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Abstract Increased calving and rapid retreat of glaciers can contribute significantly to sea level
rise, but the processes controlling glacier retreat remain poorly understood. We seek to improve our
understanding of calving by investigating the stress field controlling tensile and shear failure using a
2-D full-Stokes finite element model. Using idealized rectangular geometries, we find that when rapidly
sliding glaciers thin to near buoyancy, full thickness tensile failure occurs, similar to observations
motivating height-above-buoyancy calving laws. In contrast, when glaciers are frozen to their beds,
basal crevasse penetration is suppressed and calving is minimal. We also find that shear stresses are
largest when glaciers are thickest. Together, the tensile and shear failure criteria map out a stable envelope
in an ice-thickness-water-depth diagram. The upper and lower bounds on cliff height can be incorporated
into numerical ice sheet models as boundary conditions, thus bracketing the magnitude of calving rates
in marine-terminating glaciers.

1. Introduction

Observations show that the Greenland and Antarctic ice sheets are now losing mass at an accelerating rate
[e.g., Vaughan et al., 2013]. Currently, about half of the observed mass loss from ice sheets is controlled by
iceberg calving [e.g., Depoorter et al., 2013; Khan et al., 2015; Liu et al., 2015]. However, despite the need
for more complete models of the dynamic processes associated with fracture propagation and iceberg
detachment, the calving process remains poorly understood and there is no universal parameterization or
calving law that applies to all regimes [Benn et al., 2007a, 2007b; Bassis, 2011].

There are currently several approaches used to parameterize calving in ice sheet models. One of the oldest
techniques seeks empirical correlations for a time-averaged “calving rate,” defined as the mean flux of ice lost
due to iceberg calving. Promising correlations have been obtained between calving rate and ice thickness
[e.g., Reeh, 1968; Amundson and Truffer, 2010], water depth [e.g., Brown et al., 1982; Meier and Post, 1987; Pelto
and Warren, 1991; Hughes, 1992], strain rate [e.g., Alley et al., 2008; Levermann et al., 2012], or height above
buoyancy [e.g., Sikonia, 1982; van der Veen, 1996]. However, these correlations only apply to limited regimes
and can fail when extrapolated beyond their domain of applicability. For example, models that assume calving
rate is determined solely by water depth cannot account for the formation of floating ice tongues and ice
shelves. Moreover, even when constrained to the regime for which they were derived, empirical correlations
lack a physical basis, casting doubt on the validity of future predictions.

An alternative method seeks to model the physical processes that lead to calving events more directly. The
most promising approach in this family involves methods that seek to predict the depth of surface and basal
crevasses penetration, assuming that an iceberg will detach when surface and basal crevasses intersect and
isolate an iceberg [e.g., Benn et al., 2007b; Nick et al., 2010; Bassis, 2011; Bassis and Ma, 2015]. Crevasse pene-
tration depths are often computed assuming that crevasses penetrate to the depth where the tensile stress
vanishes (e.g., the Nye zero stress model [Nye, 1955; Benn et al., 2007a, 2007b; Otero et al., 2010; Nick et al.,
2010; Cook et al., 2012; van der Veen, 2013], Linear Elastic Fracture Mechanics [e.g., Smith, 1976; van der Veen,
1998, 2007; Rist et al., 1999], or various flavors of continuum damage mechanics [e.g., Pralong and Funk, 2005;
Borstad et al., 2012; Albrecht and Levermann, 2012; Duddu et al., 2013; Albrecht and Levermann, 2014; Krug et al.,
2014; Bassis and Ma, 2015; Mobasher et al., 2016]).
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Flow line models based on crevasse depths have been successful in reproducing glacier retreat [e.g., Nick et al.,
2010; Cook et al., 2012]. These models, however, frequently use surface melt water-filled crevasses as a tuning
parameter to match observations [e.g., Nick et al., 2010; Cook et al., 2012] or have invoked buoyant forces near
the terminus [e.g., James et al., 2014; Wagner et al., 2016]. More recently, Bassis and Walker [2012] proposed
that in addition to tensile failure, it is also possible for crevasses to propagate through shear failure. Based on
thin-film approximations, Bassis and Walker [2012] and Bassis et al. [2017] were able to derive an upper bound
on the ice thickness at the terminus of a glacier and is the basis for the “marine ice cliff instability” recently
invoked as a mechanism that can lead to rapid disintegration of marine-based ice sheets [Pollard and DeConto,
2009; DeConto and Pollard, 2016].

In this study, we seek to examine the depth to which crevasses propagate by computing near-terminus stress
fields using a (full) Stokes approximation that dispenses with the shallow approximation which limited several
previous studies of the calving process. We use this model to examine the effect of the full stress regime on
crevasse propagation in idealized slab geometries and generalize previous models by including the possibility
for shear failure to explore conditions when full thickness glacier failure is likely to occur.

2. Model Description
2.1. Ice Dynamics
We solve the force balance equations along a central flow line that cuts vertically through the middle of a
glacier. In the interest of simplicity, we neglect lateral shear and restrict our model domain to a flow line
near the terminus of a glacier with x representing the along-flow coordinate and z representing the vertical
coordinate. Denoting the components of the deviatoric stress tensor by 𝜏ij , pressure by p, density of ice by 𝜌,
and gravitational acceleration by g, conservation of momentum can be written as follows:
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The rheology of ice is specified by the usual power law rheology [Paterson, 1994]. The glacier is traction free at
the ice-air interface. At the ice-water interface, we insist on continuity of traction, assuming that ocean water
is in hydrostatic equilibrium. We explore free-slip and no-slip (frozen) boundary conditions along the bottom
of the glacier, allowing us to bracket the effect of basal resistance on our results. Because our primary interest
is in grounded tidewater glaciers, we do not allow the ice to transition to a floating regime when it approaches
buoyancy. For the upstream (inflow) boundary condition, we assume free slip in the vertical direction and no
slip in the horizontal direction. In the free-slip case the model is translationally invariant and the zero inflow
boundary condition amounts to the adoption of a reference frame moving at the same velocity as incoming
ice (a Lagrangian reference frame). This is appropriate for our idealized (flat and even) bed, but including an
upstream inflow velocity would be required if we had bed roughness or a velocity-dependent basal traction
boundary condition. For the no-slip condition, the no inflow boundary condition is consistent with a locally
determined ice flow associated with the shallow ice approximation. We supplement the continuum dynamics
described above with two modes of failure: tensile and shear, which we describe next.

2.2. Tensile Failure
The first mode of failure corresponds to tensile failure and has received the most attention from the
community. We simulate the penetration of surface and basal crevasses assuming that crevasses penetrate
to the depth where the largest principal stress vanishes [e.g., Nye, 1955; Benn et al., 2007a; van der Veen, 2013].
It is also possible to simulate crevasse depths using Linear Elastic Fracture Mechanics [e.g., van der Veen,
2013], but we prefer the Nye zero stress model because it more closely approximates the depth of closely
spaced crevasses and is more appropriate for the viscous rheology [Weertman, 1973; Benn et al., 2007a]. We
can calculate the paths crevasses propagate along by calculating the eigenvector associated with the largest
principal stress. To compute basal crevasse depths, we assume that basal crevasses near the terminus are con-
nected to the ocean and thus filled by sea water. This neglects fluctuations in water pressure associated with
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subglacial hydrology observed upstream from the calving front, but is likely a reasonable approximation very
close to the calving front. We seed crevasses assuming glaciers have densely spaced preexisting flaws in the
near-terminus region so that crevasses will always penetrate to the deepest portions of the glacier possible
based on the stress field. Once the surface and basal crevasses connect with each other, we assume that a
calving event occurs and the simulation is arrested.

2.3. Shear Failure
The second mode of failure we examine is shear failure, which occurs when the maximum shear stress exceeds
the shear strength of ice. The shear strength of ice is not well constrained, but field and laboratory studies
suggest values in the range of 500 kPa to 1 MPa [Horeth, 1948; Frederking et al., 1988; Schulson, 1999; Petrovic,
2003; Bassis and Walker, 2012]. We use a value of 500 kPa in our model. We compute the maximum shear stress
to determine when shear failure causes full thickness failure of the glacier, again assuming optimal placement
of seeds for faults within the glacier and examining conditions in which faults span the entire ice thickness.
Crucially, as noted by Bassis and Walker [2012], shear failure, unlike tensile failure, is more likely to occur in the
interior of the glacier where compressive stresses remain large.

2.4. Initial Conditions and Numerical Implementation
We use the open source FEniCS package [Logg et al., 2012; Alnæs et al., 2015] to solve the stress equilibrium
model. On day 0, each glacier was initialized as an (isothermal) rectangular slab on a flat bed with prescribed
thickness and water depth, but no crevasses. Because our interest lies in the near-terminus region, we set the
length-to-thickness ratio of the glacier in each simulation to 6 times to avoid edge effects associated with
the upstream boundary condition, so that an increase in the ratio will not lead to any substantial changes
in the stress field near the calving front. We use a mesh of triangular elements and a resolution of 1% of
the initial glacier thickness uniformly in both vertical and horizontal directions. At this resolution our results
are insensitive to a factor of 2 changes in resolution. During each time step (nominally 1 day), the glacier
deforms and crevasses begin to propagate based on the evolving stress field. For a given stress field, we prop-
agate crevasses until they extend to their maximum depth allowed. Restricted by the resolution of the model,
crevasses can only propagate to discrete nodes, thus creating a slight zigzag in the simulated path. We also
assume that crevasses are sufficiently narrow, that they have little effect on the stress field, and use the stress
field diagnostically to deduce the depth of crevasses. Previous work using much more complex viscoelastic
damage models suggest that this is a reasonable first-order approximation [Duddu et al., 2013; Mobasher et al.,
2016]. At the end of each time step, we also remesh after advecting all the nodes along their own nodal
velocity vector to maintain a constant mesh quality throughout the simulation, and the locations of existing
crevasse paths are stored.

3. Results
3.1. Tensile Failure
We first initialized a set of glaciers with varying ice thickness and water depth combinations and allowed
them to evolve until either surface and basal crevasse penetrated the entire ice thickness or crevasse penetra-
tion depths reached a steady state depth. Figures 1a, 1c, and 1e show a sequence of snapshots for one such
example. In this simulation the glacier was initially 800 m thick terminating in 560 m deep water with a free-slip
basal boundary condition. In the early stages of evolution, crevasses only penetrate about half of the ice thick-
ness, but as the simulation proceeds and the glacier advances and thins, basal crevasses penetrate a larger
fraction of the ice thickness. Eventually, the ice thickness approaches buoyancy and basal crevasses penetrate
to the water line and intersect with surface crevasses, leading to a calving event. The final ice thickness ∼700
m is comparable to the thickness of Helheim Glacier, where icebergs have been observed detaching as the
glacier thins to near buoyancy [Joughin et al., 2008]. Notably, unlike most previous models, we do not require
melt water to fill crevasses to trigger a calving event.

This pattern of thinning to near buoyancy where basal crevasses intersect with surface crevasses was common
to all simulations performed using a free-slip boundary condition. In contrast, when we performed the same
simulations using a no-slip basal boundary condition, we found that surface crevasses penetrated deeper
(Figures 2a and 2c) compared to the free-slip case, but the resulting compressive stress near the bed made it
difficult for basal crevasses to form. A consequence of this is that surface and basal crevasses never penetrated
the entire ice thickness and no calving events occurred in these simulations. This suggests that rapid sliding
is a prerequisite for vigorous calving, which is broadly consistent with observations.
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Figure 1. Snapshots showing the evolution of stresses and crevasse depths as a glacier advances and thins under free-slip basal boundary condition. (a, c, and e)
The contours show the largest principal stress. Crevasse paths are denoted using black lines. (b, d, and f ) The maximum shear stress. Figures 1a and 1b show the
initial stage of an 800 m thick glacier terminating in 560 m water. Shear stresses are above the shear strength of ice almost everywhere. Figures 1c and 1d show
the transitional stage during which the glacier has thinned to the point where shear stresses have decreased just beneath the shear strength of ice. In Figures 1e
and 1f the glacier has thinned to near buoyancy and shear stresses are beneath the shear strength of ice, but surface and basal crevasses intersect and penetrate
the entire ice thickness.

3.2. Shear Failure
We next examined the maximum shear stress for the same set of experiments. Figures 1b, 1d, and 1f show
the same set of snapshots as in Figures 1a, 1c, and 1e but this time illustrate contours of the shear stress.
In contrast to tensile stress, shear stress decreases as the glacier thins, as predicted by Bassis and Walker [2012].
We find that the thickest glacier configurations are most prone to failure (Figure 1b) but that the shear stress
decreases as the glacier advances and thins until it becomes stable to shear failure (Figures 1d and 1f).

In contrast, Figures 2b and 2d show snapshots of shear stress with a no-slip boundary condition. Unlike the
free-slip case, glacier configurations thicker than 500 m are unstable for all water depths, suggesting there
is no stable ice cliff for glaciers thicker than 500 m. However, when near-terminus ice thicknesses is less than
∼500 m, we see a pattern analogous to the free-slip case where shear stresses are largest for thick glaciers and
decrease as the glacier thins. A larger yield strength would allow larger stable terminus thicknesses, but the
qualitative pattern traced out remains the same.

3.3. Stability Regimes of Calving Glaciers
Combining the water depth and ice thickness measured in the model for marginal cases at the onset of
tensile or shear failure, we obtain lower and upper “bounds” on the ice thickness for free-slip boundary
conditions for a given yield strength. These combinations are shown in Figure 3 along with near-terminus
ice thickness and water depth combinations obtained from IceBridge radar profiles [Gogineni and Paden,
2012]. The observational data provided by IceBridge flights span from 2006 to 2014 and include measure-
ments of over 30 outlet glaciers across Greenland, most extensively the Helheim, Jakobshavn, Petermann, and

Figure 2. Snapshots showing the evolution of stresses and crevasses as a glacier advances and thins under no-slip basal boundary conditions. (a, c) The contours
show the largest principal stress and black lines show crevasse paths; (b, d) maximum shear stress.
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Figure 3. Upper and lower bounds on near-terminus ice thickness as a function of water depth for a free-slip basal
boundary condition. The blue diamonds indicate ice thickness and water depth combinations when tensile failure
triggered calving in simulations. Red diamonds indicate the threshold ice thickness when shear failure occurred in
simulations. The blue and red lines are linear fits to the blue and red diamonds, respectively. Glaciers are stable between
these two limits. The gray dots show observed ice thickness/water depth combinations. The black solid line traces out
the maximum ice thickness for a given water depth before the glaciers become buoyant. Inset shows results for a
no-slip basal boundary condition.

Hayes glaciers. These measurements were taken from Multichannel Coherent Radar Depth Sounder (MCoRDS):
elevation of the radar, distance from the bottom of the glacier to the radar, and distance from the surface of
the glacier to the radar, i.e., elevation, bottom, and surface, respectively. The water depth and ice thickness
values used in Figure 3 are derived from the provided data, either a single radar measurement at the terminus
or, more desirably, an average of the data over the span of 3 s at the terminus. Radar data in which the tran-
sition from ocean to outlet glacier is not clear, or inaccurate, are omitted from this study. More details about
the observational data such as location, date of measurement, errors, etc. are provided in the supporting
information (Table S1).

The lower limit on ice thickness suggests that surface and basal crevasses will intersect to isolate an iceberg
when glaciers which experience little resistance from the bed (or lateral shear along the walls) approach
buoyancy. In contrast, shear failure limits the ice thickness at the terminus to be less than ∼150 m above the
water line. These bounds compare well with observed water depth and ice thickness combinations detected
in Greenland glaciers and deduced theoretically [Bassis and Walker, 2012], suggesting that glaciers occur in a
narrow region of phase space of allowed ice thickness and water depth combinations.

Due to a lack of favorable conditions for tensile failure and a higher tendency for shear failure, the upper and
lower bounds on the ice thickness for no slip are different from the free-slip case, as shown in Figure 3 inset.
Above 500 m, thicker glaciers undergo shear failure and there is no stable ice thickness. For glaciers thinner
than 500 m, crevasses never intersect, permitting a stable ice thickness up to and above buoyancy, allowing
ice tongue formation.

4. Discussion

Our results suggest that crevasses penetrate through the entire ice thickness in glaciers that experience little
resistance to flow from the bed or walls. This implies that rapidly sliding glaciers should rarely form floating ice
tongues. Although (permanent) ice tongues are rarely observed in Alaska or other tidewater environments,
floating ice tongues and ice shelves are prevalent in Antarctica and occur sporadically around Greenland
[Meier and Post, 1987; van der Veen, 1996, 2002]. Our model would suggest that this requires glaciers with
nonnegligible resistance to sliding along the bed or walls in the grounded portions of glaciers upstream of
the grounding line. However, ancillary effects that we have not modeled (e.g., buoyancy forces and subma-
rine melting) could also serve to affect ice tongue formation. In particular, our model does not yet include the
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effect of submarine melting, which could alter the shape of the calving front along with the near-terminus
stress field [e.g., Truffer and Motyka, 2016].

Our model also provides a physical explanation for the height-above-buoyancy calving law that has been
found empirically to match observed retreat rates in many marine-terminating glaciers [Sikonia, 1982; van der
Veen, 1996]. Our results imply that these glaciers must be sliding rapidly, which is consistent with the fact that
glaciers undergoing vigorous calving tend to be rapidly flowing [e.g., Benn et al., 2007a]. Furthermore, our
results highlight the prominent role that basal crevasses play in iceberg calving; dry surface crevasses alone
can rarely penetrate deep enough to trigger calving. However, we do find that when surface crevasses pen-
etrate to the waterline, they can intersect with basal crevasses, triggering a calving event, analogous to the
criterion proposed by Benn et al. [2007a]. Although we have not considered water-filled surface crevasses,
adding melt water to surface crevasses would cause calving to occur before buoyancy is reached, narrowing
the range of the stable envelope. Hence, the presence of water in surface crevasses would increase the
vulnerability of a glacier to iceberg calving and permit glaciers to calve before thinning to buoyancy.

5. Conclusions

The upper and lower bounds on ice thickness provided by our model can also be incorporated as boundary
conditions into numerical models to bracket rates of glacier retreat [Bassis et al., 2017]. Moreover, our
simulations suggest that glaciers can fail in both shear and tensile regimes and that these two different
failure mechanisms provide bounds on permissible ice thickness for any given water depth. We also find
that basal crevasses play a prominent role in calving in all simulations we conducted and that we do not
need water-filled surface crevasses to initiate calving. Our simulations also provide an intuitive explanation
for the height-above-buoyancy calving law that has successfully explained retreat in several environments.
However, our model also shows that the height-above-buoyancy model is likely to breakdown if basal resis-
tance becomes important. Finally, although our treatment of ice failure is very simple, the physical nature of
the model suggests that it may be applied in a variety of models to yield useful constraints on permissible
glacier geometries and simulate the rate at which glaciers retreat or advance.
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