (see Appendix B), and 
2 ^p = 1000 mb. CTg depends on the cross covariance (or cross-spectra) of 

temperature and humidity. Its importance in calculating refractive index 
spectra from spectra of temperature and humidity was pointed out by Gossard 
(1960).

2From Eq. (7-17), Cg can be deduced if the correlation between tempera-
Pture and humidity is known. Alternatively, the moisture density q may be 

used where q = 0.62 e^ (gr m ). From the soundings of temperature and 
refractive index shown in Fig. 7-19, we see that the gradients of temperature 
and humidity are large and of opposite sign within the inversion layer. 
Therefore, it seems reasonable to suppose that mixing will create perturba­
tions in temperature and humidity that are strongly negatively correlated.2Assuming a correlation of -1, Cg can be calculated from the observed values

2 2 P 2of C, and Cn . The results are shown with the C. values in the left frame(p u u
of Fig. 7-20. The truncation of the profiles is a result of the quantization 
of the radar and acoustic records.

Using Eq. (7-16), w' 0' and w'e' can be estimated if it is assumed that 
2-3 P

0 = 10 cm s as it was on 29 April. Thus, if we choose the 0858 Boulder 
raob for the gradient quantities,

3* V2  * Ce2Z -3 d<j> de8 x 10 -0.1, »3- if ■ .01Hz' Hz'

w' 0' =- 8,1 x 10 \ w'e * = 0.02 8 mb ms \ w'q' = Q.017 gm Z s 1

and the corresponding flux quantity for <J> is

wY = - 0.02
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C „ Optical Refractive Index (From SODAR)

Radio Refractive Index (From RADAR)

TiguAe 7.20 Height diiiAA.buXA.on ofa C^ and Cthnough the. ^AontaZ zone ofi the 
event -ihown in Tig. 7.19. ^

in reasonable agreement with the 29 April case. These calculations are only 
intended to illustrate a method by which clear air radars can, in principle, 
remotely sense flux in elevated layers if the gradients of the mean quanti­
ties can be estimated (perhaps from local raobs). They probably provide 
correct fluxes through frontal inversions to within an order-of-magnitude, 
but it is important to verify the method with aircraft-borne sensors of w' ' 
w'0' and w'(j>'. In both of the cases shown, the lower atmosphere was not 
really "clear" because fog was present to a height of more than 100 m AGL in 
both events. However, the primary backscatter is thought to result from 
Bragg return because the droplets were not precipitating at the time of the 
radar observations and were therefore very small. No hint of a fall velocity 
appears in either Fig. 1-39 or 1-40.

7.8 Doppler Radar Winds in the Stratosphere and Middle Atmosphere

With the powerful clear-air VHF radar systems described hriefly in 
Chapter 1 (Figs. 1-41, 1-42), it is now possible to monitor continuously the 
winds nearly up to the stratopause; with some of the more powerful systems
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FIquah 7.2I—Wind pn.o{>ULeA Into the, it/mtoipheJiz meJUuAzd by tiadtaA compared with 
RAWIW ioundingi i^orn btucJJoo (7.2/a); Chalanlka, Alaska (7.2/6); SunAet,
Colomdo (7.2/c) and Lindau, G<wna.n VmocAatlc. Rzpubllc. (7.27d).

such as that at Poker Flats, Alaska, it is possible to monitor winds con­
tinuously into the ionosphere. Some examples of wind soundings into the 
stratosphere are shown in Fig. 7-21. These systems have been demonstrated 
from equatorial latitudes, such as Arecibo and Puerto Rico (7-21a), to 
Chatanika, Alaska C7-21b), and from the North American midwest (7-21c) to 
central Europe (7-21d). They have been compared with winds from balloon 
soundings and with in-flight aircraft winds. Their ability to measure winds 
is now well established, and they can routinely monitor important aspects of 
the coupling between the upper and lower atmosphere. Such coupling has been
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an intriguing and controversial subject for many years. More details, and 
the important design factors for such radars are given in Chapter 11. Com­
bined with microwave radiometric monitoring of temperature and humidity from 
surface and satellite platforms, such radar systems, deployed globally, could 
make it possible to establish whether various proposed mechanisms for cou­
pling the lower and upper atmosphere are, in fact, important. Some reported 
and hypothesized coupling between the troposphere, upper atmosphere and solar 
activity include:

1) Solar correlated variation of winds in the neutral middle atmosphere.

2) Variations in height of tropical tropopause related to variations in 
solar constant.

3) Vertically propagating energy from planetary waves — importance of the 
shutter effect of seasonal wind shear variations.

4) Sudden stratospheric warmings. Increases in temperature of 50°C have 
been observed in the polar stratosphere followed by reversal of mean zonal 
winds above 65° latitude.

5) Possible coupling between the ozonosphere and lower atmosphere through 
dynamic instability.

6) Solar/magnetospheric control of the earth's electric field and its pos­
sible modulation of thunderstorm activity.

7) Correlation between vorticity area index and geomagnetic index (Roberts- 
Wilcox effect).
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CHAPTER 8 - BIOLOGICAL TARGETS AND THEIR ROLE IN RADAR BACKSCATTER

For decades the possible role of birds and insects in the composition of 
clear-air returns from airmass targets and elevated layers was argued and 
discussed under the general headings of "angels" and "ghosts." The question 
of whether the clear-air returns resulted from Bragg backscatter, focusing 
reflective bubbles or biological targets was finally largely resolved by the 
advent of high resolution atmospheric radars. The FM-CW radar was able to 
separate and distinguish both the Bragg return from refractive index fluctua­
tions and the biological targets. Records such as that shown in Fig. 1-15 
unambiguously demonstrate that both Bragg backscatter and insect scatter 
often make comparable contributions to the radar return and must be con­
sidered to be almost inseparable in low resolution radar systems.

The ability of radars to track insects and to continuously monitor their 
concentration and movements suggests that they may become an important tool 
in entomology and in the development of methods for insect control in agri­
culture. A fairly large body of observational data already exists. A good 
summary of radar observations of angels into the early 1950's, and the con­
clusions drawn from them, was provided by Plank (1956). More recent reports 
on the subject using conventional pulse radars include Glover and Hardy 
(1966); Lhermitte (1966); Browning and Atlas (1966); Eastwood (1967); Shaefer 
(1976) and Riley (1979). Shaefer (1976) has reported data collected from 
many parts of the world. An example from his observations is shown in Fig. 
8-1. The tendency for echoes to form an annulus results from the conical 
scan of the radar beam. This pattern is evidence that the insect population 
occurs in an elevated layer which the beam intersects at a range equal to the 
layer height divided by the tangent of the elevation angle.

Another noteworthy feature of Fig. 8-1 is the tendency for the echo to 
be stronger along one axis than the other. This is an indication that the 
insects have a common orientation so that they are broadside to the radar 
beam in the direction of strong signal return with their small dimension in 
the orthogonal orientation. The reason for their common orientation is 
uncertain as is the means by which it is created and maintained.

In the midwestern United States insects are sometimes so dense that they 
completely dominate radar return in the boundary layer. They seem to be 
generally "weak flyers" and can serve as excellent tracers of the kinematic 
structure of the boundary layer. They are often too dense to be resolved by 
the usual pulse radar whose spatial resolution is seldom better than 50-75
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FiguAe 8.1--PP1 display o($ AadaA AetuAns,
{,Aom ins>ecls>. The. appeaAance o{$ an an- 
nuluA in the inject dZ&t/Ubutton Ae&uits, 
&Aom the AadaA's> conical s>can and Indi­
cates, that the injects, occua in an ele­
vated layeA. The tendency ion. the echo 
to be itAongeA along one axis, indicates, a 
itAong tendency (,oa the individual:, to be 
oAiented in the iame dinection.

meters in range and considerably poorer in angle for useful ranges. However, 
radars with other modulation schemes, such as the FM-CW radar, can have range 
resolution of about 1 meter (Richter, 1969); the insects are then readily 
resolvable as shown in Fig. 1-27. This type of radar uses two different 
antennas for transmitting and receiving, so transmit/receive switching is 
not used, as in the pulse systems. Therefore, there is no fundamental limi­
tation on minimum range so the resolution in angle can be very good if tar­
gets are examined close to the radar. This type of radar has been used in 
insect studies by Richter et al. (1973), Richter and Jensen (1973) and by 
Gossard and Chadwick (1979).

A record from such a radar is shown in Fig. 8-2 (Chadwick, private 
communication). Although very dense, the insects are being resolved by the 
radar. In fact, the insects reveal details of the particle motion within the 
boundary layer as well as its morphology. Figure 8-3 (enlarged from 8-2) 
shows a wave structure commonly seen under the stably stratified conditions 
that occur at night. (This record was obtained about 0200 in the morning.)
The wave shape departs significantly from sinusoidal showing that the wave­
length is long compared to the boundary layer depth. It is thus a "shallow 
water" wave that is roughly trochoidal in shape like that analyzed by Gossard 
and Richter (1971).

From high resolution radar measurements of this kind it is possible to 
separate the discrete insect echoes from the clear-air returns, and it is 
immediately clear that insects are a major source of radar return at the time 
of year when these observations were made. Therefore, such biological targets
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0145-0730 MST (0245-0830 MDT) 19 July 1974

Ftgune. 8. 2--lmccti In the. night-time, boundary layeA at Stenting Colorado obieAved 
by a ventuzatty potntcng FM-COJ hjxdaA [R.B. Ckadwtck, pnivate. communication).
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Flgune 8. 3--The {±ine height n.et>olutton ofa the FM-CW nadan. aJULom a count ojj tndl- 
vtduat tniects. It Indicated, an avenage concentration during thu> interval 
0(5 about one inAect pen. 12 m cube ofi atmosphere.

are an important concern for many applications in the midwestern United 
States. Insects in this area become important at temperatures above about 
10°C (50°F).

The observations in Figs. 8-2, and 8-3 were acquired on the night of 19 
July 1974. This record was one of many with comparable numbers of insects.
It was chosen because of the interesting wave events on the nocturnal in­
version displayed by the insects. A balloon sounding was taken at 0655 
Mountain Standard Time (0755 MDT) the following morning, and is shown in Fig. 
8-4. The insect distribution in the early portion of the record suggests
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m s 1

F-iguAe. 8.4--Tempe/uvtuA.e. and Mind pAo^tte at. 0655 MST the. fiolZowtng moAntng uiitk 
tniect AecoAd o^ that time..

that the insect population, whose source is presumably the surface, is strongly 
confined to the surface layer by the strong thermal stratification; although 
there are insects above the surface layer, the relative numbers above the 
inversion become greater as the night progresses. There is in fact some 
suggestion in Fig. 8-2 (waves 4, 5, 6 of top frame that the waves may play a 
role in entraining insects (or rather projecting them) into the region above 
the inversion. Meanwhile, the population near the surface is decreasing, 
leaving a substantial elevated layer of insects apparently bearing little 
relation to the temperature profile revealed by the balloon sounding at 0655 
MST. If a wind speed of 4 m s"1 is assumed, a count of the number of insects 
in the early part of the record yields an insect density of about one insect 
per 2000 m3 or a cube about 12 m on a side. No attempt has been made to 
correct for the larger volume intercepted by the beam at greater heights nor 
to account for the fact that the side-by-side transmit and receive antennas 
used in this type of radar have beams that only partially intercept near the 
ground because of their spatial separation.

Figure 8-5 shows an afternoon case in which insects dominate the return, 
although a clear-air return associated with the capping inversion seen in the 
balloon sounding appears at the upper edge of the insect layer. Superfically, 
this record looks much like the nighttime records of Figs. 8-(2-4), but the 
scale in Figs. 8-(2-4) is 0-750 m whereas that in Fig. 8-6 is 0-3000 m. In 
Fig. 8-5 the insects are being convectively mixed more-or-less uniformly 
through the whole depth of the planetary boundary layer. It is perhaps
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FiguAe 8.5--Ca&e oh ahteAnoon AecoAd dominated by imect AetuAn with cleaA-aiA 
AetuAn lnom capping inveMion, compound with Aaob-mecuuAed pAofilteA oh tem- 
peAatuAe, potential AehAactcve index and wind. (R.B. Chadwick, pAioate 
communication.)

significant that the insects reveal little evidence of any entrainment through 
the capping inversion.

The records so far shown emphasize the role of insects in radar returns 
from the boundary layer and their relation to convective features and thermal 
stratification. However, their concentration may also be related to layers 
aloft (Figs. 1-16, 8-6 and 8-7). These records were obtained in southern 
California with the Richter radar system. There appears to be no consistent 
relationship between the insect concentration and the layer height — some­
times the insects are concentrated below, sometimes above and sometimes 
within the backscattering layer. In Southern California the advection of air 
from the continental interior is common under conditions of strong refractive 
layering. It is probable that advection of insects and debris is decisive in 
determining where the insects are found relative to the temperature inversion 
(which nearly always coincides with the refractive layer in this climatic 
regime).

Figure 1-27 reveals in detail the way insects are swept up and entrained 
into convective features and illustrates the complexity that must characterize 
any analysis of such features using a radar with less resolution than that 
provided by the FM-CW system. The presence of insects contaminates the radar 
returns in such a way that predictions of wavelength dependence based on 
Bragg backscatter are seriously in error. Particulates such as insects 
produce a X 4 wavelength dependence for backscattered power if they are 
Rayleigh scatterers, whereas clear-air Bragg backscatter should have a de­
pendence of about X'1/3 as pointed out in Chapter 2.
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CHAPTER 9 - BOUNDARY LAYER STRUCTURE AND RADAR REFRACTION,
DUCTING AND SCATTERING

9.1 Introduction

The curvature of rays in two dimensions is proportional to the gradient 
of refractive index transverse to the propagation direction. If the ray is 
propagating nearly horizontally, its curvature is nearly equal to dn/dz where 
z is height and n is refractive index. Because n is very close to unity for 
both optical and microwaves, it is common to define a quantity N = (n-1) x 10^ 
in order to avoid handling many digits. The quantity N depends on tempera­
ture, humidity and pressure (see Eq. 1-12) and decreases with height in the 
earth's atmosphere. Since its height gradient is negative, horizontal rays 
in the atmosphere are bent downwards. When they curve downward by an amount 
equal to the earth's curvature they are said to be trapped or ducted. The 
duct thickness or duct height (see Fig. 9-1) occurs where (dN/dz) x 10’6 = 
-z/a, where a is the earth's radius.

In the boundary layer the height profiles of temperature and humidity 
are approximately logarithmic. Therefore, over the ocean where evaporation 
is occurring, so that humidity decreases with height, the gradient of N will 
exceed the ducting gradient near the sea surface. If this height is suf­
ficiently great compared with wavelength, the waves will be trapped and 
propagation well beyond the horizon can occur. Over water surfaces this 
boundary layer phenomenon is often referred to as the "evaporation duct." 
However, a similar phenomenon commonly occurs over land due to the increase 
of temperature with height in nocturnal radiation inversions.

The evaporation ducting phenomenon seems to have been first reported 
formally by Katzin et al. (1947). Subsequently it has been periodically 
investigated with some vigor (e.g., Anderson and Gossard, 1953; Jeske, 1965; 
Richter et al., 1973). An example of the effect of the duct on the trapping 
of radio waves of 3 cm wavelength, when a crucial ducting condition, here 
represented by the quantity y> is reached, is shown in Fig. 9-1. An example 
of the way in-situ profiles of refractive index are modified by passage over 
a sea surface is shown in Fig. 1-23 taken from Craig (1946). Its effects are 
sometimes optically spectacular as shown in Fig. 1-32, but Fig. 1-33 shows 
that the profiles resulting from the over-water modification are drastically 
different in this case from those observed by Craig.
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The corresponding phenomenon during radiational cooling at night is very 

well illustrated by Fig. 9-2 taken from Day and Trolese (1950). The lower 
frame shows how profiles of temperature (as represented by the quantity B,

Eq. (1-15) are modified to produce a ducting condition after sunset. .The 
upper frames show the onset of ducting on 5 microwave frequencies for various 

combinations of transmitter and receiver heights within and above the duct.

It is awkward to plot curved rays above a curved earth. It is usually 

more satisfactory to "map" the ray diagram into a frame in which the earth's 

surface is flat and the rays are given an appropriate relative upward cur­
vature. Then horizontal rays that are just trapped appear as straight lines, 
while more super refractive rays are bent downward and less refracted rays 

are bent upward. This is accomplished by using a modification of the re­

fractive index called M where

M = N + 7 x 106 = N t 0.157 z (9-1)
a

where a = 6.371 x 10^ meters and z is in meters. When 3M/8z = 0, a hori­

zontally propagating wave is just trapped; i.e., it follows the curvature of 

the earth.

Another refractive index parameter called potential refractive index (<j>) 

is most useful for reasoning about the behavior of refractive index in a 
dynamic atmosphere; especially the boundary layer. It is approximately given 

by <j> - M - 0.13 z where z is in meters. The profiles of the various re­
fractive index parameters are shown schematically in Fig. 1-17. All three
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B h> given by Eq. (1-15).

concepts will be useful in considering the refractive and scattering behavior 
of microwaves in the planetary boundary layer.

The potential refractive index, <|>, is important because motions can be 
considered to take place adiabatically for the temporal and spatial scales 
relevant to the boundary layer. It is defined by replacing the temperature 
and vapor pressure in Eq. 1-12 by the potential temperature 0 and potential 
vapor pressure e^ and referring the refractive index to a reference pressure 
level of 1000 millibars. Then
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4810 e77.6 (9-2)9
where

6 = T f100o//CP 
(9-3a,b)^ P 1

The relationships between the various refractive index parameters and their 
schematic behavior in the boundary layer is summarized in Fig. 1-17 of Chap­
ter 1. The relationships between refractive index quantities written in N(z) 
and those in sj>(z) are developed in Appendix B.

9.2 Refractive Index Structure of the Boundary Layer

Important effects of boundary layer structure on radio and radar propa­
gation have been recognized for decades, but the subject has taken on new 
interest with the new technology that makes possible the sensing of winds in 
the clear air. Earlier work emphasized the radio refractive effects of the 
boundary layer while more recent interest has centered on the scattering and 
scintillation resulting from the turbulent refractive structure and its 
temporal and spatial distribution.

By analogy with the stress exerted by a nonturbulent fluid on a bounding 
surface, it is common to represent the shearing stress x exerted by a tur­
bulent flow on a lower boundary as

(9-4)

where K is a turbulent "eddy viscosity," p is density of the fluid, u is the 
fluid velocity in (say) the x direction and z is the direction perpendicular 
to x. The x direction will be considered to lie in the horizontal plane 
while z is vertical. The shearing stress x is, by definition, p u'w' where 
u' and w' are the turbulent perturbations of velocity in the x and z direc­
tions, respectively. It is therefore possible to interpret x as the flux of 
u momentum in the z direction in the boundary layer. In a horizontally 
uniform steady flow over a nonrotating earth, it is physically implausible 
for momentum to accumulate at any height under steady state conditions so it 
is commonly assumed that the flux of momentum (and other passive properties) 
is constant in the atmospheric surface layer, i.e., x = constant. When 
assumptions of steady state or horizontal homogeneity are invalid, the ver­
tical fluxes of properties are not constant even in the surface layer. The
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1/2quantity (x/p) ' has the dimensions of velocity and is commonly called the
? ____friction velocity; so u* = - u'w'.

Generalizing the classical logarithmic profile of wind applicable under 
neutral stability conditions, assume

dll * 7= (1 + a L3 ’ (9-5)

where kQ a 0.4 is von Karman's constant and the length

u* 8(du/dz) 
(9-6)gk (dO/dz)

R/cis a measure of the thermal stability where 0 = T(1000/p) ^ is potential
temperature, R = 2.87 x 106 erg g 1 deg 1 is the gas constant for dry air,

7 -1 -1and Cp = 1.004 x 10 erg g deg is the specific heat at constant pressure.

Integrating Eq. (9-2) yields

u ' *7 [ln % * “ ->H C9'7)

which is the log-linear profile proposed by Monin and Obukov (1954). Under 
neutral and stable conditions, this profile is valid up to heights of 100 to 
200 meters. Under strongly unstable conditions it should not be considered 
valid much above 10 meters.

In like manner

ep(z) ' eps = ' ep [*n h + 01 e L " j and (9‘8:)

6(z) - 6S = - e* |^£n + a0 Z—— j . (9-9)

Eqs. (9-6) and (9-7) define constants e^ and 9* for potential vapor pressure 
and potential temperature whose role is similar to that of u*. The constant 
of integration zq is related to the surface roughness. Best estimates of zq 
are given in Table 9-1. It is very small compared with those z of interest, 
and may for practical purposes be ignored in the second term in parentheses. 
The gradient Richardson number is defined as
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Table 9 1. Roughness parameter for various typical surfaces

Surface z (cm) o
Sea surface 0.001
Mud flats, smooth ice 0.001
Sun-baked sandy alluvium (level desert, India) 0.03
Sand 0.04 - 0.06 
Lawn (1 cm grass length) 0.10 
Lawn (1.5 cm grass length) 0.20
Natural snow surface 0.20 - 0.50 
Lawn (3 cm grass length) 0.60 - 0.80 
Lawn (5 cm grass length) 1.0 - 2.0 
Downland (winter) 1.0 - 2.0 
Fallow land 2.0 - 3.0 
Russian steppe 2.0 - 3.0 
Downland (summer) 2.0 - 4.0 
Open grass land 3.0 - 4.0 
Long grass (60-70 cm length) 4.0 - 9.0
Wheat field 4.5
Turnip field 6.5 
Fully grown root crops 14.0

£ d9/dzRi (9-10)0 (du/dz)2

It is a dimensionless number describing the balance between the stabilizing 
influence of thermal stratification and the destabilizing influence of wind 
shear. It is the ratio of the relative work being done against buoyancy to 
the mechanical energy production potential of the environmental shear. Sub­
stituting the derivatives of the log-linear relationships into the expression 
for Richardson number, and assuming a = = ag, it follows that

z/L z _ Ri Ri (9-lla,b)1 + az/L L 1 - aRi '

Expression (9-3) for L is only exactly equal to the classical Monin-
Obukov length when K = , but it is the quantity of most interest and most
investigators conclude that K = K - K6 e

From Eq. (9-4) and Eq. (9-5) it follows that
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(9-12)K/u* = kQz/(1 + a z/L)

or using Eq. (9-llb) an alternate expression is

K/u* = kQ z(l - a Ri). (9-13)

Estimates of a range from 0.6 to 8. Deacon (1962) recommends 4 and Businger 
et al. (1971) find 4.7. In this paper a value of 4.7 will be used.

The relationship between potential refractive index and height is de­
veloped in Appendix C. From Eq. 9-2,

$ = e°-714z/H [N(j . 0.286 |) + 71.95 | e'z/H] (9-14)

<J> « e0.7i4z/H [N _ 0>286 N z. + 71,95 |] £or z << H.

Low in the atmosphere the last two terms in the braces cancel almost exactly, 
so

cf> a N(1 + 0.714 |) . (9-15)

Therefore, from
, ,2(J> = M (1 + 0.714 §■) - - x 10° - 0.714 x 10° f-jj ---

<J) - M - 0.13 z (9-16)

for small z, if typical values of M = 300 and H = 8 km are chosen.

Therefore, in an adiabatic atmosphere in which d<f>/dz = 0, dM/dz =
0.13 (m"b or 0.039 (ft ^). On the other hand, ducting occurs when dM/dz = 0, 
or

dcj> 0.13 (m-1). (9-17)

From Eq. (9-2)

3 (j) 
3 z 77.6 [1000 +

e9620 J-] 1 ^6 7 82 + 4810 17 32 (9-18)
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If 6 and have the same functional height dependence, it is clear that 
<j> will closely approximate the same function because the coefficients and 0 
vary over only a small percent of their magnitude in the boundary layer.
Then

<f>(z) * 4>s = cf>* [£n(z/zQ) + otz/L] (9-19)
where

(4\
z z z a Ri£n + a y-i , ~-
zo L

£n —
zo 
 + 

1
-
 
-
'
---- a Rlr

where the subscript r applies to a reference level at which measurements can 
be made and s applies to the surface level z = z . Therefore,

0.13 zr
M(z) M j-] + 0.13 z (9-20)s

L

where Mr - Mg - 0.13 zr = <f>r ' <)>s-

Solving for the height d of the duct, at which dM/dz = 0, we find

z z
0.13 (£n ^- + a 1 j-^)

d = (9-21)

where d, z and L are in meters, r

The first term within the braces is negative yielding typically a posi­
tive duct thickness. Note that the meaning of d is that a ray launched 
horizontally at that height will just follow the curvature of the earth. It 
does not necessarily mean that radio waves are trapped regardless of fre­
quency. Radiation with wavelengths very short compared with d will be trapped; 
wavelengths comparable to d or longer will leak energy from the guide. To 
judge the effectiveness of the guide for trapping radar waves, wave guide 
theory must be employed (e.g., Budden, 1961).

Although there is more physical basis for the log-linear profiles, power 
law profiles can be used to describe the distribution of properties in the 
boundary layer with considerable accuracy. The interest in power law pro­
files lies in the fact that analytic solutions of the diffusion equation can
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be found for a variety of cases of interest. The power law solutions for the 
steady, horizontally homogeneous case will now be compared with Eqs. (9-19), 
(9-20) and (9-21).

If it had been assumed that u, e, and e obey power laws rather than theP
log-linear function, say

b7 zm, u = —-— zm = bzm, 0* ' *s = b1 z , 
Li mz r

(9-22)

it follows that

If - «b2 z"-1, If - mb z"-1, If - mbj z"'1, (9-23)

and from Eqs. (9-1) and (9-23) that

K_ _ u* zl-m (9-24)uA Em

The power law profile for M is readily found from Eqs. (9-16) and (9-22)
to be

m
M - Ms = (M - Ms - 0.131 z ) (f-) + 0.131 z. (9-25)

r
Again setting dM/dz = 0 at the height d, we find

1
1. m — 1 m-10.131 z m rd (9-26)M - M - 0.131 z r s r

for a duct whose refractive index distribution can be adequately represented 
by a power law. The dependence of duct thickness on L and on m is shown in 
Fig. 9-3 for comparison. Regardless of the profile chosen, the crucial 
measurable is the difference in refractive index between the air and sea 
surface. Using ship meteorological observations in the Near East and South­
east Asia areas the refractive index differences between sea-surface and 
bridge height were calculated and reported by Gossard (1957). The refractive 
index was presented in terms of the quantity B related to <f> as B = <j> + ,012z
where z is in meters (see Fig. 1-17). The correction to convert from B - B.s b
as given to <{>s - is easily made if an average bridge height, indicated b
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thAough the Monln-Obukov length L In the 
log UneaA model and thAough m In the poweA 
law model (fiAom GoaaoaxL, 1978).

subscript "b," is assumed. Under high wind conditions thermal stability is 
nearly neutral because wind shear appears squared in the denominator of the 
Richardson number. Under these conditions the profile of <J> can be considered 
to be logarithmic and this was the case about 85% of the time in the areas 
analyzed. Then the duct height in meters is just

Other climatological studies of duct height in special areas have been re­
ported by Hitney (1973) and Jeske (1965). Generally, there is good agreement 
between duct thickness calculated from (9-26) and radar trapping conditions 
over the Carribean/Florida region, and over the North Sea. There is some­
times good agreement in the Mediterranean in some climatological regimes. It 
often fails badly in some coastal lang-sea flow regimes, such as southern 
California, because low elevated layers may completely dominate the propaga­
tion conditions.
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9.3 Structure Parameter of Refractive Index in the Boundary Layer

In radio and bistatic radar forward scatter and in radar backscatter the 
important characteristic of the clear air is the spatial spectrum of turbulent 
fluctuations in the radio refractive index. The quantity most commonly used 
to describe this characteristic is the structure constant or structure param­
eter generally designated . The relationships of the turbulence parameters 
to the atmospheric budget equations are summarized in Appendix E.

In the following an inertial subrange in the turbulence spectrum of wind 
will be assumed to exist, so that the energy distribution is given by (e.g., 
Lumley and Panofsky, 1964)

E(k) = a' e2/3 k‘5/3 (9-27)

where a' is a universal constant, c is the turbulent mechanical energy dis­
sipation rate and is also the (constant) rate of transfer of energy downward 
in scale through the spectrum toward higher wavenumbers k. For any other 
passive additive scalar, say <j>, the quantity corresponding to E is (Corrsin, 
1951)

E, = ae 1/3 e. k'5/3 (9-28)
<j> $

~~2where E, is the rate of destruction of variance of 4> (actually <j> /2).4>

Alternatively, the turbulence can be described in terms of a structure 
function

>(£) = C 2 *2/3 (9-29)

7The structure parameter C is given according to Ottersten (1969) , by

C 2 = 2.8 e'1^3 e (9-30)

whence

E^ = (a/2.8) C^2 k"5/3. (9-31)

For the case of a one-dimensional spectrum of temperature, Wyngaard et al. 
(1971) find a^ = 0.8. The constant appearing in the structure constant is
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about 4 times this, so their result implies a factor of 3.2. It is important
1 7to note that their constant is based on rate-of-destruction of 6 /2 rather

than 9 . Therefore, the appropriate constant to compare with Ottersten's is 
1.6 vs. 2.8. Here we arbitrarily use 2.8.

Potential temperature, potential vapor pressure, and potential refractive 
index can all be considered passive scalars when the turbulent mixing takes
place adiabatically. The quantity C,

<t
 
>

can be used to describe the intensity
of turbulent fluctuations in refractive index and therefore to characterize 
the radar backscatter to be expected from the clear air.

The turbulent energy budget equation is (e.g., Lumley and Panofsky, 1964)

d(u
d
 
t 
/2) 

= '
—t— r
 u w

j
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 z 
,

8 +
 
 
g
«
 
 

tt-
 
1—

w 
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+ 
3
W
  , ,2-v6 (9-32)3zT O u )

and the budget equation for <J> is

d (cf 2/2)
4> w' 3̂^_  - (9-33)dt 3 z

When the turbulent energy is not changing with time, or is changing only 
very slowly, and when the gradient of the vertical transport of energy is 
negligible as in the regime of forced convection,

3ue (1 - R£) (9-34)3z

where is the flux Richardson number defined as

Rf = (g/Q) ^ = (Kh/Km)Ri. (9-35)

Primes denote deviations from the ambient (unprimed) quantity. Overbars 
denote means. The quantities and Km are the eddy diffusion coefficients of
heat and momentum, respectively, and their ratio can usually be assumed to be 
approximately unity. The gradient Richardson number, Ri, is the quantity most 
easily measured and the one to be considered here. In Eq. (9-34), terms 
involving flux divergence have been assumed negligible. This is justifiable 
in the range 0.3 > Ri > -0.1 (Wyngaard and Cotd, 1971; Fig. 2).

The corresponding steady state balance equation for rate of destruction
~2of variance of <f> (really <j> /2) is
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3^_c(>' w' (9-36)3z ‘

Recalling that, by definition,

u*2 = - = K H , (9-37)

and - Vrwr = K ff (9-38)

and substituting Eqs. (9-34) and (9-36) into Eq. (9-33), we find

C^2 = 2.8 [u*/|3u/3z|]4/3 (1-Ri)'1/3 (3<})/3z)2 (9-39a)

= 2.8 (K/u*) 4/3 (1-Ri)‘1/3 (3 <J> / 9 z) 2 . (9 - 39b)

Equation (9-10) shows that K/u* does not depend on wind speed or shear except 
implicitly through Ri. If it is assumed that the height distributions of 
0 and ep are log-linear in accord with Eqs. (9-5) and (9-6), <j> is given by Eq 
(9-19). If (j>r is the potential refractive index at some reference height z^,

s_______
aRirT TIn — + a j— zo L l-aRir

From Eq. (9-21) and Eq. (9-7b)

3 (j) ^ *+ a f)(1 (9-40)3 z z z(1-aRi)

so from Eqs. (9-40), (9-39b), and (9-10)

)*2 k4/3 (1-aRi)"2/3 (1-Ri)'1/3 z-2/3.= 2.8 (9-41)

Using dimensional reasoning, Wyngaard et al. (1971) conclude that the 
optical refractive index structure constant is given by

cn2 = f3(Ri) z4/3 (de/dz)2 (9-42)

where f3 is completely determined by Ri. Combining Eq. (9-10) with Eq. (9-39)

c/ = a k4/3 (1-aRi)4/3 (1-Ri)'1/3 z4/3 (dcf>/dz)2. (9-43)
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If <(> is determined by temperature alone, it is readily seen that

f 2 (Ri) = a k4/3 (l-cxRi)4/3 (1-Ri)"1|/3. (9-44)

Businger et al. (1971) find a = 4.7 from data collected at Liberal, Kansas and 
Wyngaard et al. (1971) find that a = 3.2. If these constants are inserted 
into Eq. (9-44) assuming kQ = 0.4, and the result compared with the plot of f^ 
by Wyngaard et al., the curves are not separable on this scale of plot in the 
domain of Ri > 0. It may therefore be concluded that the function (9-44) 
derived from the energy and temperature balance equations, fits the empirical 
result of Wyngaard et al. satisfactorily under stable conditions.

Under unstable conditions Eq. (9-44) becomes invalid for Ri < -0.1. This 
is understandable, because the important terms in the balance equation are 
then different; the shear term becomes unimportant and is dominated by the 
energy flux divergence in Eq. (9-32).

In the unstable region Wyngaard et al. find, from the Kansas data, that

C^2 = kQ2 **2 z‘2/3 g (z/L) (9-45)

where g(z/L) =4.9 [1 - 7 (z/L)] 2,/3 and z/L is related to Ri through Eq.
(9-8). Plots of vs. height are shown as the solid curves in the lower frame 
of Fig. 9-4 using Eqs. (9-41) and (9-45). Under unstable conditions L is 
negative. When -7 (z/L) >> 1

C^2 <* 35 ko2 **2 (-L)2/3 z'4/3. (9-46)

This -4/3 power law is commonly observed under sunny conditions when mild 
instability exists. Tsvang (1969) reports the law to hold to heights of 100- 
500 m.

In the presence of a capping inversion, Frisch and Ochs (1975) suggest 
that Eq. (9-45) be modified by a factor G which is a function only of the 
dimensionless quantity z/z^ where z^ is the height of the capping inversion. 
They find

G(z/z^) = 1.0 + 0.84 z/z^ + 4.13 (z/z^)2 for 0 £ z/z^ < 0.8.

The dashed curves in Fig. 9-4 are the modified profiles using Eq. (9-47) 
assuming z^ = 500 m.
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If it had been assumed that u, 0 and e^ had obeyed power laws instead of 
the log-linear function the relations (9-22) and (9-24) substituted in (9-39b) 
would give

C^2 = 3.2 m2/3 (u*/b)4/3 (*r - <fs)2 z;2m (1 - Ri) 1/3 z(2/3)(m'1} (9 - 48)

2 1 mwhere Ri = (g/0)(b^/b^ m) z1 . Appropriate values of m depend on conditions 
of thermal stability. The coefficient b^ in Ri has negligible influence on 
because (1-Ri) is raised to a small power. The important stability dependence 
enters through m. Curves of vs. height for several m are shown in the top 
frame of Fig. 9-4 for comparison with the log-linear solutions, and their 
similarity is clear.
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CHAPTER 10 - BOUNDARY LAYERS UNDERGOING MODIFICATION

10.1 Introduction

With modern high speed computers, equations such as (9-32) and (9-33), 
along with equations relating higher order products of their variables, can be 
solved more or less rigorously if various closure assumptions are granted. 
These techniques have usually been applied to the development of the daytime 
convective boundary layer. For a few examples see Deardorff (1974a,b), Wyn- 
gaard and Cotd (1974), Mellor and Yamada (1974), Zeman and Lumley (1976) and 
Burk (1977). These approaches involve minimal approximations in the solution 
and are particularly valuable for research in atmospheric dynamics and kine­
matics. However they are costly in computer time and time delays. Depending 
on the model chosen from the hierarchy of closure models available, the com­
puter time can be many tens of hours for each hour of real time of the model. 
On the other hand, solution of the classical diffusion equation gives inex­
pensive and fast results that are adequate for many applications (e.g., Slade, 
1968). Perhaps more important, solutions of the diffusion equation can pro­
vide guidance in determining which problems are important and worthy of more 
rigorous solution, as well as guidance in minimizing the cost of studies using 
numerical techniques by providing foreknowledge of the behavior to be ex­
pected. Therefore, the use of the classical diffusion equation in predicting 
some transitional effects of the atmosphere on radar and radio propagation 
will be briefly reviewed. In this approach it will be assumed that balance 
equations such as (9-34) and (9-36) apply in which the terms d(u 2/2)/dt and 
d(0 /2)/dt were neglected. If these terms are compared with typical magni­
tudes of the rate of energy production represented by the first term on the 
right of Eq. (9-34), it is seen that the approximation is valid for transi­
tional processes having a time scale longer than about a half hour (or the 
equivalent spatial transitional scale). The results for C,2 should therefore 
not be applied to small scale or rapidly changing situations. Furthermore, it 
will be assumed that the atmosphere is neutral or stably stratified and that 
eddy transport is the dominant modification process, i.e., radiation diverg­
ence within the atmosphere is ignored.

Problems of this sort are governed by the classical "heat conduction" 
equation except that the eddy coefficients are functions of position. The 
general equation is therefore

(10-1)
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where x maY represent heat = pCp0, or <j>. Expanding (10-1) in partial de- 
rivitives gives

10.2 Spatial Transition at the Lower Boundary

Traditional Diffusion Equation Approach

If attention is confined to steady, two-dimensional horizontal flow in 
the x direction, w = 0 and derivitives of x with respect to y and t are also 
zero. Neglecting diffusive transport in the x direction compared with ad- 
vective transport Eq. (10-2) reduces to

u (10-3)

Equation (10-3) will be used to calculate the variation of radio duct 
thickness and refractive index structure constant with distance downwind of a 
transition in the lower boundary beyond which heat and/or moisture are flowing 
from the boundary into the air mass. Upwind of the transition the atmosphere 
is assumed to be homogeneous and the lower boundary has constant temperature 
and humidity. The situation is illustrated schematically in Fig. 10-1 where 
the flow is from land to water and x = ep > 6, or <f>. Examples of boundary 
layer modification of this type are shown in Fig. (10-2), taken from the 
Canterbury Project in New Zealand in 1947.

t
zAir

Flow

Shoreline
s v

FiguAc 10.1--Schematic Ae.pn.uentation of modification of MUtface layeA in neutxal 
aJjvmaAi, moving offshore oveJi cooleA watesi iuAface..
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FXguAe 10.2—Example ojJ modification otf the AuA&aee layenz o{, an aiAmazA ofi neutAat 
itabiiXXy az XX movez ofifi&hoAe the dXztancez indicated. The modified Ae^Aac-
tioe index M = (n-7) x JO6 + 0. 757z voheAe n Xz Aadio AefiAactive index and z Xz 
height Xn kAZomeXeAZ. TAappXng (oa dueling) o{, AadXo wavez occuaz wheAe 
dM/dz = 0. Vala fiAom the CanteAbuAy PAoject (Unwin, 1951).

The power law profile is far more tractable mathematically than the log- 
linear for the solution of problems of this kind. The value of x at the lower 
boundary will be assumed to be a constant, xs> after the transition, and to be 
a constant xo prior to transition (x < 0) .

Expressing the power law for wind in the form u = bzm and solving for K 
using Eq. (9-24) and inserting it into Eq. (10-3), it is found in accord with 
(9-22) that

i* = -m h I*1'" Hi (10-4)az3x

2 2 -mwhere a = u* /mb and b = u z Frost (1946) found the solution of Eq.r r
(10-4) to be

/“ c-0n+D/(2m+l) exp(_0d?X * Xr (10-5)
r ( m

2m+l"

where ? = z^m+Vax (2m+l)2. This can be written in terms of the incomplete 

gamma function tabulated in Appendix C. Interpreting x as 4 and assuming 
<DS - 40 = 10, a plot of <J> - 4>o vs. [(2m+l)2 ^] 1 /2m+1 shown dn Fig> 10-3.
However, if the duct thickness and C^2 distribution are of primary importance, 

it is not (J> but its height gradient that is needed. From (10-5)
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1/(2m + 1)

FiguAe 10.3—Theoretical potential refractive Index distribution with, height z 
and offshore distance x. The subscript "o" Indicate* the unmodified value; 
s Indicates the [water] surface value.

(2m+l) ^ (2nt+1) zm-l . 2m+l -1
dz C*s m/'("2m+l)' exPt~z (ax) (2m+l) ] . (10-6)mr C 2m+l ) (ax)

Substituting 3<)>/3z - 8M/3z - 0.13 and noting that 3M/3z = 0 at the height at 
which the gradient of <j> is just sufficient for trapping, the duct thickness 
z = d is found. For large x, or small d2m+1/ax, the exponential tends to 

unity, so
1

m-1"0.131 FC-jS+t) (2m+l)"1/(2m+i:)
(ax)m/(2m+1) (10-7)

In Fig. 10-4 the duct thickness has been plotted vs. distance assuming
ur = 5 m s 1, zr = 10 m, zQ = 0.001 cm, m = 1/3 so b = 2.32, and a =
(u*/b)2/m = 0.0222. The initial difference in refractive index between the

air and the water surface was <t> - d> =10.Ts ro

• 2Examination of reveals that the factor containing Ri in Eq. (9-39b) 
is near unity for a reasonable range of Ri (say -0.5 < Ri < 0.2) because of 
the small negative power (-1/3) to which the factor is raised. Therefore,
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c*2 “ 3-2 (si'4/3 iff]2 • (10-8)

From Eq. (10-8), using Eq. (9-24) for K/u*, we find

, 2m+lC^ = 3.7 (6 -4> )2
ib vOJ r_5L_i

exp
ax(2m+l) 

(10-9)

In Fig. 10-5 is plotted vs. height for three off-shore distances for the 
same conditions as those in Fig. 10-4.

Flux Integral Method

The flux integral method was first used by von Karman to obtain the 
velocity distribution in unstratified flow downwind of the leading edge of a 
flat plate in a wind tunnel. This method is valuable because it allows great 
flexibility in the class of physical problems that can be solved. Although 
well known in aerodynamics, it has received little attention in geophysics.
It has been applied to radio propagation problems by Gossard (1978) .

von Karman constructed the so-called momentum integral based on the 
Leibnitz Rule:

D(x) p / u(u6 u) dz
o

where D(x) is the total drag on the plate per unit width, 6 is the depth of 
the boundary layer above the flat plate and u6 is the velocity of the flow 
outside the boundary layer (assumed to be constant both for x < 0 and z > 6). 
The derivative of D with downwind distance x was then equated to the momentum 
flux per unit area toward the plate, assuming the flux to be independent of 
height for z < & and zero above 6.
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The approach can be generalized for any passive quantity, i.e.,

6(x)M(x) = / u(X - X0)dz (10-10)
o

where x may be momentum density (pu), water vapor density (ps where s is 
specific humidity), heat energy density (p cp 6 where c^ is specific heat at 
constant pressure), or ptj> where p<j> is without physical interpretation. M(x) 
is the total flux from a strip of unit width, so d M(x) = F(x) dx where F is 
the vertical flux per unit area of momentum, water vapor, or heat respec­
tively. For <p there is no comparable interpretation, but F then has dimen­
sions of mass flux.

Analogous to (9-38),

F = -K(z) 3<f>/3z (10-11)

where the sign has been chosen so that flux is upward when <f> decreases with 
height. If power laws are assumed, (9-1) and (10-11) give

F = - (u*/qm) z1_m8(j)/3z (10-12)

where b in (9-22) has been written as q us where q is a proportionality con­
stant. The height distribution of <j> can be written in the form
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= 00 - *s)(z/S)m (10-13)s

because = cj>o for x < 0 or z > 6; therefore

F (x) = (uA/q) (<J>s - 4>0)6(x)'m . (10-14)

To demonstrate the method we choose the case when (J>s and <j)o are constant 
for comparison with the rigorous solution (10-6). Then (10-10) gives

6 (x)
F(x) = 9M(x)/9x = u*qO/9x)(<|>s - $Q) / zm[l - (|-)m] dz

0

= (u*/q) (4>s - 4>0) 6 "m (10-15)

and it is readily found that

6 = [(q2m)~1(2m + 1)2x]1/ C2m+1) . (10-16)

Substituting 6 into (10-13),

9£ m-1.)(2m + i)-2m/(2m+l) mz _______(<}> (10-17)9 z m/(2m+l)(ax)
2 -1where a = (q m) as before. Ignoring the exponential factor in (10-6) (which 

is essentially unity for appreciable x) it is seen that (10-17) is identical 
to (10-6) except that the factor (2m + l)/T[m/(2m + 1)] has been replaced by 
m. The two factors are compared in Table 10-1 over the probable range of m.
It is apparent that the approximation involved in the use of (10-10) and 
(10-11) is satisfactory.

Table 10-1. Comparison of (2m + l)/T[m/(2m + 1)] with m.

m (2m + l)/r[m/(2m + 1)] m
1/7 0.15 0.147
1/5 0.20 0.200
1/2 0.55 0.500

From (10-17) and the condition dcp/dz = -.13(m"^) the duct thickness is 
readily found to be

1/(m-1)0.131 (2m + i^2m/(2m+D ,m/(2m+l)‘
t—t---^---------  (ax) v ' (10-18)+s"*o m
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1/6and from (9-39b) (assuming (1 - Ri) - = 1 as before) ,

C c i)2(mq)_4/3(2m + i)-4m/(2m+l)3 - 2 

• m(ax)"2m/(2m+1)z2 Cm_1)/3 . (10-19)

Equations (10-18) and (10-19) differ from (10-7) and (10-8) only in that the 
factor (2m + l)/r[m/(2m + 1)] has been replaced by m.

The method can be used to treat a variety of cases, and the results have 
been given by Gossard 1978 for:

A) Case of uniform roughness, 43s - <pQ = constant.
B) Case of uniform roughness, <|>s - 4> « xa.
C) Abrupt transition in roughness, cj>s - <j>o = constant.

A plot of the boundary layer thickness 6(x) is shown in Fig. 10-6, and a plot 
of duct thickness is shown in Fig. 10-7. The profile of artificially
drops to zero at the height 6 because in this approximation 8<j)/<j)Z = 0 for z>6. 
Of course it actually continues to decrease as in accord with (10-
19). The Flux Integral Approximate Method can be used to solve many problems 
that are otherwise quite intractable (Gossard, 1978). An example is the 
logarithmic profile that is otherwise only solvable numerically.

Logarithmic Profiles

Suppose the profiles are assumed to obey logarithmic instead of power 
laws. This is the case for which (10-10) has found considerable application 
in aerodynamics. The fluid is then assumed to be neutral, and the distri­
bution of momentum downwind of the leading edge of a flat plate or airfoil is 
typically examined. Here we use the method to examine the distribution of 
refractive index when the profiles of wind and refractive index follow log­
arithmic rather than power-law variations.

We choose <j>o constant and assume <ji to be of the form

4> - 4>s = (4>6 - 4>s)[ln(z/zo)]/[ln(6/zo)] (10-20)

where zQ is a small length characterizing the roughness of the surface. We 
further assume that
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FiguAe 10. 6--FncAe/ue in depth ofi boundaxy layex 6 wKh distance x fixom txamition 
j[ok Model* A, B, and C and the condKiom tncUcated tn legend. Vxo^ile* ofa 
Cat a distance o& 5 fan downwind oj$ tA.amKU.on axe also shown. C, axti-
^iclally dxops to zeAo above <5 became o& the assumption In this appAoxlmatlon 
that F = 0 above 6, l.e., 3cj>/3z = 0 io>t z > <5. Actually K continues to
decxease m z^m ^^ tn accoxd wKh (10-19) shown by the dashed cuxves.

X (Km)

FlguAe 10.7—Change In Aadlo oa optical duct thickness wKh distance x &xom txansi- 
tlon &oa Model* A, B, and C &oa condKlom indicated in legend. The txami- 
tiom in sux^ace xoughness apply to Model C only.
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u = (u*/k0)ln(z/zo)

where kQ = 0.4 is von Karman's constant. Then

2K = u* /(8u/3z) = kQu*z . (10-21)

From (10-11),

F = -K 3<J)/ 3 z = -k0u*($6 - d)s)/ln(6/zo) . (10-22)

Returning now to (10-10) and noting that 4>5 = <f>o = constant, we find

a 6/Zo ln(z/z )
F = 3M(x)/3x = (u*zo/ko) (4>6 - 4>s) ^ J ln(z/zQ) 1 - d(z/zQ)

= -k0u*(<t>6 - <)>s)/ln(6/zo) .

Integration leads to the equality

(u*zo/ko) (cj>s - <j>6) (3/3x) [5/z0 + 1 - (26/zo)/ln(6/zQ) + 2/ln(6/zQ)]

= k0u*((t>s " ‘f’<53/lnC^/ZQ) 

and differentiation with x gives the equality

/ ln(6/zo)d(6/zo) - 2/ d(6/zo) + 2/ d(6/Z(J)/ln(6/z0) 

- 2/ d(6/z0)/(6/z0)ln(6/z0) = (kQ2/zo)x 

which integrates to

ln(6/zo) ln(S/zQ) 2 xk 3 — + 3 + (10-23)2TT1 + 3731o z zo0

so

ko2 = f" ln ' 3 i~ + 3 + 2 11 i~ - - 21n[ln(6/z )] (10-24)
0 0 0 0 o

where y = 0.5772 is Euler's constant and li is the logarithmic integral. In 
writing the above equality, the identity
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f "TTJ
In y ^ In y = In(In y) + In y = li y - Y T~3!

has been used.

As before, to obtain the duct height, d, we take the height derivative 
of (10-30) and solve for the height at which d(J>/dz = -0.131, we find

d = (1/0.131) (<j,s - tj>0)/ln(6/zq) (10-25)

where 6/zq can be found from (10-24) for a given x. Of course (10-24) cannot 
be solved explicitly for 6 as in the earlier models, but it is explicit in x 
and can easily be plotted. It is shown in Fig. 10-7.

Similarly, from (9-39a) and (10-20),

C 2 = 3.2 k 4/3(<t> <|>0)2[ln(6/zo)rV2/3 (10-26)(j) o VT s
where 6/zq is again found from (10-24). In this approximation (1 - Ri)1^ = 
1.0 for reasonably small values of Ri. The plot of duct thickness vs. dis­
tance off shore is shown as the lower curve in Fig. 10-8 assuming zq =
0.001 cm — a typical value for water surfaces. Comparing Fig. 10-8 with 
10-6 and 10-7 it is readily seen that the behavior of boundary layer thickness

d
(m)

figuAz 10.8--Clw.ngz in depth oi boundary layer 6 and duct thickne** d with dl&tance 
x dou)nuu.nd a tran&ituon in Aurfiace value, ofi <f>, aMuming logarithmic profiles 
0(( properties.
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and duct thickness is very similar for logarithmic profiles and power-law 
profiles if a power of 1/10 is chosen as the power-law index under neutral 
stability conditions. This is in agreement with the comparisons of duct 
thickness for power-law and log-linear profiles shown in Fig. 9-5.

10.3 Boundary Layer Modification Due to Radiational Cooling of the Ground 

Constant Flux Assumption at Lower Boundary

Assume now that the ground and lower atmosphere are uniform horizontally 
so that gradients in x and y can be ignored. The important term on the left- 
hand side of Eq. (10-2) is then the temporal variation and we have the equa­
tion

(10-27)

to be solved with the constraint of a reasonable lower boundary condition.
The problem to be solved is the effect on radio refractive index distribution 
and structure constant of the diurnal variation of temperature at the earth's 
surface due to radiational heating and cooling of the surface. Because we 
are dealing with radiational cooling, it is temperature change that causes 
the change in potential refractive index. We therefore interpret y as p 0 
The heat flux is then

F(t,z) - • K if (10-28)

as seen by analogy with momentum flux in Eq. (9-4). If K(z) is invariant in 
time,

so
(10-29)

is the equation to be solved. The boundary constraint at z = 0 is that

F(t,0) = - FA = FG - R
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where R is the net outward radiation at night from the surface of the earth. 
Fa is the component supplied by conduction from the air and F^ is the com­
ponent supplied by conduction within the soil. Direct radiation from the air 
is ignored.

We assume that 0(z) passes through a condition 0(z) = 0Q = constant at
some time near sunset so that 0 = constant can be assumed as an initial con-o
dition. We will also at first assume that F^ changes from zero at about sun­
set to some value at which it remains constant throughout the rest of the 
night. We proceed as in the derivation of Eq. (10-6). We assume a power law 
wind profile of the form u = bzm and solve for K, using Eq. (9-24). Insert­
ing into Eq. (10-29) we have

3F 1-m 32F 
(10-30)3t = aZ ^2

2where a = u* /mb in contrast to our earlier definition of a. A solution, 
assuming the heat flux from the air into the soil at the lower boundary to 
remain constant after sunset, was found by Frost (1946). Frost's solution is

~ m" 1FA Z zoClr”ft) c-m/(m+1) -£ dE3_0_ (10-31)3 z ap cp F LI/(1+m)J 

where £ = zm F/(m+l)2 ta and the integral divided by r[l/(l+m)] is the func­
tion, I(m, 5 ) tabulated in Appendix C.

From Eq. (9-2)

9620 ep\ 303 ([) (10-32)3z 0 J 3z
where Q - 1.14 for typical values of 0 and e (300 K and 10 mb, respectively).P

Therefore, denoting the Incomplete Gamma Function by I[l/(l+m), £ ], the 
radio duct thickness is given by

i
0.131 a p Cp m-l

d Q fa ICm^05. (10-33)

It is useful to carry the analysis a step further and calculate the fall 
in temperature at the ground. Returning to Eq. (10-31) and integrating by 
parts
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flguAe 10.9—Theonetteal potential. nefafiactive Index dtstntbution with height z
and time, t afiten. nightfall assuming su/ifaace heal tflux F^ to be constant through
the night. Subscript "o" Indicates Initial value neon a unset.

m m
m m+l -g (10-34)e_ = / e dg - m+1 e'^t(m+l) atap c m T [1/ (1+m) ]

which, for z = 0, gives the temperature at the ground
m

FA[(m+l)2 at]m+1 
0s ~ 9o ap c mr[l/(l+m)] * (10-35)

If the refractive index <p depends only on temperature then <j> will have the 
same form. The plot of <J) - <(> is shown in Fig. 10-9 for the conditions 
given. It should be compared with the measured distributions of <j> shown in 
Fig. 10-14.

When K = constant, m = 1. Then g z2/4at and letting £2 = g, Eq. (10-34) 
can be written

F. (0-0 = ---    < 2 z / e'? 1/2d^ - 2(at)° ap cp { c0

or
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1/2FA(4at) ■z
0 L-Jrn 2/4at

 er£c c0 (10-36)
ap cp /¥ (4at)

where erfc = 1 - erf and erf r, is the widely tabulated error function equal 
to

(2//tt) J exp(-c2)dc . 
o

Equation (10-36) is the classical solution to the heat conduction problem when 
the heat conductivity coefficient is constant.

Actually, of course, there is little physical basis for the assumption 
that FA (the contribution of outgoing radiative heat flux contributed by the 
air) is constant throughout the night. An alternative assumption (Brunt,
1939) is that the heat flux from the soil F^ is constant. Then, assuming the 
soil conductivity to be constant, Brunt found from Eq. (10-29) that the 
temperature at the ground is

1/22FGt
T = T (10-37)s o 1/2P-L c 1 (K1 it)

where p.^ and c^ are soil density and specific heat, respectively. Actually,
it is more reasonable to assume that R = F. + F„ is constant through theA b
night rather than either F^ or F^ so equations like (10-35) and (10-37) can 
only provide rough estimates and qualitative guidance of what to expect from 
more rigorous numerical solutions.

To calculate C^, return to Eqs. (9-39b), (9-24), (10-31), (10-32), and 
(10-35). It is found that

= 9.9 (K/u*)2/3 |3 0/3z| (1 - Ri)'1/6

= 1.9 (1-Ri)*1/6 A9(a/u*)2/3 mF [1/ (1+m) ] z' (1 + 2m)/3 ^m/fm+l) (j.o-38)

where

= zm £/(m+l)2 ta, A0 = 0s - 0Q [found from Eq. (10-35)]

and
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00 5-m/Cl+m)e-5 d?

1 = r[l/(l+m)]

where this function (the incomplete r function) is tabulated in Appendix E.
A plot of vs. time at a height of 30 m for F^ = constant (solid curve) is
shown in Fig. 10-10, and a plot of the height distribution of C one hour

- 2 -1after sunset is shown in Fig. 10-11. It was assumed that F^ = 10 cal m s 
a = 0.05 m4//3 s'1, u* = 0.2 m s’1, m = 1/3.

There are several approximations in these approaches. It is assumed 
that m and K are constant during the modification process and that the im­
portant physics is in the change in d0/dz. It has been assumed that the 
fluxes (either F^ or F^ or both) are constant through the night when actually 
it is more reasonable to assume that the sum F^ + F^ is constant. Therefore, 
equations like (10-33) and (10-38) can only provide rough estimates and 
qualitative guidance of what to expect from more realistic numerical solu­
tions. However, Eq. (10-33) is capable of well representing most of the 
qualitative features in radar ducting observations such as those shown in 
Fig. 9-2.

Quasi-Sinusoidal Variation of Surface Temperature

There are other boundary value problems with analytical solutions that
can be used to provide guidance in the use of more rigorous numerical methods
for analysis of diurnal effects of the atmosphere on radar propagation and
scatter. A sinusoid of the form 6 - 0 = A0 cos at is the simplest diurnalso
lower boundary condition that might be assumed. However, the earth's surface 
temperature diurnal variation differs significantly from a sinusoid. The 
temperature rises rapidly following sunrise on a clear morning and falls more 
slowly after sunset. Figure 10-12 shows the diurnal cycle of temperature 
measured at Manor, Texas (Gerhardt and Jehn, 1950), at a height of 2.5 cm (1 
inch) and at 10.7 m on an almost clear night with very light winds. Figure 
10-13 shows a comparable case with higher winds recorded at O'Neill, Nebraska 
(Lettau and Davidson, 1957). It is evident that the surface temperature 
variation more nearly resembles a slightly unsymmetrical trochoid than a 
sinusoid. In the following development a trochoidal lower boundary condition 
will be assumed.
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Ftgu/Le 10. 10—Variation o& itMicluAe eonitant wtth tune, cut a height ofa 30 m cuuunlng 
MVifiace heat {,-tu.x F^ to be constant.

Tlguxe 10.11 —[/atlatlon oft At/uictuxe eonitant with height one houA a^tea Auniel 
aiiumtng AuA&ace heat filux F^ to be constant.

228



o Obs.Temp., z = 0.025m

Flguxe 10.12—Tempexatuxei mex&uxed at a height of, 0.025 cm and 10.7 m on a tomx 
neax Ma.noA., Texo4, compared usWi calculxtxom made by cumnga txochoadal 
dLiitxlbutlon oi 4an&ace tempexatuxe. Solace heat $1 ax ha4 alio been cat 
culated. Ulndi wexe vexy light. (Vata xom Gexhaxdt and Jehn, 1950.)

o Obs.Temp., z = 0.1 m 
• Obs.Temp., z = 16 m

00 04 08 I2 I6 20 24 04

I0
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m2 sec 
0

Time (hr)

FxguA.e 10.13--Same ai Fig. 10.11 except meoauxementi wexe made neax O'Neill, 
Nebxaika, undex Mind condltloni ofi about 5 m 4ec~1 at a height ofi 16 m. 
Obiexvatloni wexe at helghti 0.1 m and 16 m.

229



If K is constant (i.e., m = 1), a solution of Eq. (10-27) is

0 - 0O = A6 e~Va/lY- z cos (ot - /572K z) . (10-39)

When z = 0, this solution obeys the sinusoidal lower boundary condition.

However, we want a solution that becomes trochoidal at the ground, i.e.,

0-0 o = A0 cos at + fA0 cos 2at (10-40)

where f is some small constant. By a proper choice of f and A0, Eq. (10-40) 
provides an adequate fit to the data as shown in Fig. 10-11. For the cal­
culated curves A0 = 10°C and f = 1/4 were chosen.

A solution to Eq. (10-27) that satisfies this boundary condition is

0 - @o = A0e‘/a/2K z cos (at - /oJTJ. z) + fhQe'^^ z cos(2at - /ajK z) (10-41) 

whence

= A0 /o7TK e'/a/2K z (sin y - cos y) + fA0 /a/K e',/a/K z (sin y' - cos y'),

(10-42)

where y = at - /a/2'K z and y' = 2at - /a/K z. If variation in vapor pressure 
is ignored, and if it is assumed that Ri is negligible, Eq. (10-42) can be 
used to obtain the time and height variation of from Eq. (9-39b), i.e.,

= 1.95 (K/u*)2//3 A0 /a/2K e‘^a/2K z (sin y - cos y) + f /a/K e v'a^K z

(sin y' - cos y') . (10-43)

In arriving at the constant 1.9 it has been assumed that 3<J>/3z - -1.14 80/3z.
In order to obtain a most realistic value for the constant K from the Manor
data, the measured temperature variation at a height of 10.7 m was compared
with that at 2.5 cm. Using Eq. (10-41), K was varied until the amplitude and
relative phase shift of the computed temperatures matched those of the ob-2served temperatures at the two heights. A value of K = 200 cm /s was found. 
If this value is arbitrarily assumed to be applicable at a height of 1 m, Eq. 
(9-13) yields u* = 5 cm/s and K/u* = 40 cm = 0.4 m under neutral conditions.
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Plots of along with potential refractive index, <j>, and modified refractive 
index M are shown in Fig. 10-14 for A0 = 10 and f = 1/4. The height of the 
nose of the M curves is the thickness of the radio duct at night. The cal­
culated curves of <j) should be compared with profiles reported by Rocco and 
Smyth (1949) shown in Fig. 10-15 also measured under low wind conditions.

Features of interest in the distribution of C, include the very low4>
values at all heights near sunrise and the double maximum that occurs for a2short time after sunrise and sunset. For the assumed conditions, C gets

.17 -2/7 <P
as high as 2.5 x 10 (m ' ) at the surface. Maximum values occur 4 to 5 
hours after sunrise and sunset. In accord with the assumption that K is 
constant in the calculation of | d0/dz|, the value of K/u* has also been held 
constant in Eq. (10-43).

Ri was calculated from Eq. (9-lla) assuming a value for L. However, for 
the assumptions made the effect of Ri on is quite negligible. To see 
this, note that as L becomes very small Ri approaches a maximum value of 
+ 0.21. When this is inserted into Eq. (9-39b), it has negligible effect on

M(H

sgurelO. 14--Calculations^ of structure constant (top frame), height distribution 
oj potentuu. refractive index [middle ,frame) and the height distribution 

M bo-ttom frame.) assuming the conditions that fit the observations of,
°.f> the- M curvet Indicate the duct thickness. The 

eddy diffusivity coefficient ms assumed constant and the Richardson Number 
ms ignored in the calculation of C .
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Tigaie 10.15--MeaAuAed height diAtAibutionA o{, potential siefiiactive index neon. 
Sentinel, A/iizona, {,on each housi o{, moit o{, the diuAnal cycle. MeaAuAementA 
weie made on a towel and with captive balloon (adapted faiom Rocco and Smyth, 
1949).

C, because of the small power (-1/6) to which the (1-Ri) factor is raised.<p
The principal effect of stability would be implicit and appear in dtp/dz. 
However, in this problem d<p/dz has been obtained from Eq. (10-42) in which 
stability is not a factor except as it may affect the value of the average K 
deduced from the observational data.

The distributions of C, should only be considered as qualitative for
<P

several reasons:

1) K was not allowed to vary over the diurnal cycle which is equivalent to 
the assumption that the wind profile does not vary diurnally.

2) The structure parameter was calculated to a height of 200 m which is 
usually higher than the surface layer to which the theory applies, especially 
during daytime convection. Thus the basic assumptions on which the form of 
the profile is based are violated and the distributions should be considered 
qualitative at the higher altitudes.
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3) The various assumptions made in the derivation of Eq. (10-43) were 
applicable only under conditions of forced convection. The physics is very 
different under free convective conditions, so the post-sunrise patterns 
may be substantially in error.

The diurnal variation of the temperature at 16 m and at 0.1 m gave 
K - 2000 cm2 s'1 for the O'Neill, Nebraska data. The patterns of C , <f>, 
and M were similar to those of the Manor, Texas data except that the 
layers were thicker because of the larger K. For this reason, significant 
gradients of 9 existed to higher altitudes.
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APPENDIX A - SOME FUNDAMENTAL RADAR RELATIONSHIPS

The Radar Equation

The power intercepted and reradiated by a target in the center of a 
radar beam is

P^ Gj Arp
(1A)4rr2

where Pt is transmitted power, GT is gain of the transmitting antenna, and A^, 
is the target cross-sectional area. If the target scatters isotropically, 
the power intercepted by the receiving antenna is

Pt ^T ^T
P C2A)r 4t7T

The effective area Ag of the receiving antenna is related to its gain by

(3A)R 4ir

For a parabola whose aperture is A

87r so A = I- A (4A)P 3A2 e 3 p

Early derivations of the radar equation assumed the power to be constant 
between half-power points of the beam and zero elsewhere. For such a "top 
hat" beam

Gr = 16 / 6 4> (4Aa)

or just Gd = 16/02 if the beam is conical with beamwidth 0 (rad). However,
K

Probert-Jones (1962) studied the more realistic case of a Gaussian beam. The 
gain of such an antenna is related to its beamwidths 0,<f> in radians, as

GR = k2 tt2/0<j> (4Ab)

where k is a dimensionless constant near unity depending on how much of the 
power from a particular antenna feed is intercepted by the dish. If we 
consider a parabolic dish of diameter D,
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(5A)e = <f) = 1.56 X/D

for a top hat beam, and from Eq. (4A) and Eq. (4Ab)

e = 4> = 1.22 X/D (5Aa)

for a Gaussian beam; thus = k^m D / (1.22 X) for <j> - 0 •

If we replace the geometrical target cross-sectional area with the 
backscattering cross-section a (which is the ratio of the actual backradiated 
power by the target to the power that would have been backscattered by an 
isotropic scatter) and replace Ag in Eq. (2A) using Eq. (3A), we find

Radar Reflectivity and Backscatter

Separating the system parameters from target parameters and range, we can

write
pt ‘2 o

(7A)Pr ■ 3 464ir rH 7 •
If N is the total number of scatterers in a volume V, the total received 

power is
v N

j = 1 a ■ . (8A)
r 4 • '• , i r i=l

If we choose to express the summation in terms of an average reflectivity per 

unit volume, it can be written

pr = ^ nv (9A)

where V is volume and the quantity

(10A)

is the so-called radar reflectivity.

If t is the pulse length, the effective pulse volume for distances much 
greater than a pulse length is approximately
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irrV (11A)

where 0 and <j> are the radar bearawidths of a top hat beam. Insertion into Eq.
(9A) yields, for the top hat beam,

2 2 P_ G X _t______ n e 4> exP (12A)r ,. 2 ; 864tt r

For a Gaussian beam the integration over the intercepted volume should in­
clude the gain function, so

2Pr = P-^-Ar / dV (13A)
64tt V r4

which may be integrated to yield (Probert-Jones, 1962)

constant radar parameters target parameters________A—_______________ a________
(Pt t x2 go2 e#) n (14A)1024iT2£n2

where Gq is defined by the following expression for gain with a Gaussian beam

G(0,<(>) = Gq exp

Probert-Jones took account of the fact that when the entire transmitted beam 
is filled with targets the two-way beam pattern must be used to find the 
received power and the equivalent cone for two way transmission reduces the 
received power by the factor 2 £n 2) which appears in the constant factor of 
Eq. (14A).

After eliminating G using (3A) and (4Aa), Eq. (12A) gives for a "top 
hat" beam:

Pr = 0.0795 PtAg n (15A)r
where A = ct/2 is the range cell depth. From Eqs. (14A), (3A) and (4Ab) we 
find a Gaussian beam:

Pr = 0.0354 PtAe n . (15Aa)

We see that calculated received power will be overestimated by 3.5 dB if a 
"top hat" beam is assumed as was done prior to 1962; 1.4 dB results from the 
2 £n 2 factor and 2.1 dB from the 16/ir factor relating beamwidth and gain.
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Backscatter from Spherical Drops

For spherical targets a and n can be related to the refractive index of 
the particulate (say ice or water). From Mie theory for backscattermg from 

a spherical drop

a = *f- \ J (-1)J (2j +1) (aj - b.) |Z (16A^> 
a j =1

where
a is drop radius 
a = 2ira/X
a- are the coefficients of terms arising from induced magnetic dipoles, 

quadrapoles, etc.
b. are the coefficients of terms arising from induced electric dipoles, 

quadrapoles, etc.
j number of the term in the expansion.

The coefficients a., b^ can be expressed in terms of Bessel and Hankel func­
tions of the 2nd kind with arguments a and refractive index

m = n - ik

where n is refractive index and k is the absorption coefficient. In the

Rayleigh approximation of a << X

2 1 2 (2ir) 6 a6 xf. ,6 5 6 
m - 1 2 it a (17A)a 2 x ~ X6 *i m + 2

so

TT

I
5 ins °i = 7 l NiV  the Rayleigh limit (18A)

1

or
36-tt5 Ml _Ml (19A)

0 ,4 2 ZN.X p 1
K|2 - 0.93 for water, D is drop diameter, p where K = |(m^ - 1)/(m + 2)|. 

is density = 1.0 gm cm'3 and M (tt/6) pENiDi3 is the mass of liquid water
per unit volume.

Radar reflectivity (Eq. 10A) is thus related to the radar reflectivity 

factor,
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 = l NiDit (where the summation is over all size increments (20A) 2
in a unit volume)

as
n k|2 z (21A)

so
x4n (22A) 

v5 IKI 2
we haveof water in the unit volume is M = (tt/6) pEl^D^Since the total mass 

from (20A) 36M2 (2 3A)
2 2m p TT N

if the volume is assumed to contain N drops of uniform size D so that Z ND 
The reflectivity factor Z is usually expressed in units of (mm /m ) intro­
ducing a factor of 10^; thus from Eqs. (15A) and (21A)

Pr = 2.26 x 10'17 ^ Z (top hat beam)
X4 r

and from Eqs. (15Aa) and (21A)
P A„ , lfl-17 tAe A 7 (Gaussian beam) .Pr = 1.01 x 10 —j— —f ZX4 r

Doppler Radars

Pulse Radars

The basic relation between radial velocity of a target and Doppler 
frequency shift is

V = (X/2) A(f>/T = (X/2) fD (24A)

where T is the pulse repetition period, A<f> is pulse to pulse change in path 
length to the target (measured in wavelengths) and fD is the corresponding 
Doppler frequency shift. Because the sampling period is T the maximum fre 
quency that can be sensed unambiguously (the Nyquist frequency), is

(2 5A)^D (Max) = t21-1

Whence
AfD = (2T)'1/N/2 = (NT) (26A)
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Therefore, the maximum radial velocity that can be sensed without "folding"
is

(27A)

so the total unambiguous range is ± X/4T. From (26A), the velocity resolu­
tion AV is

AV = X (28A)2NT •

FM-CW Radars

For a linearly frequency modulated, continuous wave (CW) system, the 
important parameters are defined in Fig. 1A. The basic sampling interval 
during a sweep is At, but T is the effective sampling interval in the Doppler 
velocity computation because target range changes from sweep-to-sweep are 
used to determine velocity. N is the number of sweeps, and the number of 
samples per sweep is M.

From Fig. 1A, target range is

1 
7
cTf R _ 5 (2 9A)

~

where f, the signal frequency which determines target range is much greater 
than the Doppler frequency. Since the maximum frequency sampled by a digital 
system (the Nyquist frequency) is (2At) 1, the maximum range without "fold­
ing" is given by

= cT (30A)‘M TfBAT

and, since the maximum resolution in the frequency spectrum is therefore 
C2At) 1/1/2 M = (MAt) 1 = T'1, the range resolution is

cT c AR (31A)2MAtB 2B

Therefore, the Doppler velocity is given by (24A), i.e.,

V = (X/2) A<j>/T E (A/2) fD (32A)

where A<J> corresponds to the change in path length from sweep to sweep and is 
also the change in phase from sweep to sweep of the signal; f^ is the cor­
responding Doppler frequency shift. Therefore the maximum velocity without
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Difference M Samples
Frequency per Sweep

-Hh-
At

N Sweeps

F-tga'ie JA.—Sakematic ptotuae. oi thz modulation 0& 
digital FM-CW nadan.

folding (see Fig. 7-1) is (A/2) fD(max) where fD(max) is, again, the Nyquist 
frequency; i.e., fD= (2T)’1 whence the maximum frequency resolution is

AfD = (2T)"1/ (N/2) = (NT)'1 . (33A)

Therefore, from (32A), the maximum radial velocity without folding is

V (34A)
M

and, from (33A), the velocity resolution is

AV = w • (35A)

Equations (34A) and (35A) are identical to (27A) and 28A) except for the 
different definitions of T.
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APPENDIX B - RELATIONSHIPS BETWEEN N AND <J>

Dividing (1-13) by (1-12),

=
^ioooy714 (1 + 4810 e/p0)/(1 + 4810 e/pT). (IB)4> 

_ 7
Eq. (1A) can easily be rewritten in terms of q = 0.622 pe/p (gr m ) where p 
is air density. Writing 9 in terms of p and T, <j> can be expressed in terms 
of pressure, temperature and N. However, we are often given temperature and 
humidity as functions of height rather than pressure, so it is useful to 
express $ in terms of N and height.

Writing the denominator of (IB) as TN/77.6p it is evident that

lOOoY 714 77.6 \-. 286'
P ) 4810e 11000 (2B)

Combining the hydrostatic equation,

dp = - pg dz (3B)

with the equation of state,

P_ (4B)P RT
_ 7where p is density, g = 9.8 m s is gravitational acceleration and R =

7 7 _ 1 1
2.87 x 10 mb m gr deg is the (dry) gas constant, we readily find that

d(£n P) = - §r dz •

Therefore
1000 (g/RT)(z~z0) 
----  = e (5B)

where T is the value of T logarithmically averaged over the interval z-zq
and z 

o
is the height at the 1000 mb level. Thus we define a function f(z) 

such that

/1000Y' = 1 - 0.286 (g/RT (z-zQ) + \ [0.286 (g/RT) (z-aQ)2 ... = f(z)vp /
which converges quickly because 0.286 (z-zQ) is fairly small (i.e., <0.29) 
for heights less than about 9 km. The next term in the expansion would 
contribute less than 0.4 percent at a height of 7.5 km.
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Finally, assuming an exponential density distribution of scale height H, 
equation (5B) gives

P0 e'z/H = (p/RT) 

so
|f = - P0e'2/H g dz = - (RT/H) Poe"z/H 

or
H = *1 (6B)

g
is the scale height for the height interval z-zq. Therefore, eliminating e 
from Eq. (2B) using (1-12), 4> can be expressed in terms of N, H(T) and z as

4 = e°-714z/H [N f(z) + (77.6)(0.286)(p/T)z/H] . (7B)

However from (4A) p/T = pQ R e'z/H = 3.47 e'z^H assuming the 1000 mb density 
o = l 21 x 10^ gr m"^. For soundings at Denver, p = 850 mb where one milli- 
bar i one dyne cm"z = 10 dynes m ). From (7A)

<j> = e0.714z/H [N + 77.0 (z/H)e'z/H] . (8B)

The magnitudes of terms can be estimated by noting that N closely follows an 
exponential height distribution such that N = Ng e Z//H where, according to 
Bean and Dutton (1966), H - 7 km when is the sea level value of N. (H
8 km for the density distribution). For the profile in Fig. 5, we estimate 
N = 330; so, ignoring the small differences in H, Eq. (8B) can be written

4 * e,714z/H [330 e'z/H - (0.286)(330)(z/H)e'z/H + 77.0 (z/H)e"z/H 

+ 13.5 (z/H)2 e'z/H] .

The last three terms in braces approximately cancel for z/H = 1.0 and become 
small for z/H << 1.0. Therefore, to a good approximation

and, at constant height, a* - dN
whence „ 2 1.428 z/H r 2 (9B)Ld> ' e N

C 2 x 1012 from the definition, N = (n-1) x 106. where n
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APPENDIX C

TABLE I—(Adapted from Pearson, 1951 Ed.) 
TABLES OF THE INCOMPLETE GAMMA FUNCTION

m - 1/7 m - 1/4 m - 1/3
» 2m+l ax/z z/(ax)1/(2m+1> 1(5,m)* , 2m+l ax/z z/Cax)1^1’ I(C,n0* . 2m+l ax/z z/(ax)l/(2m+i) 1(5,m)’

QO 0 1.0000 00 0 1.0000 00 0 1.0000
8.3129
4.1564

0.1926
0.3302

0.2777
0.2252

6.0178
3.0089

0.3022
0.4798

0.6054
0.5182

4.8299
4.4149

0.3887
0.5891

0.4193
0.3378

2.7709 0.4526 0.1895 2.0059 0.6287 0.7303 1.6099 0.7514 0.2869
2.0782 0.5661 0.1660 1.5044 0.7616 0.7649 1.2074 0.2930 0.2500
1.6625 0.6734 0.1478 1.2035 0.8838 0.7918 0.9659 1.0209 0.2212
1.3854 0.7760 0.1331 1.0029 0.9980 0.8137 0.8049 1.1390 0.1977
1.1875 0.8748 0.1209 0.8596 1.1060 0.8320 0.6899 1.2493 0.1781
1.0891 1.97 06 0.1104 0.7522 1.2090 0.8476 0.6037 1.3535 0.1614
0.9236 1.0637 0.1014 0.6686 1.3077 0.8611 0.5366 1.4527 0.1469
0.8312 1.1545 0.0935 0.6017 1.4029 0.8729 0.4829 1.5475 0.1343
0.4156 1.9793 0.0473 0.3008 2.2270 0.9407 0.2414 2.3456 0.0617
0.2770 2.7131 0.0269 0.2005 2.9182 0.9705 0.1609 2.9916 0.0317
0.2078 3.3934 0.0162 0.1504 3.5352 0.9830 0.1207 3.5552 0.0172
0.1662 4.03 66 0.0101 0.1203 4.1022 0.9903 0.0965 4.0646 0.0096
0.1385 4.6515 0.0064 0.1002 4.6324 0.9944 0.0804 4.5344 0.0055
0.1187 5.2440 0.0042 0.0859 5.1337 0.9967 0.0689 4.9739 0.0032
0.1039 4.8179 0.0027 0.0752 5.6117 0.9980 0.0603 5.3888 0.0019
0.0923 6.3759 0.0018 0.0668 6.0701 0.9988 0.0536 5.7834 0.0011
0.0831 6.9204 0.0012 0.0601 6.5119 0.9954 0.0482 6.1608 0.0007

f 5-<*lX2»*l).-C dc
I(;.«>} - ^--------------------------------  , c - z2ln+1/(2zH-l)2 ax

t -(m+l)/(2n+l) -C J 4 e dc.

TABLE II—(Adapted from Pearson, 1951 Ed.) 
TABLES OF THE INCOMPLETE GAMMA FUNCTION

m - 1/7 m ■ 1/4 m - 1/3
z/(at)1/(m+1> I(C,n>)* at/z(m+1^ z/Cat)170^ lC5.ni)* at/z^15 z/(at)1/(m+1) 1(5,m>*

00 0 1.0000 OO 0 1.0000 OO 0 1.0000
7.1595 0.1786 0.8734 5.7243 0.2476 0.8504 6.2921 0.2516 0.8326
3.5797 0.3276 0.7777 2.8622 0.4312 0.7494 3.1460 0.4232 0.7284
2.3865 0.4671 0.6961 1.9081 0.5964 0.6663 2.0974 0.5737 0.6447
1.7898 0.6009 0.6249 1.4310 0.7507 0.5953 1.5730 0.7119 0.5742
1.4319 0.7304 0.5621 1.1449 0.8974 0.5336 1.2584 0.8416 0.5136
1.1932 0.8567 0.5063 0.9541 1.0383 0.4794 1.0487 0.9650 0.4607
1.0227 0.9804 0.4565 0.8178 1.1746 0.4315 0.8989 1.0833 0.4142
0.8949 1.1019 0.4120 0.7155 1.3070 0.3889 0.7865 1.1974 0.3730
0.7955 1.2215 0.3721 0.6360 1.4362 0.3510 0.6991 1.3080 0.3365
0.7159 1.3395 0.3363 0.5724 1.5625 0.3170 0.6292 1.4156 0.3038
0.3579 2.4565 0.1246 0.2862 2.7205 0.1184 0.3146 2.3811 0.1141
0.2386 3.5025 0.0471 0.1908 3.7629 0.0455 0.2097 3.2275 0.0445
0.1789 4.5050 0.0179 0.1431 4.7366 0.0178 0.1573 4.0050 0.0177
0.1431 5.4762 0.0068 0.1145 5.6623 0.0070 0.1258 4.7348 0.0071
0.1193 6.4232 0.0026 0.0954 6.5515 0.0028 0.1049 5.4288 0.0029
0.1022 7.3506 0.0010 0.0818 7.4114 0.0011 0.0899 6.0943 0.0012
0.08 94 8.2616 0.0003 0.0716 8.2469 0.0004 0.0787 6.7364 0.0005
0.0795 9.1584 0.0008 0.0636 9.0618 0.0002 0.0699 7.3587 0.0002
0.0715 10.0427 0.0000 0.0572 9.8588 0.0000 0.0629 7.9640 0.0000

f e-«/(!■*«) a-5 d5

K5 ,«> - -§----------------------- , 5 - z^/Oafl)2 at
/ d€
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APPENDIX D - RELATIONSHIP BETWEEN DOPPLER SPECTRAL WIDTH AND TURBULENCE

One of the functions that contribute to Doppler spectral width is tur­
bulence because turbulence causes different scatterers in the resolution 
volume to move with different radial velocity. In the discussion of velocity 
variance and spectrum broadening, the fundamental concepts and definitions 
are important. A covariance will be used which is defined as

c£u) = Mil + (-1D)
where l is the separation of two positions, r1 - r2, and < > signifies an 
average over ensembles. By such an average, it is meant that cross-covari­
ances are computed for time series from sensors separated by a distance &, 
resulting in the function C(£). Clearly, if i is small compared with scale 
sizes in u, the covariance is large; if £ is large, the covariance will tend 
toward zero for noisy processes. When i = 0, Eqn. (ID) defines the variance

It should be noted that the Ergodic Hypothesis states that this kind of 
ensemble average is the same as the time average of the spatial autocorrela­
tion functions for infinite space and time samples in temporally and spa­
tially homogeneous media.

The covariance function bears the well-known Fourier Transform relation 
to the velocity spectral density tensor, so

cij(ri - ;2) = / +ijC!$)elK'Cjl (3D)

and
+ ii C«C) = -^-3 / Cii (£) e" i~ ’ ~ d£ . (4D)

~ (2ir)5 1J

Therefore, the temporal variance of velocity at a point (or the temporal 
average of the squared differences over an infinite ensemble of spatial 
points) is

a2 = C..(0) = / 4>i:LC<) • (5D)

If both velocity components are along the x direction; the longitudinal 
velocity correlation function

D)
cju<>i - = f (6 dl5 •
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The turbulence broadening of the spectrum results from the variance of
radial velocity within the pulse volume. This variance is the difference

2between the total variance a containing contributions from all scales, and2the variance of the radial velocity averaged over the pulse volume .
Thus the broadening that results from the variance in radial velocity is 
(Frisch and Clifford, 1974):

a (7D)
££

The spatial average u is by definition

u = y fIJ A(x,y,z) u dx dx dz E y / A(r) u(r) dr (8D)
- 00

where A is the antenna illumination function. Therefore,

u u = / Afr^ u/ A(r2) u(r2) dr2

and
crfl2 = <u u> = ^ // AC^) A(r2) <u(r1) u(r2)> drx dr£ 

So, using Eq. (ID)

an = ^2 M A(~ll^ C££(rl ‘ r2^ d~l dl2 ’

Then Eqs. (6D), (7D), (8D), (9D) give

•’ll
ik*X ik•r - / ♦«('> 1 - Jr / * -1 d£x i A<r2>e' dr2 d£ ■

(10D)

If Eq. (6D) is used in Eq. (9D), we obtain the basic result of Srivastava and 
Atlas (1972) for the filtering effect of volume averaging by the radar pulse, 
i. e. ,

*q(k) = 0>m(k)(2u)6|Fi(k)|2 (1 ID)

2where we have defi'j ned 4>-(k) by the relationship:? - =/ <t> £k) die and the u ~ ^ f
notation |F^ (k)| has been chosen for convenient cross reference with
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2rivastava and Atlas. Thus, in our notation their |Fj(k)| is

l iK • r, iiC'r2| F Ck) | 2 = ---I ACr^e ~ ~ dr f A(r )e ~ ~ dr2 (12D)
1 ~ (2ir)b VZ

so that

'll = /1  4,..(*11 k) [1 - (2irj |FjCk) | ] . (13D)

A convenient (and fairly realistic) function to choose for A(r) (the 
two-way illumination function) is a Gaussian beam cross section and a Gaus­
sian shaped pulse; thus, following Frisch and Clifford (1974), we choose

2 2^2 x y + z
A(r) = e 2b 2a (14D)

where a and b are the standard deviations of the linear beamwidth and pulse 
Blength. The linear beamwidth is related to the angular beamwidth by a =

/§Tn4
where B is the 1-way half power angular beamwidth. The pulse volume is 
therefore

V = / A(r) dr = (2tt) 3//2 b a2 . (15D)

Then, letting k2 = k^2 + k^2 + <^ and r2 - x + y + z , we find

-x2/2b2 - y2/2a2 - d/2a2 * * "y y z)
‘ ; A(r)«“'! dr - ^ //; e

* (1/2) (k dZ + kvV + k/ a )
= e

whence
1 -C<x2b2 + Ky2a2 + Kz2 a2)

e 7 (16D)
( 2 TT)

The following solution is from Labbitt (1980). Let

K 2 = K2 cos24>
X

2dK = k sin(J) dcj) d0 d<
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and convert to polar coordinates (see Fig. 2-3 for reference). Using Eq. 
(13E) in (9E) for 4>(k) and using Eqs. (12D) and (9E) in (13D), we find, 
noting that the integral over 0 is just 2i\, that

2/3
su

ae 2
I

,2 
I .-5/3 - 2,2.2

k (a sm t b cos <f>)sin [1 - e ] d< dij)
o o

Labbitt (1980) points out that a solution for the inner integral has the form 
(e.g., Gradshteyn and Ryzhik [1965])

v-1 ,, --uxp, ^ = 1 ,, p r,v/ xv'x (1 - e"px ) dx = 
o T T y F r(£)p

so that

all = I ae2/3 r (5/3) /* sin3<j)(a2 sin2<|) + b2cos2<j))1/3 d<j>

Substituting t = cos"

o2 = | ae2/3 r(5/3) a2/3 J (1 - t)(1 - [1 - ^y]t)1/3 t'1/2 dt

The integral representation of the Gaussian hypergeometric function is given 
by (e.g., Abramowitz and Stegan [1964])

F(a,b; c; z) = / t13'1 (1 - t)c‘b'1 (1 - tz)’a dt

where Re(c) > Re(b) > 0. Therefore,

a2n = T (2/3) «x(e a)2/3 F(- 1/3, 1/2; 5/2; 1 - ^-) . (17D)
a

2 2For b _< a (i.e., pulse length smaller than beamwidth), the hypergeometric 
series is: (e.g., Abramowitz and Stegan, p. 558)

F(- 1/3, 1/2; 5/2; h) = 1 - h/15 - hZ/105 - (5/1701)h3 ...

2 2 2 where h = 1 - b /a . The series converges for h £ 1.

2 2For a _< b (beamwidth smaller than pulse length) ,

F(- 1/3, 2; 5/2; g) = 1 - (4/15)g - (8/105)g2 - (32/1701)g3 ...

2 2where g = 1 - a /b . The series converges for 0 <_ g <_ 1. It is monotonic 
and bounded by 0.491 £ F £ 1.
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APPENDIX E - VARIOUS SPECTRAL FORMS AND CONSTANTS; 
THE ENERGY BALANCE EQUATIONS

Some Spectral Relationships

The relationship between the spatial covariance function C(£) along a 
line and the power spectrum <f>M of some quantity (n for example) is

>(k) = — / C(£) cosk£ dl (IE)

The corresponding 3 dimensional spectrum in vector k is

oo - i< • £
(k) = ---- =- / C(£)e ~ ~d£ (2E)

(2tt) «>
From Fig. 2-4 we see that

d£ = d£ sin0 d0 d<(> = £^ d£ dB dcj> (3E)

where B = -cosO. Therefore:
1 00 9 1-iOft 2

i(k) = —I C (R.) £Zd£ / e~ 1KX,p dB / d£
(2tt) o-l o

Noting that
1 . „ D ii<£Br „i<^B = e___ 2 sin k£ e iic£ k£

-1

it follows that

M<) = _2 / C (£) S1^-K- d£ .
C 2 7T ) O

Put £sin k£ = - ^ (cosk£), so

<H<) = —-—j b ^ / C(i) cos<£d£ 
(2tt) o

Comparison with Eq. (IE) then shows how <)>(<) is related to the spectrum along 
a line in the direction £; that is
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1 1 8<|,1 (4E)
" - 4? K W

Similarly, i£ the medium is isotropic, the three dimensional spectrum in 
vector k [i.e., <(> (k) ] can be related to the power spectrum E(k) of the single 
quantity k by integrating over all directions in k space. In what follows, 
the subscript n will signify refractive index, rather than $ because of 
possible confusion with the spectral function. Analogous to Eq. (3E), let

2die = k die sin9 d0 dt(>

and define
1 2 TT

dx / d$ / d4>En(K) die = <f>n(K) <
-1 0

Then
En^ (5E)
4ttk

Eliminating <|>(k) using Eq. (4E) , we find (Kovasnay, Uberoi, Corrsin, 1949 

Bolgiano, 1958)

3*! (6E)En(K) -K Tk~

as the relation between the power spectrum of a passive scalar in an iso­
tropic medium and the spatial spectrum measured by a sensor moving along a 

line in a fluid.

Similar reasoning leads to the relation between the energy spectrum of 
the velocity field and the components along a line in isotropic turbulence, 
but the situation is more complicated because of the vector nature of ve­
locity. If we define the energy spectrum E(k) such that

un7/2 = J E(k) d< , C7E)
11 o

the equation in tensor notation analogous to (5E) is (e.g., Batchelor, 1951 
[3.4.12]; Lumley and Panofsky, 1964 [Eq. 1.78])

, , Efk] KiKU>ii w c«ij — (8E)
J 4ttk j k
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1

where * («) is the spectral density tensor, 5^ is the Kroeneker delta and

2 _ ] 2 2 2 F example, choosing the velocity component
'ii 'll ’ "22 ’ "33
along a line in the x direction,

oo = ^4 (! - -f‘5 • (9E)
fxx 4ttk

Similarly, the equation for isotropic turbulence analogous to (6E) 
found to be (e.g., Lumley and Panofsky, 1964; Eq. 1.84)

i x a 1 9S(Kl) (10E)E(k) = 1 K 37 (-K -*

where SOc,) - /" /\u d«2 dm, is the one-dimensional spectrum that would be 

measured by a sensor traveling along a line and is defined to be non zero 

only for positive values of k.

The Balance Equations for Kinetic Energy and Temperature

Under neutral or somewhat stable conditions, the equation relating 
kinetic energy production, dissipation, and transport is

de rzrr 4 + & e'rwr - (11E)= - u'w3t 37
3u. 2= 7I/2, e = vC^1) and v is kinematic viscosity.

where e

Similarly, for potential temperature variance,

dfeT7/2) . 1 *2t—r d0 d (12E)(we)- efw 37 37d t
so it is clear that the dissipation rate c„ applies to one-half the variance 
rather than variance. It is common to make the left-hand sides of E, ( IE) 
and (12E) zero by assuming steady-state conditions and to assume the this " 
order) transport terms (2nd from the right) to be zero. Equation (12E) 

the same form for any passive scaler.
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The Spectral Forms and Constants

We will need to define some quantities and use some relationships based 
on the theory of homogeneous, isotropic turbulence found in a variety of 
textbooks [e.g., Lumley and Panofsky (1964); Batchelor (1953); Panchev (1971)]. 
We repeat them here in summary for convenience.

Velocity Field

E(k) ■ at2/3 IT5'3 where a = 1.53-1.68
S(kp - At2''3 kj'523 where A = 0.50-0.55 (13E)

Du(£) = [u(x+£) - u(x)]2 = B e4/3 j^/3

c 2
U

 where B = 2.0-2.2

Refractive Index Field

v° ■ % e"1/3 k‘5/3vki> ■ \ e'1/3 % v5/3

■ %  e_1/3 *2/3

where CX , = 1.33-1.67

= 0.8-1.0 (14E)\
= 3.2-4.0 .

where

where

The quantities E, S and D are the spectral density, one-dimensional spectrum 
and structure function respectively; k is wavenumber, d is potential re­
fractive index, u is velocity, £ is sensor separation length, e and are 
the dissipation rates of kinetic energy and refractive index half variance 
respectively. These relationships are valid over the inertial subrange. In 
applying them to radar data care must be exercised because the outer scale 
may be smaller than the radar resolution. The values chosen for the various 
constants are from Wyngaard (private communication) and from papers by 
Wyngaard et al. (1971) and Hill (1978).

Unfortunately, there has been much confusion in the values of the con­
stants because of different definitions of the spectral quantities by dif­
ferent authors. The relationships between the various constants are (e.g., 
Panchev, 1971; Tatarski, 1971)

a = II — T(5/3) B = 0.76B (15E)3D 7T v
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18 _ 2 A B (16E)55" “ 3T(l/3)

i. e.

A = 0.327a = 0.248B . (17E)

Most experimenters try to measure a^ which from (13E) is equal to A =
0.525 ± .025.

Confusion by a factor of two is common because of different ways the ve­
locity spectrum can be normalized and the definition of E(k); i.e.,
“T ,°°
u = 2 J E(k) dx. Similar confusion is common in the constants related to 

o
the temperature because the dissipation of variance that arises naturally in

» 7the balance equations is 0 /2. The corresponding confusion carries over
into considerations of refractive index.

The Refractive Index Field

2Although most readers are more familiar with Cn , the potential quan- 
tites such as potential temperature 0 or potential refractive index <p (see 
Appendix B) are more legitimately considered to be "passive" and are there­
fore more useful for the application of turbulence theory. That is, they are 
conserved in parcels transported across isobaric surfaces.

Clearly, if we are to use the relationships (HE) and (12E) to relate 
spectral quantities to meteorological parameters, it is simplest to define e 0
in terms of one-half the variance, where 6 is potential temperature. Mea­
surements by Wyngaard and Cotd (1971) then give A0 = 0.8. Surveying the 
literature on experiments in a variety of fluids, Hill (1978) finds Aa/2 = 
0.41-0.5. A value commonly quoted is A0/2 =0.7 from Ottersten (1969), based 
on early measurements by Gurvich et al. (1967). However, this value (AQ = 
1.4) now seems too large. We have usually assumed An = 0.8. As pointed out 
by Ottersten (1969), the relation (14E) applies here, so

Bn = 3/2 T(1/3) A0 - 4A0 (18E)
or

B 3.2 . (19E)n



Therefore:

C2 . 4A o'1/3 en 7 7 -1/33.2c e ( 2 OE)n n n

Thus expressing (18E) in terms of C , the one-dimensional spectrum is very
2 nsimply related to Cn (Ottersten, 1969) by

>t„W - 1/4 Cn2 K-5'3 (2 IE)

as stated in (2-44). Using (14E) with = 0.8, we find

an = 1.33 . (22E)
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