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ABSTRACT

This paper addresses issues of statistical misrepresentation of the a priori parameters (henceforth called
ancillary parameters) used in geophysical data estimation. Parameterizations using ancillary data are
frequently needed to derive geophysical data of interest from remote measurements. Empirical fits to the
ancillary data that do not preserve the distribution of such data may induce substantial bias. A semi-
analytical averaging approach based on Taylor expansion is presented to improve estimated cirrus ice
water content and sedimentation flux for a range of volume extinction coefficients retrieved from spaceborne
lidar observations by CALIOP combined with the estimated distribution of ancillary data from in situ aircraft
measurements of ice particle microphysical parameters and temperature. It is shown that, given an idealized
distribution of input parameters, the approach performs well against Monte Carlo benchmark predictions.
Using examples with idealized distributions at the mean temperature for the tropics at 15 km, it is estimated
that the commonly neglected variance observed in in situ measurements of effective diameters may produce a
worst-case estimation bias spanning up to a factor of 2. For ice sedimentation flux, a similar variance in
particle size distributions and extinctions produces a worst-case estimation bias of a factor of 9. The value of
the bias is found to be mostly set by the correlation coefficient between extinction and ice effective diameter,
which in this test ranged between all possible values. Systematic reporting of variances and covariances in
the ancillary data and between data and observed quantities would allow for more accurate observational
estimates.

1. Introduction average quantities of interest by integrating parame-
terizations over joint distributions of measurements and
ancillary parameters, since such integrations are often
not analytically tractable and parameterizations are of-
ten nonlinear. This paper addresses those difficulties in
the specific cases of ice water content and sedimentation
flux parameterized from space-based extinction coeffi-
cients retrievals, although the methods employed may
be applied to other remotely sensed observations that
rely on ancillary data for parameterization.

Ice water content and sedimentation flux in upper-
tropospheric cirrus clouds are important to characterize
at global scale in order to inform climate models of
the impact of convection and in situ cloud formation on
the flux of water vapor to the stratosphere (Holton and
Gettelman 2001; Dessler et al. 2007; Fueglistaler et al.
2009) and in order to compute the radiative impact of such
clouds on global climate (Lee et al. 2009; Yang et al. 2010).
To ensure sufficient resolution and global coverage,
those quantities can be estimated from volume extinc-
Corresponding author: Maximilien Bolot, mbolot@princeton.edu tion coefficients at 532nm retrieved from spaceborne

A common problem in many fields of atmospheric
sciences, here discussed for the parameterization of ice
water content and sedimentation flux from lidar obser-
vations, is that remote measurements often have to be
supplemented with a priori information (henceforth
also referred to as ancillary data) to estimate geophysical
quantities of interest. This can create a challenge for
operations involving statistics on measurements—such
as estimating bulk properties for a whole range of
measurements (e.g., a regional mean)—since such op-
erations require knowledge of the joint distribution of
measurements and parameters representing the a priori
data. The main difficulty lies in matching the distribution
of measurements—typically globally available and ob-
tained from satellite—and the distribution of ancil-
lary parameters—usually coming from limited in situ
measurements. Another difficulty consists in computing
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lidar measurements, but the estimation must be informed
on particle microphysical properties via a finite number of
extra parameters, such as ice effective diameter. These
parameters are not acquired with the main measurement
system (at least for optically thin clouds that can only be
detected by lidar) and are instead obtained from limited
in situ measurements. Often [e.g., in Cloud-Aerosol
Lidar with Orthogonal Polarization (CALIOP), version
4.1 (V4.1), IWC data product, described in Heymsfield
et al. (2014)], the parameters are specified using fits to
in situ measurements, which leads to considering only
the center of observed parameter distributions and dis-
carding parameter variance. In the case of ice effective
diameter, for instance, the parameterization used in
CALIOP V4.1 effectively predicts a distribution that
reduces to a single number at any given temperature.
The consequences of neglecting distributional aspects
of parameters on statistics of ice water content and
sedimentation flux must be examined, as well as rectifi-
cation strategies to address potential biases. In essence,
the error coming from neglecting to report the variations
derived from ancillary parameters—such as effective
diameter—may be greater than the error attached to the
choice of parameterization itself.

More generally, there is evidence that unresolved
variance addressed with mean value parameterizations
can be a problem for the estimation of cloud properties.
In situ measurements on board research aircrafts rou-
tinely resolve variability on scales as fine as 250 m.
Multiple studies pertaining to statistical cloud modeling
have examined the distributions of bulk cloud properties
and produced modified microphysics formula account-
ing for subgrid-scale cloud variability (Pincus and Klein
2000; Golaz et al. 2002; Tompkins 2002; Larson et al.
2005; Larson and Griffin 2013). Several recent studies
are moving beyond bulk properties by characteriz-
ing variability at the particle size distribution level
(McFarquhar et al. 2015; Jackson et al. 2015). Given a
parametric description of size distributions in terms of
gamma functions, they propose that families of particle
size distributions be characterized by ellipsoids of feasi-
ble parameters. This approach can be used in conjunction
with parameterizations to assess impacts on retrieved
mean cloud properties since it provides a distribution
of parameters that can be sampled from. For instance,
McFarquhar et al. (2003) shows that computing average
cloud radiative forcing from a single simulation using the
most likely parameters instead of a series of simulation
randomly sampling the parameter space can produce a
bias of several watts per square meter.

To assess the error from ignoring parameter vari-
ability, we need to average properties over a distribution
representing the correct sampling between observations
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and ancillary parameters. The problem is akin to finding
the average of f(x), where f is a parameterization de-
pending on the distributed variables x, over a distribu-
tion function p(x) representing cloud variability:

(f(x) = J Fp(x) dx.

Note that the problem is quite generic and that (f(x))
can have various meanings in this context. For instance,
p(x) may represent a joint distribution between ob-
servable and ancillary parameters and ( f(x)) estimates
an average value for a range of observations, such as
the tropical mean value of ice water content and sed-
imentation flux taken as example in this paper. In
other cases, the sampling may be stratified by obser-
vations and p(x) represents the probability of ancillary
parameters conditional upon the values of observa-
tions. In all cases, the method of averaging over cloud
variability is formally the same.

Similar problems of averaging have been discussed in
the literature, particularly in the context of statistical
upscaling of local microphysics parameterizations.
In global simulations of the atmosphere, spatial and
temporal resolutions are limited by available computa-
tional power and stability considerations of numerical
schemes. Parameterizations are thus needed to relate
the effects of subgrid-scale variability on the evolution
of grid-mean quantities such as microphysical process
rates (Zhang 2002; Larson et al. 2005; Larson and Griffin
2013; Chowdhary et al. 2015). Much work has been de-
voted in particular to systematic errors from neglect of
subgrid-scale variability on autoconversion parameter-
ization (Pincus and Klein 2000; Rotstayn 2000; Larson
et al. 2001). The errors resulting from ignoring subgrid
variability are larger when the processes are nonlinear
and the variability is large. For instance, cloud reflec-
tance is systematically underestimated when small-scale
variability in cloud optical thickness is neglected (Cahalan
et al. 1994) because albedo is a convex function of cloud
optical thickness.

A number of strategies have been devised to compute
the kind of integral appearing in the definition of ( f(x)).
In some cases, the integral is analytically tractable and
(f(x)) can be exactly computed (see, e.g., Zhang 2002;
Morrison and Gettelman 2008; Larson and Griffin 2013).
Unfortunately, the analytic approach is often not feasible
except when the structure of the function f and the pa-
rameter distribution p(x) are relatively simple. Methods
based on random sampling such as Monte Carlo inte-
gration are more universally applicable (Pincus et al.
2003; Réisdnen and Barker 2004). In that approach,
fis evaluated over sample points randomly selected
from p(x) and the results are averaged. This method
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has the advantage of being widely applicable and is
straightforward to implement even when fis a com-
plex computer procedure. However, it exhibits slow
convergence and produces statistical noise due to finite
size sampling. Some shortcomings of the Monte Carlo
method can be mitigated by variance reduction techniques
using a more efficient sampling strategy (Larson et al.
2005). Another sampling method, albeit not random, is
that of deterministic numerical quadrature. In that ap-
proach, random sampling points are replaced by tailored
quadrature points and weights. This technique typically
achieves greater accuracy with fewer samples than ran-
dom sampling approaches (Chowdhary et al. 2015).

Here we propose to estimate ( f{(x)) using a semianalytic
approach that widens the domain of applicability of ana-
lytic integration techniques when the variations of f
or In(f) can be captured by a low-order Taylor expansion
[a similar approach was also used by Griffin and Larson
(2013)]. We arrive at an estimator of ( f(x)) that is analytic
and bears a clear relationship to the structure of the func-
tion via its gradient and Hessian as well as to the structure
of the parameter distribution through its covariance matrix.
This is in contrast to sampling methods where (f(x)) is
an often opaque result of a numerical procedure.

This paper is organized as follows. Section 2 presents
the estimation of ice water content and sedimentation
flux from volume extinction coefficients retrievals and
formulates the need for a finite number of ancillary pa-
rameters informing on particle size distribution. The
problem of estimating cloud properties for a range of
extinction coefficients is also introduced there. Section 3
presents a generic solution (when applicable) to the prob-
lem of averaging over parameter distributions representing
cloud variability. The solution involves a semianalytic
estimator based on Taylor expansion of the parame-
terizations. Section 4 discusses the application of the
generic averaging method to the parameterizations of
ice water content and sedimentation flux presented in
section 2. Section 5 validates the estimators for ice water
content and sedimentation flux against values computed
using the Monte Carlo approach. Section 6 discusses
estimation biases from ignoring the variance in particle
size distributions and associated rectification strategies.

2. Estimating ice water content and sedimentation
flux from lidar information in the
upper troposphere

In this section, we describe how extinction coefficients
retrieved from space lidar may be used to estimate ice
water content and sedimentation flux in ice clouds in the
upper troposphere. For that purpose, the information
contained in extinction coefficients (henceforth referred
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to as “observations’”) must be completed by additional
information in the form of extra parameters (henceforth
referred to as ancillary parameters). We show that the
ancillary parameters can be chosen as the ice effective
diameter and—for sedimentation flux—the slope param-
eter of gamma functions used to describe particle size
distribution. For ice water content, effective diameter
parameterizes the ratio between bulk particulate volume
and area, irrespective of particle size distributions and
shapes. For the sedimentation flux, however, a consistent
estimation requires additional information on particle size
distributions and shapes, which warrants the use of an
extra parameter and the explicit assumption of gamma-
shaped particle sizes distributions. We then discuss the
problem of estimating ice water content and sedimen-
tation flux for an ensemble of clouds characterized by a
range of extinction coefficients, which is the specific
topic of this paper. We show in particular that one must
correctly match the distribution of cloud microphysics
properties to that of extinction coefficients in order to
produce unbiased estimation of cloud properties.

a. From extinction coefficients to ice water content
and sedimentation flux

The vertical structure and properties of ice clouds in
the upper troposphere can be characterized on a global
scale by measurements from space lidars. The CALIOP
instrument, on board the Cloud—Aerosol Lidar and Infrared
Pathfinder Satellite Observations satellite (CALIPSO)
is a dual-polarization elastic backscatter lidar whose signal
penetrates clouds up to 3-5 visible optical depths (Winker
et al. 2009; Hunt et al. 2009). CALIOP measures profiles
of attenuated backscatter from which cloud features are
identified by applying a threshold technique. Profiles of
extinction coefficients at 532 nm are then retrieved from
attenuated backscatter using constraints on layer trans-
mittance when possible (Young et al. 2018) and corrections
for multiple scattering (Garnier et al. 2015). The retrieved
extinction coefficients used in this paper are from version
4.1 retrieval algorithm and are taken from the 5-km cloud
profile product, where data from multiple laser shots are
averaged together to enhance signal, yielding an effective
horizontal resolution of 5 km along track.

The primary ‘“‘observations” used in this work are the
extinction coefficients retrieved from attenuated backscat-
ter. For an ensemble of ice particles, the volume extinction
coefficient measures the extinction cross section integrated
over the particle size distribution:

(D)yab, (1)

ext

EXT = JZN(D)WDTZAr(D)Q

where D is particle size, N is the size distribution func-
tion, A, is the ratio of projected particle area to that of a



838

disk of same diameter, and Q. is extinction efficiency.
In the geometric optics approximation, which is ap-
proximately valid for 532-nm monochromatic radiation
interacting with micron-sized and larger ice particles,
extinction efficiency asymptotically approaches 2 (Van
de Hulst 1957). The extinction coefficient at 532 nm
therefore measures twice the cross-sectional area of the
particle distribution.

The geophysical quantities of interest investigated in this
work are ice water content and sedimentation flux, which
are defined respectively by integrating mass and downward
momentum over the particle size distributions:

IWC = J:N(D)m(D) db, @)

F

= L N(D)m(Dyv,(D)dD . 3)
where m is particle mass and v, is particle terminal
velocity.

To solve the integrals in Egs. (1)-(3), one needs to
parameterize particle number, area ratio, mass, and ter-
minal velocity according to particle size. Following pre-
vious studies on high-altitude cirrus clouds (Schmitt and
Heymsfield 2009; Heymsfield and Westbrook 2010;
Heymsfield et al. 2013), we assume that the ice particle
size distribution follows a gamma function and write

N(D) = N,D"exp(—AD), 4)

where N is the intercept of the distribution, u the dis-
persion parameter, and A the slope parameter. Note that
n and A are not independent and exhibit a tight rela-
tionship at any altitude (Schmitt and Heymsfield 2009;
Heymsfield et al. 2013; McFarquhar et al. 2015). Ny acts
as prefactor in Eq. (4) and scales with total particle
number, extinction, ice water content, and sedimenta-
tion flux. Particle area ratio, particle mass and terminal
velocity are parameterized using power laws of the form

A (D)=aD", 3)
m(D) =aD?’, (6)
v(D)=rD’, (7

where a, B, a, b, r, and s are obtained through a combi-
nation of theory and in situ measurements in cirrus clouds
(Schmitt and Heymsfield 2009; Heymsfield et al. 2013;
Heymsfield and Westbrook 2010; see appendix B).

Using Egs. (4)—(7), one can resolve the integrals in
Eqgs. (1)-(3) in terms of gamma functions. This yields the
parameterizations
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EXT(A, 1, N,) = Noga/\_(“ﬁ”)l“(pb +B+3), (8)
IWCQA, 1, N,) = Nyah~®*" D0 (u + b + 1), 9)

F (A, Ny) = NyarA~ 0w+ b + s +1), (10)

where I is the gamma function.

Replacing Eq. (8) into Egs. (9) and (10), one can
therefore rewrite ice water content and ice sedimenta-
tion flux as a function of extinction:

2a g pin(n+b+1)
— (B-b+2) s
IWC(A, u, EXT) EXTwa)\ T(atB+3) (11)
2ar )F(;L+b+s+1)

F_ (A, u,EXT) = EXT—AB-b=s =~ " °  ~/
sed( > M, ) To F(/_L+B+3)

(12)

Equations (11) and (12) allow to formally estimate ice
water content and sedimentation flux from retrievals of
extinction coefficients supplemented with the knowl-
edge of ancillary parameters A and u. These parameters
inform on the normalized form of the particle size dis-
tribution [cf. Eq. (4)].

b. Transformation of parameters

As long as information on normalized particle size dis-
tribution remains conveyed over two degrees of freedom,
one can always change variables inside the set of ancillary
parameters. For reasons that will be explained, we perform
the change of independent variable u — D,, where D, is
the effective diameter of the ice particle size distribution
(Foot 1988; McFarquhar and Heymsfield 1998):

_31IWC

= EXT (13)

Using the definitions of ice water content and extinction,
one can write the relationship between variables as

6a_ 5 pil(n+b+1)

Do w) = p, T M(uw+B+3) (14)

Equation (14) must be numerically inverted to yield
A or u as function of the remaining variables. In the new
coordinate system, ice water content and sedimentation
flux are reparameterized as follows:

IWC(D,, EXT) = EXT%DG’ as)
2
Fsed()\’ De, EXT) = EXTﬂ/\(B*b*SJrZ)
A e
IpA,D,)+b+s+1
[me( e) s ] (16)

C[w@A,D,)+B+3] °
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where u(A, D,) designates the value of u inverted
from Eq. (14).

The reparameterization leading to Egs. (15) and (16) is
done on physical ground. Ice effective diameter is one of the
most important properties of cirrus clouds, both from a mass
distribution and radiative perspective, and has been suffi-
ciently measured to warrant its use as a modeling parameter.
The use of effective diameter in Eq. (15) essentially converts
from area to volume information for an ensemble of ice
particles whose characteristics correspond to those observed
in situ in the upper troposphere. Equation (15) is used as
a basis for the retrieval of ice water content from spaceborne
lidar extinction retrievals in conjunction with temperature-
dependent parameterizations of D, (Heymsfield et al. 2014).
One goal of this paper is thus to quantify the inherent bias of
such algorithms in conditions where D, (ancillary informa-
tion) and EXT (measured by lidar) may be correlated.

The parameterization of sedimentation flux at Eq. (16)
is consistent with that of ice water content at Eq. (15).
That is, Egs. (15) and (16) are formally equivalent to
Egs. (11), (12), and (14). Modeling sedimentation flux
as a function of ice effective diameter also makes physical
sense. In situ measurements show a compact relation-
ship between mass-weighted terminal velocity v,, and D,,
therefore a compact relationship must also exist between
Fi.q and D, (Schmitt and Heymsfield 2009). This suggests
that the variations of sedimentation flux are essentially
controlled by D, and EXT in the formulation of Eq. (16),
with a lesser dependency upon A (cf. section 5 for further
discussion). The reparameterization of sedimentation
flux may thus allow for a simpler modeling.

c. The problem of estimating cloud properties for a
range of extinction values

We now consider the problem of estimating ice water
content and sedimentation flux for an ensemble of cloud
particles with a distribution of extinction coefficients
established from spaceborne lidar observations. Cloud
variability must manifest itself not only through a range of
extinction coefficients, but also through a range of mi-
crophysical properties and a corresponding distribution
of parameters such as the effective diameter. The mean
value associated with a range of extinction coefficients
must therefore be computed by integration over the joint
distribution of extinction and effective diameter p(EXT,
D,), which, in the case of ice water content, can be written

(IWC) = JEXT %Dep(EXT, D,)dEXTdD,,  (17)

where the angle brackets represent the averaging op-
erator. An important difficulty in resolving Eq. (17) is
the specification of the joint distribution p(EXT, D,) since
extinction retrievals come from satellite measurements
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and parameters such as D, typically come from (limited)
in situ measurements.

In the current CALIOP V4.1 approach to parame-
terizing ice water content, the joint distribution of ex-
tinction and effective diameter is such that the range of
effective diameters reduces to a single number at each
temperature. This is because D, is parameterized using
an empirical relationship obtained from fitting of in situ
measurements (Heymsfield et al. 2014). The parame-
terization, which uses Eq. (9¢) of Heymsfield et al.
(2014), yields In(D,) as a linear function of temperature
and the variability of D, at each temperature, shown in
Fig. 11a of that paper, is ignored. Therefore, the joint
distribution of extinction and effective diameter at a
given temperature in the V4.1 parameterization is of
the form

p(EXT,D,) = p(EXT)8[D, — DY*™™(T)]. (18)
In the above expression, DP**™(T') represents the param-
eterized value as a function of temperature, p(EXT) rep-
resents the distribution of volume extinction coefficients
retrieved from CALIOP measurements at that tem-
perature and 8[D, — D?*™*™(T)] (where & is the Dirac
function) expresses the fact that all effective diameters
collapse to a single number. This situation is illustrated
in Fig. 1a and one can see that the joint distribution at
Eq. (18) would predict a mean ice water content value of
1.28 X 10 °kgm > (for a mean temperature such as
found at 15km, see caption for more details).

In reality, one would expect ice effective diameter to
fluctuate for a given sampling temperature. Those fluctu-
ations would result in an observed distribution of effective
diameters with nonzero variance that can be estimated at
each temperature. In those conditions, and assuming log-
normality for p(D,) (see section 4), one would expect the
logarithms of effective diameters to be normally distrib-
uted with a mean value parameterized by In[DP**™(T)]
and some nonzero amount of variance. Given that ex-
tinction values are observed to be approximately lognor-
mally distributed at any given altitude (see section 4), the
joint distribution of the logarithms of extinction and ef-
fective diameter can be reasonably expected as a bivariate
normal distribution with unknown correlation. This sit-
uation is illustrated in Fig. 1b for a plausible variance of
In(D,) of 0.25 and a hypothetical correlation coefficient
of 0.5 for illustrative purpose. The corresponding joint
distribution p(EXT, D,) would result in a mean ice water
content value of 1.61 X 10~®kgm >, significantly higher
than predicted with the current parameterization used in
CALIOP V4.1. The exact value depends of course on the
unknown correlation between extinction and effective
diameter. Note also that this analysis assumes a simple
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FIG. 1. (a) Scatterplot from the joint distribution of extinction coefficients and effective diameter at —71°C as cal-
culated using Eq. (9¢) of Heymsfield et al. (2014). The mean temperature was calculated from interpolated MERRA-2
data at 15 km in the tropics. A normal distribution is chosen for In(EXT) based on the mean and variance of extinction
measured by CALIOP at 15 km (see Fig. 3). Because In(D,) is a simple linear function of temperature in the CALIOP
V4 parameterization, the distribution of In(D,) reduces to a single number. Contour lines of calculated IWC are rep-
resented in the background as dashed lines. Integration over the distribution yields a mean IWC of 1.28 X 10 ®kgm ™.
(b) As in (a), but for a In(D,) distribution estimated from Fig. 11a of Heymsfield et al. (2014) at —71°C. The standard
deviation is estimated at 0.25. A bivariate normal distribution featuring a hypothetical correlation coefficient of 0.5 is

chosen for the sake of illustration. Integration over the distribution yields a mean IWC of 1.61 X 10 °kgm

mapping between altitude and mean temperature, which
is sufficient to illustrate the importance of variability in
D,. A rigorous estimator of IWC also needs to take into
account the histogram of temperature at each level since
the distributions of D, and extinction coefficients at any
given level are matched by temperature.

Distributional aspects of ancillary parameters such as the
ice effective diameter may therefore warrant consideration
when trying to project geophysical variables of interest such
as ice water content from a distribution of extinction co-
efficients. This issue is actually general and will also affect
the estimation of other variables, such as the sedimentation
flux in cirrus clouds. In that latter case, other microphysical
parameters have to be considered as well, such as the slope
of the particle size distribution [see Eq. (16)]. The funda-
mentals of estimation for an ensemble of clouds with a range
of extinction coefficients are the same for any geophysical
variable of interest though. They always involve integrating a
parameterization over a joint distribution of extinction co-
efficients and ancillary parameters, such as in Eq. (17). The
mathematical aspects of integration over distributions of
parameters to estimate average values will be studied in the
next section from a generic point of view, with emphasis
on a new technique to quickly estimate such integrals.

3. A new generic method for averaging over
parameter distributions

In this section, we lay out the mathematical foundation
of the general problem of integrating over distributed

Brought to you by NOAA Central Library | Unauthenticated | Downloaded 05/25/21 05:28 PM UTC

-3

parameters. Geophysical quantities of interest are
represented by functions depending on a number of
distributed parameters. Those distributed parame-
ters are used to convey variability of the state of the
atmosphere. Let us call f{x) a function of a distributed
vector X = [X1, X5, ... , xy]' containing N distributed
parameters. We are interested in estimating the mean
(or expected value) and variance of f:

(f(x) = E[f(x)] = Jf (®)p(x) dx, (19)

Var[f(x)] = J[f(X) — (fe)p(x)ax,  (20)
where p(x) is the distribution of x, that is, the joint
distribution of the set of parameters xy, ..., xy. For
simple analytical function, Egs. (19) and (20) may be
solved analytically. In general, however, f(x) is either
too complex to solve the kind of integrals in Egs. (19)
and (20) or f(x) is a numerical procedure of the in-
put parameters. A more suitable approach to solving
those integrals would be the Monte Carlo method,
where samples (xi)fil are generated from p(x) and
the mean and variance of f are empirically computed.
The main drawback of the Monte Carlo approach is its
slow convergence and its tendency to produce noisy
estimators at prohibitive cost when the number of
samples is large. Variance reduction techniques can
improve convergence over standard Monte Carlo
(McKay et al. 2000; Larson et al. 2005). Numerical
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quadrature approximations to the integral involved
in Eq. (19) is another option (Chowdhary et al. 2015).
In this work, we present an approach to computing
the mean and variance of f(x) based on Taylor ex-
pansions around the mean of the distributed vector of
parameters (x).

We assume that f can be Taylor expanded around
(x) over the typical range of fluctuations of x and is
sufficiently well approximated to second order so that
one can write

£~ F((x) + V(%) (x = (x))

+%@—«wa«wa—@», 1)

where Vf((x)) and H((x)) are the gradient and Hessian
matrix of f evaluated at (x) [H((x)) is the matrix
whose entries are the second-order derivatives of

£ Hy((x)) = (9*flaxiox;)((x))].
Applying the expectation operator to Eq. (21)
yields

(F(x)) ~f({x)) + %E[(X = () H(x)(x - )] (22)

after identifying (---) = E[---]. Note that the expectation
of the linear form vanishes. Since the quadratic form
evaluates to a scalar, one can rewrite Eq. (22) as

1
(f(x)) ~ f({x)) + Str{E[(x — (x))"H((x)(x = (x)]},
(23)
where the trace operator (tr) has been introduced.
Using the linearity of the trace and its invariance
under cyclic permutation (Mathai and Provost

1992, p. 50), one can transform Eq. (23) further
and write

(FO0) ~ F({x0) + St (RO ELx = () (x = ()T}
24)

One recognizes the definition of the variance—covariance
matrix on the RHS of Eq. (24):

T = E[(x— (x)(x— (x))'].

Thus, the approximate expression for the mean of f(x) is
given by

(25)

(F(x)) ~f((x)) + %tr[l"( (x)x] (26)

for x distributed with mean (x) and covariance matrix X.
Because Eq. (26) derives from a direct Taylor expansion
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of f, we shall call this approach the direct approach to
estimating ( f(x)).

Several comments can be made on Eq. (26).
Perhaps the most obvious observation is that this
equation reduces to the following equality if f is
linear:

(f(x)) =f((x)).

Running a model with mean parameters as inputs
produces unbiased mean physical quantities only if
the model is linear in its parameters. If the model is
nonlinear in its parameters, a systematic bias appears
that can be estimated by the term (1/2)tr[H({x))X].
Note that Eq. (26) holds exactly if f is quadratic, ir-
respective of the distribution of x.

In one dimension, Eq. (26) reduces to the expression

27)

L&f
20x2

(F@)) ~f(lx)) + (28)
where o is the standard deviation of x. Therefore, if fis

convex, one has

(fO)) = f((x),

and the opposite is true if fis concave. Equation (29)
is known as Jensen’s inequality (Jensen 1906) and the
quantity (f(x)) — f((x)) ~ (1/2)(8*floax*)o” is some-
times referred to as the Jensen gap in the literature
(Abramovich and Persson 2016). Equation (26) can
be seen as a generalization of Jensen’s inequality
in multiple dimensions and the term (1/2)tr[H({x))X]
estimates the Jensen gap in those conditions. The
term (1/2)tr[H({x))X] can be viewed as a correction
to model outputs computed from mean parameter
values in order to reduce the systematic evaluation
bias and rectify the outputs toward their expected
values.

The variance of f(x) can also be estimated by recog-
nizing that

(29)

Var[ f(x)] = E[(f(x) — E[f(x)])’]. (30)
and using Egs. (21) and (26), which gives
Var[f(x)] ~ E<{Vf(<X>)T(X ~ (x))
43— () H()(x - ()
2
—%tr[H«x»z]} ) (31)

On expanding Eq. (31) one can write
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Var[ f(x)] ~ E{[V/((x))" (x = DIV/((x)" (x = (x))]}
+E{%[(X = (%)) H((x)(x = (x)][(x = (%)) "H((x))(x = (X))]}

+E{[VF({x))" (x = (xD)][(x = (x)"H(x))(x = (x))]}
—E{[Vf((x))" (x = (x))]r[H((x)) ]}

- E{%(X — (x)TH((x))(x — <x>)tr[H(<X>)E]}

+ JulH()SF.

Assuming a normal distribution for x, one can use the
following identities on the variance of quadratic forms
(see, e.g., Mathai and Provost 1992, p. 53):

E{[(x = (x)) "H({x)) (x = (x))][(x = (x)) "H((x))(x = {x))]}
= 2tr{[H((x))2]"} + tr[H((x)) 2T, (33)

and on the covariance between linear and quadratic forms

E{[Vf((x)" (x = (x))][(x = (x)) H((x))(x = (x))]} =0
(34)

(since the assumption of Gaussianity ensures that third-
order centered moments of x are 0). One can then show
that the expression at Eq. (32) eventually simplifies to

Var[ f(x)] ~ Vf((x)"EVF((x)) + %tr{[H(<X>)E]2} , (3%)

when x is normally distributed.

The term V£((x))"2Vf((x)) on the RHS of Eq. (35)
means that to a good approximation the variance of
f(x) is given by the variance of the parameters pro-
jected onto the gradient of the model. For a model that
is linear in its parameters, the variance of f(x) is exactly
given by V£((x))"2Vf((x)) and thus depends on the
mean, the covariance matrix of the parameters and the
gradient of the model.

In some situations, a function of f may be better ap-
proximated by the first few terms of its Taylor series. For
instance, one may seek an expansion of In(f) and write

Inf(x) ~ Inf((x)) + VInf((x))" (x — (x))

F= DH - (), 66)
where H™ is the Hessian matrix of In(f). Equation (36)
may be better suited to capture the low-order variations of
the function than Eq. (21) depending on the functional
form of f. One can then reuse the results at Egs. (26) and
(35) to build estimators of (Inf(x)) and Var[lnf(x)]:
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(32)

(Inf(x)) ~Inf({x)) + %tr[H'"(<X>)E] ; (37)

Varlinf ()]~ ¥ Inf ()" S Vinf((x) + 2tr{[H" (x)EF).
(38)

In this situation, it is possible to build an estimator of
(f(x)) from the estimators at Egs. (37) and (38), as we
explain in appendix A. Making use of Eq. (A5), we arrive
at the following estimator for ( f(x)):

(f(x) ~f((x))
X exp (%V lnf((x))TEV Inf({x)) + %tr[Hln((x))E]

# r(H ()T ). (39)
Because Eq. (39) derives from a Taylor expansion
of In(f), we shall say that (f(x)) was estimated using
a logarithmic approach, as opposed to the direct ap-
proach of Eq. (26). Note, however, that the logarithmic
approach relies itself on the direct approach for esti-
mation of (Inf(x)) and Var[lnf(x)].

Note that while the direct approach yields exact re-
sults for quadratic functions, the logarithmic approach
yields exact results for power laws and lognormal dis-
tributions, up to a transformation of parameter.

Whether a Taylor expansion of f or In(f) is chosen,
the quality of the resulting estimator depends on con-
vergence considerations of the Taylor series [Egs. (21)
and (36)]. In particular, for the estimators to make sense
when the domain of convergence is finite, the variance of
the parameter distribution (i.e., the diagonal of %) must
be low enough to ensure that the parameters take the
bulk of their values within the domain of convergence.

The main results of this section are summarized in
Fig. 2 where the view is assumed that the parameter
space is partitioned into observable and ancillary sub-
spaces. The estimators of (f(x)) at Egs. (26) and (39) can
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~— contour line of the parameter distribution p(x)

Mean value over the parameter distribution: (f(x)) = [ f(x)p(x)dx

Ancillary parameters Tjyp, ..., TN

Direct approach (expansion of f):
1 ESTIMATORS
{F(x)) ~ f({x)) + 5 tr (H((x))X) (Eq.(26))
Logarithmic approach (expansion of In f):
1 T 1 1 2
(FED) ~ F((xY) % (‘xp(g\“lnf{:fx}‘w' EVIn f((x)) + 5t (H"((x))E) 4 lu-((]-['”c;xuz)‘)) (Eq. (39))

FIG. 2. Summary of the results from section 3: N parameters are assumed, where k dimen-
sions correspond to observations; N — k dimensions correspond to ancillary (a priori) param-
eters; p(x) is a joint distribution of the observable and the ancillary parameters; and (f(x)) is the
mean value of f over the parameter distribution, where fis a geophysical quantity of interest
evaluated from the parameters x. We construct estimators of (f(x)) by Taylor expanding to
second order either f (direct approach) or In(f) (logarithmic approach) around the mean pa-
rameter values, depending on which expansion makes more sense. In the above formula, 3,
represents the covariance matrix of the parameters while H and H™ represent the Hessian

matrices of f and In(f).

then be used to estimate mean values over an ensemble of
observations and are applied in the next sections to the
problem of estimating mean cirrus cloud ice water con-
tent and sedimentation flux from lidar observations. One
should remember that these estimators are very generic in
nature and applicable beyond the specific problem treated
in this article. In particular, they constitute suitable options
for the upscaling of microphysical process rates.

4. Application to the estimation of mean ice water
content and sedimentation flux

We now discuss the application of the generic averaging
method presented in section 3 to the parameterizations of
ice water content and sedimentation flux developed in
section 2. To proceed, we first need to specify the joint
distribution of the parameters of the problem, that is the
joint distribution of volume extinction coefficients and
microphysical parameters (effective diameter and, in the
case of sedimentation flux, the slope of the particle size
distribution). For normal (or lognormal distribution, up
to a transformation), the specifications are encoded in the
mean parameter values (x) and the covariance matrix 3.
To compute the estimators developed in section 3, we also
need to produce the gradient and Hessian of the param-
eterizations for ice water content and sedimentation flux.

a. Distribution of parameters

We have shown in section 2 that the distributed param-
eters to consider for ice water content and sedimentation
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flux estimation are the volume extinction coefficient,
the ice effective diameter and the slope of the particle
size distribution (for sedimentation flux only). We
discuss plausible distributions of these parameters,
based on information acquired from satellite observa-
tions or in situ measurements. In the case of ancillary
parameters inferred from in situ measurements, the
distributions are not always precisely reported in the
literature. For the purpose here, namely, to investigate
the impact of parameter variance on mean value esti-
mators, the distributions can be reasonably approxi-
mated by postulating a plausible amount of variance. A
plausible model of the joint parameter distribution in
cirrus clouds is then proposed by adding unknown
correlations into the picture. The degeneracy of such
distributions with multiple correlation coefficients is
characterized, which allows us to project the impact on
integral cloud properties. Because observations sug-
gest lognormal distributions, the parameters are re-
defined as their log-transformed counterparts:

x, =In(A), (40)
x, =1In(D,), (41)
x, = In(EXT), (42)

which are assumed normally distributed; x; and x, are
the redefined ancillary parameters while x5 is the re-
defined volume extinction coefficient. (The values of x;,
Xo, and x5 henceforth are given in SI units.)
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1) DISTRIBUTION OF VOLUME EXTINCTION
COEFFICIENTS

Measurements from the Cloud-Aerosol Lidar with
Orthogonal Polarization (Winker et al. 2003, 2007; Hunt
et al. 2009) suggest that volume extinction values are
approximately lognormally distributed in the tropical
upper troposphere-lower stratosphere (UTLS). The
distribution function of measurements is represented in
Fig. 3 as a function of altitude in the tropics. One can
check that In[ p(x3)] can approximately be fitted with a
quadratic function, thus proving that x3 is quasi-normally
distributed, or equivalently that EXT is quasi-lognormally
distributed. The mean value and standard deviation of
x5 ((x3), 03) can be determined at each altitude by direct
numerical integration over the distribution function
(Fig. 3, solid line).

2) DISTRIBUTION OF ICE EFFECTIVE DIAMETERS
AND SLOPE PARAMETERS

In Heymsfield et al. (2014), at Eq. (9¢), the authors
propose to parameterize ice effective diameter in upper-
tropospheric cirrus as

In(8.33 X 107%) +0.0184T, T <-71°C
In(9.1744 X 10°%) + 0.1177, T > —71°C’

(43)

ln(DEaram) — {

where T is air temperature. The parameterization is built
by fitting a compilation of in situ measurements acquired
at temperatures down to —86°C. One consequence of
using Eq. (43) is that the distribution of effective diame-
ters reduces to a single number at a given temperature
(see Fig. 1a for illustration), whereas the observational
data show substantial variance [cf. Fig. 11a of Heymsfield
et al. (2014)]. Therefore, a distribution with a nonzero
amount of variance and centered around In(DP*™™)
should be expected (we effectively assume a normal dis-
tribution, this assumption being supported by Thornberry
et al. (2017), Fig. 5). This is shown in Fig. 1b where a
plausible variance of 0.25 of the logarithm of effective
diameters has been added to the parameterization. The
value of 0.25 has been estimated based on visual inspec-
tion of the data in Fig. 11a of Heymsfield et al. (2014). In
summary, a plausible distribution for x, = In(D,) is the
normal distribution with mean (x,) = In(DP**™) and
standard deviation o, ~ 0.25. Note also that while other
investigators have proposed empirical parameterizations
similar to Eq. (43) (Thornberry et al. 2017), they always
focus on parameterizing the center of the distribution of
D, as a function of temperature, not the full distribution.

Similarly, Heymsfield et al. (2013) propose to
parameterize the slope parameter of particle size
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F1G. 3. Histogram of tropical (30°S-30°N) CALIOP 532-nm
volume extinction coefficients across altitude and extinction bins,
over the period 2007-15. Extinction bins are linearly spaced in log;o
scale. Color coding measures fraction of occurrence across all al-
titudes and extinctions (in log;, units). The solid black line repre-
sents the mean vertical profile of log;o(EXT) measurements. Error
bars correspond to 1-sigma standard deviation. Extinction values
are from the CALIOP L2 5-km Cloud Profile Product V4.1 (Young
et al. 2018). Data have been quality screened to retain only mea-
surements with quality flags of 0, 1, 2, 16, and 18 and an absolute
value of the cloud aerosol discrimination score of at least 50. Both
daytime and nighttime profiles are used.

distributions (fitted as gamma functions) in cirrus
clouds as

In(AP*™™) = In(75) — 0.1057T . (44)
Using the same reasoning as for effective diameter,
we estimate that the distribution of values of In(A) can
be approximated by a normal distribution centered
around In(AP*"*™) with a nonzero amount of variance,
that we roughly estimate at 0.6 based on visual inspec-
tion of the data in Fig. 7 of Heymsfield et al. (2013). That
is, (x1) = In(AP*™™) and oy ~ 0.6.

3) JOINT DISTRIBUTION OF PARAMETERS

As stated in subsections 1 and 2, the parameters of
the problem (volume extinction coefficient, effective
diameter, slope parameter) can be modeled using log-
normal distributions, which is equivalent to assuming
normal distributions for their log-transformed counter-
parts (xq, X2, X3):

p(x,) ~

13

2
exp [_yx,. — (%)

01\}2_77 2 o? ] ’ (43)

where (x;) and o; are the mean values and standard
deviations of x;.

The p(x;) can also be viewed as marginal distribu-
tions of a more general joint distribution of parame-
ters p(x) = p(x1, X2, x3). In the case of independent
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parameters, the joint distribution is simply obtained by
taking the product of the marginal distributions:

p(x) =p(x)p(x,)p(x;). (46)
In the general case, however, we have to assume that
the parameters can be correlated and the joint den-

sity is thus given by a generalized trivariate normal
distribution:

px) = xp| 5= ()X (x = ()]

(47)

1
Q) (det3) €

where x = [xy, x5, x3]T and X is the covariance matrix of
the log-transformed parameters. 3, is defined as

2
01 Op Op3

=|o, 0} o,], (48)

2
13 93 03

ag
where the off-diagonal entries o; are the covariances
measuring the degree of correlation between x; and x;:
(Tl.j = E[(x,' - <x,‘>)(xj - <x]>)] . (49)
In the absence of corresponding measurements reported
in the literature, the covariances o;; must be considered
as unknown. By virtue of the Cauchy-Schwarz inequality,
they can range anywhere between —o0; and +o0;.
Alternatively, the correlation matrix 3°°'" can be defined
by the normalization operation:

37 = (diag¥) "3 (diag¥) "7, (50)
where diagX, is a matrix of diagonal entries containing
the variances o7 and the off-diagonal entries of X"
feature the correlation coefficients p;;:

g..

’ 1)

oo’
i]

p,‘,‘ =

which are normalized between —1 and 1. The decom-
position into variances and correlation coefficients sep-
arates the information controlling parameter dispersion:
the variances control the overall level of variability of the
parameters while the correlations coefficients determine
how tightly the parameters correlate.

The joint distribution specified at Eq. (47) is degen-
erate with respect to values of the correlation coeffi-
cients. That is, multiple joint distributions differing
by their correlation coefficients alone can be gener-
ated from the same individual distributions of param-
eters. Properties resulting from integration over such
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degenerate distributions, such as ice water content or
sedimentation flux, do, however, differ with the con-
figuration of the correlation coefficients, as discussed
in sections 5 and 6.

Note that in producing the joint distribution p(x),
we assume a simple mapping between altitude and
mean temperature to match the marginal distributions
p(x;) together. Since temperature is the real coupling
variable between extinction and other parameters,
one should also roll temperature variations into this
framework. This can be done rigorously by computing
joint distributions pr(x) conditioned on the value of
temperature 7, integrating over such distributions to
produce mean value estimates of ice water content and
sedimentation flux conditioned on temperature, and
integrating those estimates over the distribution of
temperatures at a given level. Our choice of working
with mean temperature is motivated by simplicity
since the focus of this paper is on the impact of pa-
rameter distributional aspects, such as the degeneracy
with multiple correlation coefficients, rather than on
temperature variations.

b. Range limitation of the correlations between
parameters

When 3 parameters or more are involved, the values
of the unknown covariances, or equivalently the cor-
relation coefficients, have to satisfy some limitations
in order to define a valid joint parameter distribution.
For a two-dimensional problem, the correlation ma-
trix is simply given by

zcorr — |: 1 p121|

pp 1

and py, can take any value between —1 and 1. For a
three-dimensional problem however, the situation is
complicated by the triangular nature of correlations
between variables x1, x, and x3. That is, the correlations
between x; and x, and between x, and x3 limit the
possible correlation between x; and x3.

The condition on the correlation coefficients may
be found by requiring that %°°'" be a positive semi-
definite matrix. One can show that det(2°°™) >0is a
sufficient condition that warrants positivity of the
eigenvalues of 3°°™.! For a three-dimensional prob-
lem, the condition on the correlations coefficients is
then given by

! This can be established from the characteristic polynomial of
3" using the fact that 3°°'" is symmetric.
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FIG. 4. Joint values of the correlation coefficients p;,, p13, and p,3
for which p(xy, x,, x3) is a valid joint density. The values correspond
to det(Z°™) = 0 and are located inside the det(X°°™) = 0 isosurface
(2°°" being the correlation matrix of the parameters x;, x,, and x3).
That isosurface is displayed using a solid representation with arti-
ficial lighting.

det (ECOrr) >0=1+ 2p12p13p23 - (p%Z + p%B + P%3) >0.
(52)

InF (e, %y, x5) =23+ (B—b—s+2)x
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As shown in Fig. 4, Eq. (52) defines a volume of R’
bounded by the isosurface det(2°°"") = 0. This volume
spans the feasible values of the triplet (p12, p13, P23)-
Therefore, the mean value and variance of f(x) should
be evaluated over the volume defined by Eq. (52).

One should keep in mind that, in nature, extreme
values of the correlation coefficients between parame-
ters (toward —1 or +1) are highly unlikely. The corre-
lations are more likely to remain toward middle values.

c¢. Gradient and Hessian for model evaluation

We will show in the following section that the pa-
rameterizations for ice water content and sedimentation
flux have to be estimated from their logarithmic for-
mulation (logarithmic approach described in section 3).
This requires one to specify the gradient and Hessian
matrix of the log-transformed parameterizations.

Taking the logarithm of Egs. (15) and (16) allows one
to easily rewrite the parameterizations as functions of
the log-transformed parameters x;. By doing so, one
arrives at

InIWC(x,,x,,x;) =x; + x, +In (%) (53)
and
+InT[w(x,.x,) + b+ 5+ 1] = Inl[u(x,.x,) + B+ 3] + In (%) . (54)

For ice water content [Eq. (53)], the components of the
gradient are

0 InIWC

and the Hessian matrix is simply the null matrix:
H'"(x) = 0. For sedimentation flux [Eq. (54)], the com-
ponents of the gradient are given by
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o, (x)=0
dInIWC
TZ(X) =1, (55)
dlnIWC,
—ax3 (x)=1
alnF_, U [u(x,,x,)+b+1]— ¢ [u(x,,x,)+b+s+1]
sel - _ 2 _ b\ 0 22771 0 22771
axl (X) S+( P g l//()[l-‘b(xzvxl)+b+1]_l//0[/"°(x2’x1)+3+3]
ad lnFsed(X) _ Polw(x,y, x,) + b +s+ 1] — b [m(xy, x,) + 8+ 3] ’ (56)
axz lpo[/"’“(xz’xl) +b+ 1] - lvbo[/“’“(xz’xl) +B+ 3]
dlnF_, =
—8x3 x)=1
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In Egs. (56) and (57), ¢y and s, respectively denote the
polygamma functions of order 0 and 1 (first and second

derivatives of InI'; see, e.g., Abramowitz and Stegun
1972, p. 260).

5. Validation

In this section, the generic averaging method of
section 3 applied to ice water content and sedimenta-
tion flux parameterizations is validated against values
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azln sed( V= 2+ B —b) (zjll[u(xz, D+b+1]— ¢ [m(x,,x,) +b+s+1]
{olu(xy x,) + b + 1] = i [w(xy, x,) + B + 3]}
_ {l[ll [/’L(xz’xl) +b+ 1] - ¢1[M(x2’x1) +B + 3]}
{lll,()[l"l’(xz’xl) +b+ 1] - ‘p()[/-"“(xzaxl) + B + 3]}3
AWl x) + b+ 1] = gy, x) + b +s + 1]})
{l//()[/"’“(xzax1) +b+ 1] - lpo[/-‘“(xzaxl) +B+ 3]}
PNy Bl x) £b 5+ 1] =yl x) £+
03 [l x,) + b+ 1] = gy [y, x,) + B+ 31Y
A [y x) + b+ 1] = ¢ [ulx,, x,) + B + 3]}
{‘/fo[/*i‘(xyxl) +b+ 1] - ‘po[ﬂ(xpxl) + B + 3]}3
(%) + b+ s+ 1] Yyl x,) + B+ 3])
{‘:[/()[:U*(xzvxl) +b+ 1] - ‘!/()[M(xzvxl) +B+ 3]}3
(57)
9*InF,,
=0
a21nFsed( V= —(2+B-b) <¢/;1[,u(x2, D) +b+s+1] =[x, x)+ B +3]
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{¢0[M(x2’x1) +b+ 1] - lvl'o[l‘l“(xpxl) +B+ 3]}
[0 0) + b5 + 1] = gyl ) + B +3]}> LI
{[nleyx,) + b + 1] = i [y, x,) + B + 311 0x)%)
O*InF,_, 92 lnFSe g
0=
T = 0= T
0 InF 62 InF
T 0 =0 ).

computed from the Monte Carlo method. Results are
computed over the set of possible correlation trip-
lets defined at Eq. (52) and are reported as devia-
tions of Monte Carlo predictions. This way, we can
evaluate how the accuracy of the method holds with
degenerate joint distributions of parameters (see
section 4). We contrast the results obtained by
Taylor expanding the parameterizations and their
log-transformed counterparts (direct vs logarithmic
approach) and show that the logarithmic approach is
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the one that makes sense given the formulation of
the parameterizations.

a. Ice water content

The results predicted by the logarithmic approach are
mathematically exact in the case of ice water content,
which trivially validates the approach for this particular
parameterization. Indeed, the parameterization for ice
water content is quadratic and therefore can be inte-
grated exactly over the parameter distribution. By def-
inition, the mean value of ice water content over the
distribution of extinction coefficients and effective di-
ameters is equal to

&

(IWC) =7

(EXTD,) . (58)
Rewriting the above equation in terms of the log-
transformed variables x, = InD, and x3 = InEXT,

one has

pi
(IWC) = g(exp(x2 +x5)), (59)
which is equivalent to the integral
A
(IWC) = gJﬂchwexp(xz + x;)p(x,,x;) dx, dx,, (60)

where p(x,, x3) is the probability density of a bivariate
normal distribution. The double integration in Eq. (60)
can be carried out analytically [see, e.g., Larson and
Griffin (2013), their Eq. (26)], which yields the result

P; 1
(IWC) = 3 exp((x,) + (x;)) exp [E(O% + %)+ L0305 -

(61)
Note that Eq. (61) can also be written as
P
(IWC) = §<EXT> (D,) exp(0,0,p,3) (62)

by using Eq. (AS) with the definitions of (EXT) and (D,).

One can check that the logarithmic approach to
computing mean ice water content [Eq. (39)] recovers
the exact result given in Eqgs. (61) and (62). There are
two reasons for this fact. First, the logarithm of ice water
content is linear in its arguments:

In(OIWC) = In (%) +x,+x;,

(63)
which warrants that its Taylor expansion is exact to
second order. Therefore, the expressions for (In(IWC))
and Var[In(IWC)] developed in section 3 are also exact.
Then, it is easy to deduce from the linearity of Eq. (63)
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that the values of In(IWC) are normally distributed. In
that context, Eq. (AS5) becomes exact (see appendix A),
hence the exact prediction of (IWC) from (In(IWC))
and Var[ln(IWC)].

More generally, as noted in section 3, the logarithmic
approach will produce exact results for power-law pa-
rameterizations of the form

f(X. X, X, .. )= X" X2 X5 (64)
where X, X5, X3, ... are lognormally distributed.
Attempting to compute (f(x)) using a direct approach
in this example produces bad results because the cor-
responding Taylor expansion is too severely truncated
at the second order given the variance of the parameter
distribution.

b. Sedimentation flux

The parameterization for ice sedimentation flux is
nonlinear, both in its direct and logarithmic formulation,
and cannot be integrated exactly over the parameter
distribution. Therefore, estimators of the mean sedi-
mentation flux produce approximate results that must
be validated against values computed from the Monte
Carlo method. As for ice water content, we will show
that the logarithmic approach performs satisfactorily
because the underlying truncated Taylor expansion
captures well the variations of the parameterization over
the typical range of parameter values.

To begin with, one may contrast the results obtained
by Taylor expanding the parameterization versus its
logarithmic counterpart following a direct approach.
The truncated expansion for Fy.4 and associated mean
value estimator are given by

F (%) + VE, ()" (x = (x))

- ETHE - (), (69)
(Fog) ~ Fo () + 20IH(DE]L (66)
while those for In(F.q) are
In(E, (X)) + TIn(E () (x — (x)
2= () H () — (), (67)
(In(F, ) ~ In(F, () + JulH (W)E]. (68)

As one can see in Fig. 5a, (In(Feq)) predicted from
Eq. (68) tracks very well the Monte Carlo values
across all possible configurations of the correlation
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FIG. 5. Deviations of (a) (In(Fseq)) and (b) (Fseq) estimators from corresponding Monte Carlo predictions. The
estimators are computed from Egs. (68) and (66) using a direct Taylor expansion approach. A joint normal dis-
tribution of extinction coefficients, effective diameters, and exponential slope parameters with unknown cor-
relation coefficients is used. A normal distribution is chosen for In(EXT) (parameter 3) based on the mean
and variance of extinction measured by CALIOP at 15km (see Fig. 3). The In(D,) (parameter 2) and In())
(parameter 1) distributions are estimated from Fig. 11a of Heymsfield et al. (2014) and Fig. 7b of Heymsfield
et al. (2013) at —71°C, with standard deviations estimated at 0.25 and 0.6, respectively. The mean temperature
was calculated from interpolated MERRA-2 data at 15 km in the tropics. The deviations of the estimators from
Monte Carlo are functions of the unknown correlation coefficients p5, p13, and p,3 and are here represented over
the planes p1; = 0, p13 = 0, and pp3 = 0 for feasible values (cf. Fig. 4).

coefficients. The configurations are those for which
the correlation coefficients are within the feasible
volume defined by Eq. (52). Note that the absolute
deviation from Monte Carlo stays under 15 X 107° %
while (In(Fyeq)) varies end to end by 0.4% (not shown).
By contrast, (Fy.q) predicted from Eq. (66) does a very
poor job tracking the Monte Carlo estimator, as dis-
played in Fig. 5b.

To understand why Eq. (68) succeeds at being a good
estimator whereas Eq. (66) fails, one needs to examine
the underlying truncated Taylor expansions [Egs. (67)
and (65)]. Those are plotted at constant extinction in
Figs. 6¢ and 6d. The full function variations are plotted
for comparison in Figs. 6a and 6b and the residuals of
the truncated expansions in Figs. 6e and 6f. One can see
that Eq. (67) is a much better proxy for the full varia-
tions of In(Fseq) than Eq. (65) is for Fy.q. The residual
of the quadratic expansion of In(Fy.4) is small over
the domain concentrating most ancillary parameters
(6e, domain spanned by the error bars) while that for
Fieq only vanishes in a tiny neighborhood of the mean
parameters (Fig. 6f).

The fact that the variations of In(F.q) are well cap-
tured by the lowest orders of a Taylor expansion
can be related to the empirical observation of a
compact relationship between mass-weighted veloc-
ities v, and effective diameter. Without loss of gen-
erality, the expression for Fy.4 at Eq. (16) may indeed
be interpreted as

F_,(A,D,,EXT) =IWC(D,,EXT)v, A,D,).  (69)
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Many studies in microphysics (e.g., Schmitt and
Heymsfield 2009) find that v,, is well modeled by
power laws of D, for the dataset they consider.
Therefore, one can expect Fy.q to vary in the following way:

F

sed

~EXTDY, (70)
where « is a slowly varying function of the parameters A,
D., and EXT. The logarithm of F.q4 is thus expected to
behave approximately as

In(F_,,) ~ In(EXT) + aIn(D,) (71)
over the typical range of variations of the parameters. A
quick inspection of Fig. 6a shows that this is the case
indeed. At constant extinction, and for In(A) and In(D,,)
spanning the bulk of parameter values, In(Fy.q) seems to
vary quasi linearly with In(D,) with no other significant
dependency. This can be justified more rigorously from
linear sensitivity considerations (see appendix C). One
can show in particular that the picture put together
at Eq. (71) holds because typical measured values
of the microphysics parameters are high enough to
minimize sensitivity to A and preclude significant
curvature effects.

Note that the accuracy of Eq. (67) as a proxy for full
function variations is not uniform over the parameter
space. Outlier effects from the quadratic term become
significant when In(A) and In(D,) are both small or are
both large (Fig. 6¢). The quality of the associated mean
value estimator at Eq. (68) thus depends on the corre-
lation coefficients between parameters, which control
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FIG. 6. Variations in the In(A)-In(D,) plane of (a) In(Fy.q) from its full definition, (c) In(Fseq) from its quadratic
Taylor expansion, and (e) In(Fseq) from the residuals of the expansion (orders = 3). The variations are computed
at constant extinction set to the mean value measured by CALIOP at 15 km (see Fig. 3). The error bars measure a
3-sigma dispersion (i.e., 99.4% of samples are within the area spanned by the error bars) of the distributions of
In(D,) and In(A) estimated from Fig. 11a of Heymsfield et al. (2014) and Fig. 7b of Heymsfield et al. (2013) at
—71°C, with standard deviations estimated at 0.25 and 0.6, respectively. The mean temperature was calculated
from interpolated MERRA-2 data at 15 km in the tropics. (b),(d),(f) As in (a), (c), and (e), but for variations of

Fieq instead of In(Fieq).

the preferential direction of alignment of the parame-
ters. For instance, positive values of the correlation co-
efficient between microphysics parameters py, lead to an
accumulation of values in the domain where Eq. (67)
diverges from the full function, which degrades the
mean value estimator. Negative values of pj, tend to
alleviate this problem. The accuracy of Eq. (68) as an
estimator of (In(Fs.q)) is thus expected to decrease when
p12 increases, which explains the residual trend percep-
tible in Fig. Sa.

Having established that Eq. (66) is a bad estima-
tor of (Fs.q), we follow the logarithmic approach of
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section 3 and construct an estimator from (In(Fseq))
and Var[In(F;eq)] instead:

<F‘sed> - Fsed(<x>)
X exp <%V InF,_ ((x))"2VInF,_ ((x))

#SUHT ()] (W (R)EFY) . (1)

Figure 7a compares (Fgq) from Eq. (72) to values
computed using the Monte Carlo method. As one can
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FIG.7. (a) Asin Fig. 5, but for an estimator of (Fs.q) computed from Eq. (72) (logarithmic approach). (b) Asin (a),
but with curvature terms discarded in Eq. (72) (Hessian matrix H'™ set to 0).

see, Eq. (72) produces results whose absolute value
never deviate from the Monte Carlo predictions by more
than 15% and are often within 2%-3% of the predic-
tions for most correlation coefficients. Such accuracy
compares favorably with the end to end range of varia-
tions of the Monte Carlo predictions, which is about a
factor of 18. Figure 7b shows the loss of accuracy of
predictions from Eq. (72) when the curvature terms in
the underlying Taylor expansion are dropped (i.e., H™ is
set to 0). Most configurations of the correlation coeffi-
cients show deviations from Monte Carlo values jump
from 2%-3% to 5%-10% with maximum deviations
reaching 20%. Curvature terms in Eq. (72) are thus
important if one wants to correct the estimator to a few
percent of the true value and to extend the domain of
correction to most correlation coefficients.

More generally, it is the case for nonlinear parame-
terizations whose variations cannot be exactly captured
by a low-order Taylor expansion that the accuracy of the
mean value estimator depends on convergence consid-
eration of the Taylor series and on the covariance matrix
3. This implies a dependency on the correlation coeffi-
cients between parameters, but also on the variances of
the parameters, which differ from problem to problem.
Although accuracy should be assessed on a case by case
basis, better results are invariably obtained with smaller
variances of the parameters. In particular, if the joint
distribution of parameters considered throughout this
section were to be stratified by values of volume ex-
tinction coefficients—such as would be the case for
an instantaneous ‘‘scene’’ observed by spaceborne
lidar—the resulting distribution conditioned on ex-
tinction values would exhibit low variance resulting in
high estimator accuracy.

6. Discussion

In this section, we interpret the variations in the es-
timators of (IWC) and (Fs.q) from a cloud physics
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perspective. We also discuss biases of parameterizations
ignoring the variance in particle size distributions and
relevant rectification strategies. This point deserves
general attention since the information on microphysics
parameters often comes from empirical parameteriza-
tions derived from in situ measurements (Heymsfield
et al. 2014; Thornberry et al. 2017). Because of the way
these parameterizations are constructed, the distribu-
tion of such parameters reduces to a single number at
each temperature (i.e., parameters become determinis-
tic), which biases the estimation of mean ice water
content and sedimentation flux when a range of extinc-
tion coefficients is involved. The case of the CALIOP
V4.1 ice water content parameterization (Heymsfield
et al. 2014) using an empirical relationship for ice
effective diameter recalled at section 4 [Eq. (43)] is
discussed as an example of parameterization where
microphysics parameter become deterministic. Results
are contrasted with situations where a nonzero amount
of variance is added to the parameterization, taking into
account the range of uncertainty spanned by ice water
content due to degenerate joint parameter distributions
(corresponding to the possible range of variations of the
correlation coefficients between parameters). Similar
results are discussed for the estimated sedimentation
flux corresponding to a range of extinction coefficients.
Parameterizations featuring deterministic parameters
instead of observed distributions shall henceforth be
called deterministic parameterizations. Such determin-
istic parameterizations can be envisioned as a reduction
of full parameterizations (using distributed parameters)
under the limit of vanishing microphysics parameter
variance, that is, oy, 05 — 0

a. Ice water content

Figure 8a shows mean ice water content computed
from Eq. (61) for a distribution of extinction coefficients
and effective diameters as a function of the assumed
correlation coefficient between the logarithms of those
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FI1G. 8. (a) (IWC) from Eq. (61) as a function of the assumed correlation coefficient between In(EXT) and In(D,)
(solid line). A joint lognormal distribution of extinction coefficients and effective diameters is used. A normal
distribution is chosen for In(EXT) based on the mean and variance of extinction measured by CALIOP at 15 km
(see Fig. 3). The In(D,) distribution is estimated from Fig. 11a of Heymsfield et al. (2014) at —71°C, with an
estimated standard deviation of 0.25. The mean temperature was calculated from interpolated MERRA-2 data at
15 km in the tropics. The limit value of (IWC) when the distribution of In(D,) reduces to a single number (CALIOP
V4.1 parameterization) is symbolically represented as a horizontal dashed line. (b) As in (a), but for (Fyeq) from
Eq. (72). The joint normal distribution is now between extinction coefficients (parameter 3), effective diameters
(parameter 2) and exponential slope parameter (parameter 1). The In(A) distribution is estimated from Fig. 7b of
Heymsfield et al. (2013) at —71°C, with an estimated standard deviation of 0.6. The full solution depends on p5, p13,
and p,3 but is shown as a function of p,3 only, with median model from Eq. (76) overlaid as solid line.

parameters (pp3). The predicted value of (IWC) grows
exponentially with p,3. From Eq. (62), the minimum and
maximum values of (IWC) are given by

b

(IWC) =7

(EXT)(D,) exp(*0,0;) (73)
and are respectively attained in the totally anticorrelated
(p23 = —1) and totally correlated (pp3 = 1) cases. The
range of predicted values spans a factor

exp(2o-2¢r3) , (74)
which amounts to 2.2 for mean parameter values at
15km (i.e., 0 and o3 estimated from Heymsfield et al.
(2014) and from CALIOP measurements at 15 km, re-
spectively; see caption of Fig. 8a for more details). Note
that, in the general case, this factor would depend on the
variances of the parameters of the problem.

When the variances of the ancillary parameters vanish
(i.e., o1, 0o — 0), as in the CALIOP V4.1 ice water
content parameterization, the treatment of particle size
distribution becomes deterministic and (IWC) is given
by the following deterministic model:

determ __ P; param
(IWC) = §<EXT>D6 . (75)
The value at Eq. (75) is represented symbolically in
Fig. 8a by a horizontal dash line. Note that all dependency
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upon the correlation coefficient p,; has vanished since
there are no fluctuations of effective radius to consider in
this parameterization. Figure 8a shows that a parame-
terization approach that treats size distributions as de-
terministic can significantly bias the estimated mean
value of ice water content. The estimated value of (IWC)
can be biased high by up to a factor of 1.45 or biased low
by up to a factor of 1.54 with respect to results from a
parameterization taking into account the variance in
particle size distribution. Incorporating distributional
aspects of the microphysics parameters in parameteri-
zations would require systematic reporting of the joint
distributions between extinction coefficients and ice ef-
fective diameters from in situ measurements, including
the correlation between such parameters.

A physical interpretation of these results can be de-
veloped by considering the meaning of the correlation
coefficient between the logarithms of extinction coef-
ficients and ice effective diameters (py3). A positive
correlation coefficient means that positive extinction
anomalies are correlated with positive D, anomalies,
meaning that samples with higher projected area have a
tendency to occur with heavier particles while samples
with lower projected area have a tendency to occur with
lighter particles (in a relative sense, i.e., compared to
situations with negative correlation coefficients, see
below). The predicted value of (IWC) over the distri-
bution of extinction coefficients thus tends to be large in
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that case. By contrast, a negative correlation coefficient
means that samples with higher projected area have a
tendency to occur with lighter particles, and vice versa.
This will then produce lower values of (IWC) when
averaging over the distribution of extinctions.

b. Sedimentation flux

Figure 8b shows the mean sedimentation flux esti-
mated from Eq. (72) for a distribution of extinction co-
efficients and microphysics parameters as a function of
the correlation between the logarithms of extinction and
ice effective diameter (pp3), by analogy with Fig. 8a.
(Fseq) is computed over all feasible configurations of the
correlation coefficients so the observed dispersion at
constant value of the correlation coefficient p,3 is ex-
plained by variations in the correlation coefficients be-
tween the logarithms of A and extinction (p;3) and
between the logarithms of A and effective diameter
(p12)- Most of the variance in (Fy.q) is controlled by the
correlation coefficient between the logarithms of ex-
tinction and ice effective diameter (p3). po3 produces a
dispersion of (Fy.q) of about a factor of 10 while p;3 and
p12 produce on their own a dispersion of a factor of 2
only. A median parameterization for (Fy.q) can thus be
derived from Eq. (72) by retaining only the correlation
coefficient p,3 and the variances of extinction (o3) and
effective diameter (o):

=t o (5 [0 o3 4 2

2
a ln(Fsed)

2‘73/)23) )
dx,

where 91In(Fseq)/dx; = d1n(Fseq)/dIn(D,) is computed
at Eq. (56) and plotted in Fig. C1. In deriving Eq. (76)
from Eq. (72), the curvature terms have been drop-
ped; that is, H™ has been set to 0. Note that Eq. (76)
implies an underlying model for sedimentation flux of
the form

(76)

aln(F,

sed

)ox,
b

F_,~EXTD, 77)
which exactly corresponds to the empirical scaling law
discussed in the previous section [Eq. (70)] upon iden-
tifying & = 91n(Fseq)/dx,. The structure of Eq. (76) for
(Fseaq) is identical to that of Eq. (61) for (IWC) albeit for
the coefficient 9 In(Fy.q)/dx,, which expresses the greater
sensitivity of sedimentation flux to ice effective diameter
[0 In(Fyeq)/0x, effectively acts as a multiplier on o]. This
is why the range of values spanned by the median
parameterization for sedimentation flux amounts to
about a factor of 10, a fivefold increase over ice water
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content. The minimum and maximum values of (Feq)
in the median parameterization are given by

<Fsed> - Fsed(<x>) X exp [i%(f

2

A

which yields a range of values due to plausible correla-
tions among parameters spanning a factor

Xp[ aln(F, ) 03].

0x,

(79)

That factor evaluates to 9.32 for mean parameter values
at 15km (i.e., 0, and o3 estimated from Heymsfield et al.
(2014) and from CALIOP measurements at 15 km, re-
spectively; see caption of Fig. 8 for more details) and, in
the general case, would depend on the variances of the
parameters of the problem.

In the limit of vanishing variance of the ancillary pa-
rameters (i.e., oy, 05 — 0), (Fyeq) continuously reaches a
limit that does not depend on the correlation coefficient
p23 anymore. The corresponding value is represented
symbolically in Fig. 8b by a horizontal dash line. As
one can see, the potential estimation bias produced by
a parameterization with a deterministic treatment of
particle size distribution is much higher than in the case
of ice water content. Compared to the median parame-
terization for (F,.4) featuring variance of the micro-
physics parameter, the deterministic value can be biased
high by up to a factor of 3.88 or biased low by up to a
factor of 2.40. If one takes into account the additional
dependencies of (F.q) upon the correlation coefficients
p13 and py; [i.e., full Eq. (72) is used instead of Eq. (76)],
the situation gets even worse. Increased sensitivity to
effective ice diameter means that the estimation of
sedimentation flux for a distribution of extinction coef-
ficients is intrinsically more error prone than that of ice
water content.

In summary, the estimator for (Fy.q) exhibits a struc-
ture of variations approximately similar to that for
(IWC), albeit with greater sensitivity to D,. That sensi-
tivity results from a nonlinearity between ice mass and
mass-weighted sedimentation velocity v,,. When sam-
ples with higher projected area tend to occur with
heavier particles, they also happen to fall faster, hence
the increase in (Fy.q) values is proportionally larger
than for (IWC) for a same increase of the correlation
coefficient p,;.

7. Conclusions

This paper deals with situations in which observable pa-
rameters (directly observed or derived from observations)
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have to be complemented with a priori parameters to
estimate geophysical quantities of interest.

While the variance in observed parameters is docu-
mented by measurements, that in ancillary parameters is
often discarded by the use of empirical parameteriza-
tions. By mismatching the distributions of observable
and ancillary parameters, this can bias the estimation
problem.

To resolve such problems, one needs some a priori
knowledge of the joint distribution of observable and
ancillary parameters and a method to average parame-
terizations estimating geophysical quantities of interest
over the parameter distribution. In contrast to estima-
tors based on sampling strategies or to estimators based
on exact integration, we propose a semianalytical ap-
proach based on a Taylor expansion that can be applied
in nonanalytically tractable cases where a low-order
Taylor expansion makes sense.

We have applied the method to estimate ice water
content and sedimentation flux in cirrus clouds for
a range of volume extinction coefficients retrieved
from spaceborne lidar measurements. Extra infor-
mation on particle size distribution needs to be pro-
vided in the form of a finite number of parameters,
namely, the effective diameter and the slope of the
particle size distribution (when fitted as gamma-type
distributions).

We use our semianalytical approach to construct es-
timators for mean ice water content and sedimenta-
tion flux and demonstrate their good performance in
benchmarks against Monte Carlo predictions. The case
of ice water content is actually trivial as the corre-
sponding estimator recovers exact analytical results.

The value of the estimators depends on the joint
distribution between the parameters of the problem,
namely, extinction and the ancillary parameters inform-
ing on particle size distribution. There is therefore a de-
pendency on the variance of the ancillary parameters
and on the correlation coefficients between parameters.
The dependency of the estimators on the correlation
coefficients appears for finite variances of the ancil-
lary parameters and vanishes when the parameters
are treated empirically, as is the case with the empir-
ical ice water content—extinction parameterization of
CALIOP V4.1 (Heymsfield et al. 2014). The maxi-
mum estimation bias scales with increasing variance
of the ancillary parameters and is significantly larger
for sedimentation flux than for ice water content.
It appears that the correlation coefficient between
volume extinction coefficients and ice effective di-
ameters is the most important parameter in setting
the value of a regional mean ice water content and
sedimentation flux.
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One direction to improve estimation procedures is
therefore to account for distributional aspects of ancillary
parameters. This would require systematic reporting
of variances and covariances or other distributional in-
formation from in situ measurement programs. Such
reporting effort should also cover as many spatial scales
as possible and aim at an unbiased sampling strategy, so
that the ancillary data might be representative of the
remotely sensed data. On the instrumental side, specific
requirements need to be placed on high temporal reso-
lution and high accuracy if measuring variability is a
mission objective.

The analysis presented here reinforces the impor-
tance of variability at the particle size distribution level
previously stressed by McFarquhar et al. (2015) and
Jackson et al. (2015) and provides a method to efficiently
evaluate and understand potential biases in derived
geophysical quantities of interest. In particular, it may
never be possible to perfectly convert a measured pa-
rameter to the geophysical quantity of interest, but
to answer relevant scientific questions, it may be suffi-
cient to know the range of possible values accounting
for systematic errors in calculating mean quantities,
and the approach here is an efficient way to quantify
this range.
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APPENDIX A

Mean and Variance of F and In(F)

Let F(X) be a model of a lognormally distributed
random vector X, where F here refers to ice water
content or sedimentation flux and X to the vector of
input parameters A, D, and EXT. The mean and vari-
ance of F(X) can be estimated from those of f(x), where
f = In(F) and x = In(X), and x is normally distributed.

One can estimate the mean of f(F) by Taylor ex-
panding f in a neighborhood of (F) and applying the
expectation operator:

(F(E)) ~ E|f((F)) + ['((F))(F = (F))

P URNE - (B (A1)
For f = InF, Eq. (Al) simplifies to
_ _ Var[F]
(f(F)) =1In(F) 2F)Y (A2)
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The variance of f(F) can similarly be estimated from
the Taylor expansion. One can write

Var[f(F)] ~ [f'((F))]*Var[F], (A3)
which evaluates to
Var[F
Var[f(F)] ~ :‘;gz]. (A4)

Therefore, estimators of the mean and variance of
F(X) can be obtained from those of f(x) according to

(F(X)) ~exp{<f(x)> +w} (A3)

2

Var[F(X)] ~ (F(X))*Var[f(x)]. (A6)

Equation (A5) means that the mean value (F(X)) maps
to a value located at a distance {Var[f(x)]}/2 from (f(X)),
in the wing of the distribution of f(x). Coincidentally,
Eq. (AS5) holds exactly when F(X) is lognormally dis-
tributed [i.e., when the values of f(x) are normally
distributed].

APPENDIX B

Power-Law Parameterizations for Particle Mass,
Area, and Terminal Velocity

Particle mass m and projected area A are parame-
terized using dimensional power laws of the form

m(D) =aD?, (B1)
A (D)= % =aDP, (B2)

where A, is the ratio of projected area to that of a disc
completely enclosing the particle image. It is a more
relevant quantity than projected area A for parameter-
ization purposes. We use the values of Schmitt and
Heymsfield (2009) and Heymsfield et al. (2013) for the
coefficients in Egs. (B1) and (B2):

a=0.0175 %X 10*>%,
a=025x%x107%4

b=251,
B=—-021.

Those values are representative of ice crystals in
tropical tropopause layer (TTL) cirrus clouds at
temperatures lower than 213.15K. They have been
adjusted for metric units.

To a good approximation, the terminal velocity of
falling ice crystals can also be expressed as a dimensional
power law of the form
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v(D)=rD". (B3)
The computation of terminal velocities is mostly a
problem of determining the Reynolds number (Re) of
falling crystals. We follow the approach of Heymsfield
and Westbrook (2010) and evaluate Re from the mod-
ified Best number,

«_ p 8mg
using the formula
52 W\
351/ C,

The coefficients in Eq. (B5) are set to Cy = 0.35 and
8¢ = 8.0, as in Heymsfield and Westbrook (2010), and 7 is
the air dynamic viscosity. Equation (BS5) is based on the
original formulations of Abraham (1970) and Bohm
(1989), modified to reduce the sensitivity of the computed
drag force to crystal area ratio A,. Although originally
developed from boundary layer theory, Heymsfield and
Westbrook (2010) show that Eq. (BS) may be applied
down to the Stokes regime where it yields fall velocities
within 30% of the expected values. An expansion of
Eq. (BS) at low Reynolds number leads to express v, as a
power law of the form v, = rD® with the coefficients:

1 8ag
r=—_ 8 (B6)
agco 7T'Y]a0‘5
s=—1+b—058. (B7)

Given the mass and shape characteristics assumed at
Egs. (B1) and (B2), ice crystals in the TTL are predicted
to fall with s = 1.615 (in comparison, perfect spheres
would fall with s = 2).

One can show that the error on Fy.4 caused by con-
sidering all particles falling in the Stokes regime and
therefore using Eq. (B3) under the integral sign instead
of retaining Eq. (B5) and performing a numerical inte-
gration of Eq. (3) is on the order of a few percent
at most.

APPENDIX C

Local Power-Law Approximation for F.q

Local power-law approximations of the sedimenta-
tion flux can be derived from linear sensitivity consid-
erations. Linearizing In(Fy.4) yields an expression of
the form
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FIG. Cl1. Variations in the In(A)-In(D,) plane of (a) dln(Fseq)/9In(A) and (b) dln(Fyeq)/dln(D,). Values are com-
puted from the formula in Eq. (56) for mean parameters at 15 km. The black marker indicates the position of the mean
parameters (In(A)) and (In(D,)) at 15km (for a mean temperature calculated from interpolated MERRA-2 data

at 15 km in the tropics).
dInF dInF,
In(F,,) ~ In(EXT) + ngln(De) + Tnj\cdln(/\)

+ constant, (C1)
where the components of the gradient dln(Fy.q)/dln(D,)
and 9In(Fyq)/0In(A) are to be evaluated at the point
of linearization [their full expressions are given at
Eq. (56)]. Those components are plotted in Fig. C1 as a
function of In(A) and In(D,) and from their mean values
at 15km, one concludes that F,.4 admits at this altitude a
local power-law expansion of the form

F < EXTD.° A7,

Se

(€2

which is equivalent to postulating a mass-weighted ve-
locity of the form

vm o Di76)\70.35 . (C3)
This tends to confirm the observation that v,, weakly
depends on A and exhibits a compact relationship with
D., as noted, for instance, by Schmitt and Heymsfield
(2009). This result comes as a direct consequence of the
assumption of gamma distributions for particle size
distributions. Note also that the result would break
down if A or D, in ice clouds were lower than the values
typically measured. For such values, the sensitivity to
A increases and the local exponents in Egs. (C2) and
(C3) start varying rapidly with the parameters, which is a
sign that the linear terms compensate for the missing
curvature terms in Eq. (C1).
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