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ABSTRACT

South Asian monsoon low pressure systems, referred to as synoptic-scale monsoonal disturbances (SMDs),

are convectively coupled cyclonic disturbances that are responsible for up to half of the totalmonsoon rainfall.

In spite of their importance, themechanisms that lead to the growth of these systems have remained elusive. It

has long been thought that SMDs grow because of a variant of baroclinic instability that includes the effects of

convection. Recent work, however, has shown that this framework is inconsistent with the observed structure

and dynamics of SMDs. Here, we present an alternative framework that may explain the growth of SMDs and

may also be applicable to other modes of tropical variability. Moisture is prognostic and is coupled to pre-

cipitation through a simplified Betts–Miller scheme. Interactions between moisture and potential vorticity

(PV) in the presence of a moist static energy gradient can be understood in terms of a ‘‘gross’’ PV (qG)

equation. The qG summarizes the dynamics of SMDs and reveals the relative role that moist and dry dynamics

play in these disturbances, which is largely determined by the gross moist stability. Linear solutions to the

coupled PV and moisture equations reveal Rossby-like modes that grow because of a moisture vortex in-

stability. Meridional temperature and moisture advection to the west of the PV maximum moisten and de-

stabilize the column, which results in enhanced convection and SMD intensification through vortex stretching.

This instability occurs only if the moistening is in the direction of propagation of the SMD and is strongest at

the synoptic scale.

1. Introduction

Synoptic-scale variability in the tropics is governed by a

variety of disturbances that couple to convection. Among

the least understood of these disturbances are cyclonic

features that occur during the active months of the Indian

monsoon. These disturbances are known asmonsoon low

pressure systems, or synoptic-scale monsoonal distur-

bances (SMDs). These systems exhibit a horizontal scale

of ;2000km (Godbole 1977; Krishnamurti et al. 1975;

Sikka 1977; Lau and Lau 1990) and circulation anomalies

that are strongest in the lower troposphere (Cohen and

Boos 2016; Hunt et al. 2016; Adames and Ming 2018).

SMDs also exhibit significant precipitation anomalies,

which are a maximum to the west or southwest of the

center of low pressure (Mooley 1973; Yoon and Chen

2005; Hunt et al. 2016). SMDs predominantly develop

over theBay of Bengal, propagate northwestward toward

the Indian subcontinent with a phase speed of ;5ms21

(Mooley 1973; Godbole 1977; Krishnamurti et al. 1975,

1976; Sikka 1977; Hunt and Turner 2017). As they

propagate northwestward, they produce a large fraction

of the total monsoonal rainfall received by India (Stano

et al. 2002; Ding and Sikka 2006; Yoon and Chen 2005;

Yoon and Huang 2012). The influence of SMDs on total

monsoon precipitation indicates that understanding the

mechanisms by which they propagate and grow is of

central importance to our understanding of the South

Asian monsoon.
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It has long been thought that SMDs are destabilized

by a variant of baroclinic instability (Charney and Stern

1962; Bretherton 1966) that is modified by diabatic

heating, referred to ‘‘moist baroclinic instability’’

(Salvekar et al. 1986; Krishnakumar et al. 1992;

Aravequia et al. 1995; de Vries et al. 2010; Krishnamurti

et al. 2013). Similarly to the original dry baroclinic in-

stability model, this moist model includes counter-

propagating waves that can phase lock and induce

mutual growth. For this phase locking to occur, the

anomalies in potential vorticity (PV)must tilt against the

climatological-mean vertical wind shear (de Vries et al.

2010; Cohen and Boos 2016). However, it was recently

shown by Cohen and Boos (2016) that the structure of

SMDs, as described by modern reanalysis products, is

inconsistent with the criteria necessary for moist baro-

clinic instability to occur. For example, they found that

SMDs exhibit an upright vertical structure, which is in-

consistent with the tilting necessary for baroclinic in-

stability to occur. Furthermore, Boos et al. (2015) found

that the quasigeostrophic (QG) approximation, which is

often employed in studies of monsoon low pressure

systems (Subrahmanyam et al. 1981; Sanders 1984), does

not sufficiently describe the dynamics of SMDs. These

results suggest that other processes may be responsible

for the growth of these systems.

In a recent study, Adames and Ming (2018) in-

vestigated the potential role that moist processes may

have in SMDs simulated in GFDL’s atmospheric gen-

eral circulation model (AM4.0). They found a strong

coupling between anomalous precipitation and column

moisture. By jointly analyzing the moisture and moist

static energy budgets, they found that the moisture

anomalies propagate because of horizontal advection of

mean dry static energy (DSE) by the anomalous winds.

Horizontal advection of DSE induces a moisture ten-

dency by forcing ascent along the sloping isentropes of

the monsoon region. The anomalous precipitation is

shifted;58 to the east of the region of maximum ascent,

where the moisture tendency is a maximum. This result

suggests that the traditional QG assumption of forced

ascent being tightly coupled to the precipitation field

(Mak 1982; Sanders 1984) is incomplete, and moist

thermodynamics may need to be included to fully ex-

plain the interaction between convection and the cir-

culation in SMDs.

In this study, we propose a linear framework for

SMDs. It incorporates a prognostic equation for column

moisture, akin to the ‘‘moisture mode’’ framework

commonly used to study the Madden–Julian oscillation

(MJO; Fuchs and Raymond 2005, 2017; Raymond and

Fuchs 2009; Sobel andMaloney 2012, 2013; Adames and

Kim 2016). By incorporating a prognostic equation for

column moisture, a wave instability arises that may de-

scribe the growth of SMDs. This instability involves a

coupling between lower-tropospheric vorticity and col-

umn moisture. Warm-air and moisture advection by the

anomalous winds moisten the free troposphere ahead of

the cyclone, creating an environment favorable for deep

convection. The subsequent convection intensifies the

SMD through vortex stretching. The framework in-

volves the use of equations reminiscent to those of the

QG approximation but applied to the outer tropics

;168N and with the addition of a prognostic moisture

equation, which couples to precipitation through a lin-

earized version of empirical relationship described by

Bretherton et al. (2004).

While the focus of this study is on the growth and

propagation of SMDs, we will show that it might be

applicable to other modes of synoptic-scale tropical

variability. Results from previous studies suggest that

the samemechanismmay operate in easterly waves both

in the eastern Pacific and over Africa (Lau and Lau

1990, 1992; Kiladis et al. 2006; Serra et al. 2008; Berry

and Thorncroft 2012; Janiga and Thorncroft 2013;

Rydbeck and Maloney 2015) and monsoon depressions

across the globe (Hurley and Boos 2015).

This paper is structured as follows. The next section

offers a simple theoretical framework that can describe

the structure and growth of SMDs. The dispersion re-

lation of an idealized SMD is described in section 3. The

role of precipitation in the growth of SMDs is discussed

in section 4. Section 5 offers a simple equation that de-

scribes the zonal scale of SMDs. A discussion of the

implications of the framework presented here is offered

in section 6. A few concluding remarks are given in

section 7.

2. A linear model for SMDs with prognostic
moisture

In this section, we present a linear theoretical frame-

work that can explain the growth and propagation of

SMDs. We begin by presenting a basic set of equations

linearized with respect to a background state with the

following properties:

d Zonally uniform mean state that is characterized by a

weak zonal flow
d Aclimatological-mean precipitation of;10mmday21

d The mean humidity and temperature increase with

latitude

This mean state is chosen so that it qualitatively re-

sembles the South Asian monsoon but is sufficiently

simple to allow for solutions with a single-layer model.

A more complete derivation and scaling of the basic
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equations is shown in section a of the appendix. Vari-

ables and definitions used for the mean state are sum-

marized in Table 1, while anomaly field variables are

summarized in Table 2. The nomenclature used here

closely follows the moisture mode treatments of the

MJO described by Sobel and Maloney (2012, 2013) and

Adames and Kim (2016).

The field variables are separated into time-mean

(denoted by an overbar) and perturbation (denoted

by a prime) components:

F5F1F0 , (1)

where F is the geopotential. Perturbation fields are

truncated vertically using basis functions, similar to the

method of Neelin and Zeng (2000), Haertel et al. (2008),

and Adames and Kim (2016):

F0(x, y,p, t)5f0(x, y, t)L(p) , (2)

where the capital F0 denotes the four-dimensional geo-

potential, the lowercase f0 denotes the vertically trun-

cated geopotential, and L is the structure function for

the wind and geopotential fields. Other field variables

follow a similar truncation, described in section b of the

appendix. All the structure functions used in this study

are chosen so that they are consistent with a first baro-

clinic mode in vertical motion, a profile of ascent that is

of the same polarity throughout the troposphere with a

peak amplitude in the midtroposphere (;400 hPa).

The basic equations are vertically integrated in order

to explicitly represent diabatic heating in terms of a

precipitation rate P. The vertically integrated water

vapor q is defined as

hqi5 1

g

ðps
pt

q dp , (3)

where g 5 9.8m s22 is the gravitational acceleration,

pt 5 100hPa, and ps 5 1000hPa. Other variables are

vertically integrated in the same way. The vertically

truncated and integrated basic equations are analogous

to shallow-water equations. This simplifies our equa-

tions significantly but has the caveat that vertical varia-

tions in the system are not included.

Interactions between column water vapor and pre-

cipitation may play a key role in the development and

sustenance of SMDs. It was found by Hunt et al. (2016)

that precipitation in SMDs is collocated with enhanced

convective available potential energy (CAPE). They

found that the enhanced CAPE is due to increased

lower-tropospheric (upper boundary layer and lower

free troposphere) moisture elevating the equivalent

potential temperature of rising parcels. Similarly,

Adames and Ming (2018) found that column moisture

and precipitation are highly correlated in space in SMDs

simulated by GFDL’s AM4.0. This correlation is con-

sistent with the notion that precipitation is an expo-

nential function of column relative humidity RH, as

described by Bretherton et al. (2004):

TABLE 1. Mean-state variables used in section 2.

Variable Symbol Definition Value/units

Mean dry static energy s CpT1F J kg21

Mean column moisture hqi RHhqsi 49Ly J m
22

Mean saturation column moisture hqsi h(0.622es)/[(p/100) 2 0.378es]i 70Ly J m
22

Mean column relative humidity RH hqi/hqsi 0.70

Mean precipitation P P0 exp(adRH) 240Wm22

Convective moisture adjustment time scale tc hqsi/(adP) 1–12 h

Mean gross dry stability ~Ms 2hV›s/›pi 3.4 3 107 Jm22

Mean gross moisture stratification ~Mq hV›q/›pi 2.7 3 107 Jm22

Normalized gross moist stability ~M (Ms 2Mq)/ ~Ms 0.2

Planetary vorticity at 168N f0 4 3 1025 s21

Planetary vorticity gradient b df/dy 2.2 3 10211 m21 s21

Meridional temperature gradient bT [(f0Cp)/ ~Ms]hL(›T/›y)i 0.2 3 10211 m21 s21

Meridional moisture gradient bq [(f0Ly)/Mq]hL(›q/›y)i 0.8 3 10211 m21 s21

Meridional dry PV gradient bd b 1 bT 2.4 3 10211 m21 s21

Meridional moist PV gradient bm bq 1 bT 1.0 3 10211 m21 s21

Meridional gross PV gradient bG
~Mbd 1 (1 2 ~M)bm 0–1 3 10211 m21 s21

Free gravity wave phase speed c [RdMs/(Cphai]1/2 52m s21

Rossby radius of deformation Ld c/f0 1300 km

Inverse Rossby radius of deformation kd 1/Ld 7.7 3 1027 m21

Vertical velocity basis function V Pa

Wind/geopotential basis function L 2›V/›p Nondimensional

Temperature basis function a ›L/› lnp Nondimensional
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P5P
0
exp(a

d
3RH), (4)

where P0 and ad are empirical constants and RH 5
hqi/hqsi, where hqsi is the saturation columnwater vapor.

Following Adames (2017), we can linearize this curve

with respect to a climatological-mean precipitation P,

from which we can obtain the following relation for the

precipitation anomalies:

P0 5 a
d
P

hq0i
hq

s
i , (5)

where anomalies in column relative humidity are, to first

order, due to anomalies in column water vapor (RH0 5
hq0i/hqsi). We have neglected perturbations in hqsi be-
cause they are much smaller than its mean value (see

section a of the appendix). Note that, following Neelin

and Zeng (2000) and Adames and Kim (2016), q and P

will be implicitly scaled by the latent energy of vapor-

ization Ly, so that hqi is in units of Jm22 and P in units

of Wm22. We can write Eq. (5) in terms of a convective

moisture adjustment time-scale tc, akin to a simplified

Betts–Miller scheme (Betts and Miller 1986; Betts 1986;

Frierson 2007):

t
c
5

hq
s
i

a
d
P
. (6)

Here, tc describes the sensitivity ofP to changes in hqi and
decreases as P increases (Bretherton et al. 2004; Adames

2017; Rushley et al. 2018). Over the climatologically

rainy areas of the tropics, P is highly sensitive to changes

in hqi, and thus tc is smaller. Estimated values of tc over

the warm pool and South Asian monsoon range from 4h

to 1 day (Bretherton et al. 2004; Sugiyama 2009; Jiang

et al. 2016; Adames and Ming 2018).

With the above approximations, the leading terms in

the momentum, thermodynamic, and moisture equa-

tions on a beta plane are written as

›u0

›t
5 f

0
y0 1byy0 2

›f0

›x
, (7a)

›y0

›t
52f

0
u0 2byu0 2

›f0

›y
, (7b)

1

c2
›f0

›t
5 y0

b
T

f
0

2D0 2
P0

M
s

, (7c)

t
c

M
q

›P0

›t
52y0

b
q

f
0

2D0 2
P0

M
q

, (7d)

where u0 and y0 are the zonal and meridional wind

anomalies, respectively; D0 5 = � v0 is the anomalous

lower-tropospheric horizontal divergence, obtained as

the vertical truncation of the vertical velocity (see section

b of the appendix); and f0 is the anomalous geopotential.

The f0 is the planetary vorticity at 168N, a latitude where

SMDs commonly develop (Boos et al. 2015), and b is

the meridional gradient of planetary vorticity at 168N.

The Ms and Mq are the climatological-mean gross dry

stability and the gross moisture stratification, respectively,

defined as

TABLE 2. Basic variables and definitions corresponding to the anomaly fields in section 2.

Variable Symbol Definition Units

Column latent energy anomaly hq0i ð1000hPa
100hPa

q0 dp/g Jm22

Precipitation anomaly P0 hq0it21
c Wm22

Anomalous streamfunction c0 m2 s21

Dry potential vorticity q0
d =2c0 2 k2

dc
0 s21

Moist potential vorticity q0
m tcf0P

0M21
q 2 k2

dc
0 s21

Gross potential vorticity q0
G

~Mq0
d 1 (12 ~M)q0

m s21

Vorticity anomaly z0 =2c0 s21

Horizontal divergence anomaly D0 = � v0 s21

Truncated horizontal wind anomaly v0 (u0, y0) m s21

Truncated geopotential anomaly f0 f0c
0 m2 s22

Truncated temperature anomaly t0 2f0c
0/Rd K

Zonal wavenumber k 2p/lx m21

Meridional wavenumber l 2p/ly m21

Wave frequency v s21

Approximate dry phase speed cxpd 2 ~Mbd/( ~MK1k2
d) m s21

Approximate moist phase speed cxpm 2(1 2 ~M)bm/( ~MK1 k2
d) m s21

Approximate zonal phase speed cxp v/k 5 cxpm1cxpd m s21

Approximate zonal group velocity cxg ›v/›k m s21
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M
s
52

�
V

›s

›p

�
, (8a)

M
q
5

�
V
›q

›p

�
, (8b)

where V is the vertical structure of ascent and

s5CpT1F is the mean dry static energy, where Cp is

the specific heat of dry air. The Ms and Mq can be

thought as the vertical gradients of dry static energy and

moisture characteristic of a wave whose vertical velocity

field has a structure described byV. Their definitions are

as in Neelin and Zeng (2000) and Adames and Kim

(2016). Both Ms and Mq are defined as positive quanti-

ties. The phase speed of first baroclinic free gravity

waves c is defined as

c5

 
R

d
M

s

C
p
hai

!1/2

, (9)

where Rd is the dry gas constant and a is the vertical

structure function of temperature. The bT and bq are the

climatological-mean meridional temperature and mois-

ture gradients, respectively, scaled so that they are in the

same units as b:

b
T
5

f
0
C

p

M
s

�
L
›T

›y

�
, (10a)

b
q
5

f
0
L

y

M
q

�
L
›q

›y

�
. (10b)

It can be shown that bT is related to the mean vertical

wind shear through the thermal wind equation:

b
T
5

k2
d

hai
�
L

›u

› lnp

�
, (11)

where u is the total mean zonal wind and kd is the inverse

of the Rossby radius of deformation Ld (Vallis 2017):

k
d
5
f
0

c
. (12)

The bT is defined here as a small quantity (bT � b) that

contributes little to the thermodynamic balance and to

the momentum equations. However, it will play an

important role in the dynamics of idealized SMDs.

The terms on the right-hand sides (rhs) of Eqs. (7a)

and (7b) are the Coriolis acceleration (f0 1 by) and

the pressure gradient force, respectively. The rhs

terms in Eq. (7c) are the meridional advection of

mean temperature by the anomalous winds, vertical

DSE advection, and heating by latent heat release,

respectively. Finally, the equation for column mois-

ture, which is converted to a precipitation equation

via Eq. (6), contains three terms on the rhs: horizontal

advection of mean moisture by the anomalous winds,

vertical moisture advection, and the loss of moisture

through precipitation. The terms in Eqs. (7c) and (7d)

have been rearranged so that their similarities are

more readily apparent. Note that advection of the

terms in Eqs. (7a)–(7d) by the mean flow are ne-

glected. This is because of the weak flow required to

maintain simplicity in the analysis sought here. While

strong zonal winds would be consistent with the ob-

served monsoonal mean state, they would imply a

strong mean vertical wind shear that would require

inclusion of terms such as vertical advection of zonal

momentum, which significantly complicate our anal-

ysis. Equations (7a)–(7d) are similar to those of

Sukhatme (2014) and Monteiro and Sukhatme (2016),

who also looked at the effects of moisture in a shallow-

water system.

We can differentiate Eqs. (7a) and (7b) with respect to

y and x, respectively, and convert them into an anoma-

lous relative vorticity equation:

›z0

›t
52y0b2 f

0
D0 . (13)

The rhs terms of Eq. (13) correspond to advection of

planetary vorticity by the anomalous meridional flow

and generation of vorticity by anomalous divergence

(Sardeshmukh and Hoskins 1988). The term byD0 has
been dropped since, for small variations in y, its contri-

bution to the vorticity budget is small.

To further simplify the equations, we will assume

that the anomalous horizontal winds are approxi-

mately nondivergent (z0 � D0; see section a of the

appendix) and thus can be expressed in terms of a

streamfunction:

z0 5=2c0 , (14a)

y0 ’ ›c0

›x
. (14b)

Similarly, the anomalous geopotential can be expressed

in terms of c0:

f0 ’ f
0
c0 . (14c)

Substituting z0 and y0 in Eqs. (13) and (7d) with Eqs.

(14a) and (14b) reduces our set of variables to three.

Finally, we can remove D0 from the equations by

merging Eqs. (7c) and (13) and similarly Eqs. (7c) and

(7d) to create two equations with two variables. These

equations are are the linear QG PV equation and the
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moisture budget, respectively, the latter rewriten so that

it is in units of vorticity:

›q0
d

›t
52y0b

d
1

f
0

M
s

P0 , (15a)

›q0
m

›t
52y0b

m
2

f
0
~M

M
q

P0 , (15b)

where

~M5
M

s
2M

q

M
s

(15c)

is the normalized vertical gross moist stability (NGMS;

Neelin and Held 1987; Raymond et al. 2009), a measure

of the effective static stability of the atmosphere,

q0
d 5=2c0 2 k2

dc
0 (16a)

is the QG PV anomaly, and

q0
m 5

f
0
t
c

M
q

P0 2 k2
dc

0 (16b)

can be thought as the PV that is generated from pre-

cipitation.Wewill refer to q0
d as the dry PV and q0

m as the

moist PV. Similarly, we define the dry and moist PV

gradients defined as

b
d
5b1b

T
, (17a)

b
m
5b

q
1b

T
. (17b)

The rhs of Eq. (15a) are the advection of mean dry PV by

the anomalous meridional flow and PV generation from

vortex stretching in deep convection. The terms in Eq.

(15b) are equivalent but corresponding to the moist PV

field. In the moist PV (moisture) budget, however,

only a negative NGMS results in generation of moist PV.

When the NGMS is negative, vertical moisture import

exceeds the loss of moisture through precipitation, thus

allowing the moist PV anomalies to increase. The con-

verse is true when the NGMS is positive. Equations (15a)

and (15b) are reminiscent of Eqs. (30) and (31) in Smith

and Stechmann (2017), and our equations can be thought

as a shallow-water versions of their equations.

We can merge Eqs. (15a) and (15b) to remove P0 from
the rhs and obtain one equation that fully describes the

idealized SMDs analyzed here:

›q0
G

›t
52y0b

G
, (18a)

where

q0
G 5 ~Mq0

d 1 (12 ~M)q0
m

5 ~M=2c0 2k2
dc

0 1
f
0
t
c

M
s

P0 (18b)

will be referred to as the ‘‘gross’’ PV and

b
G
5 ~Mb

d
1 (12 ~M)b

m
(18c)

is the mean gross PV gradient. The prefix ‘‘gross’’

implies a generalized PV field that includes vorticity

generation from moist processes while also suggesting

its relationship to NGMS. We use uppercase G as the

subscript since lowercase g is commonly used to denote

fields that are in geostrophic balance. A schematic

comparing the gross PV framework with the dry PV

framework is shown in Fig. 1.

Equations (18a)–(18c) describe the relative impor-

tance of dry andmoist processes to the propagation of an

idealized SMD. This relationship is demonstrated in

Fig. 2 for fixed values of bd and bd, but it also applies to

q0
d and q0

m. When the atmosphere is dry, the NGMS is

approximately unity, and precipitation processes be-

come negligible ( ~M/ 1, P0 / 0, and bG ; bd) so that

Eq. (18a) becomes the equation for dry PV [Eq. (15a)].

When the atmosphere is moist ( ~M/ 0), bG ; bm, in-

dicating that the propagation of the anomalous circula-

tion is governed by moist processes (bm). For values of
~M between 0 and 1, both dry and moist processes con-

tribute to the propagation of the wave, and their relative

contributions depend on the values of these two terms,

as shown in Fig. 2.

In the following section, it will be shown that unstable

Rossby-likemodes arise from the equations described in

this section. This implies that the gross PV is not a ma-

terially conserved quantity. Nonetheless, it will be

shown that it is a useful quantity for understanding the

dynamics of SMDs.

3. Dispersion relation

In this section, we will seek linear wave solutions to

the equations presented in the previous section. To do

this, several additional approximations are required.

Meridional variations in Ms and Mq can be shown to be

small (see section a of the appendix) over our analysis

domain, such that the value at the reference latitude

(168N) can be used. Thus, the NGMSwill be treated as a

constant. The convective moisture adjustment time-

scale tc will be a constant corresponding to the time

scale at the reference latitude. This corresponds to a
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value of 12 h, which roughly corresponds to the average

value of tc in the Asian monsoon. A value of 1 h will be

used for approximate solutions, which corresponds to

very high sensitivity of P to hqi. Sensitivity of the ide-

alized SMD solution to various values of tc and ~M is

shown in section d of the appendix.

a. Full solution

We can solve Eqs. (15a) and (15b) by assuming that

they can be described by a wave of the form

c0(x, y, t)5c0
0 exp(ikx1 ily2 ivt) , (19a)

P0(x, y, t)5P0
0 exp(ikx1 ily2 ivt) , (19b)

where the subscript 0 refers to an initial perturbation

of constant value, k and l are the zonal and meridi-

onal wavenumbers, respectively, and v is the wave

frequency.

By substituting Eqs. (19a) and (19b) onto Eqs. (15a)

and (15b), we can solve the linear system of equations

and obtain a dispersion relation. This is done by first

solving for P0 in Eq. (15b) and then substituting it in

Eq. (15a), which yields

v[ ~MK2 1 k2
d 2 it

c
v(K2 1 k2

d)2 it
c
b
d
k]1b

G
k5 0, (20)

where K2 5 k2 1 l2 is the horizontal wavenumber. Two

solutions arise from this dispersion relation. The first

solution is shown in Fig. 3a for tc 5 12h. For l 5 0, the

frequency increases until zonal wavenumber 6 and

steadily decreases for larger wavenumbers, reminiscinent

of baroclinic Rossby waves.Growth, shown in Fig. 3c, is a

maximum at the largest meridional scales and near zonal

wavenumber 16. These modes exhibit meridionally

elongated structures with little horizontal tilt. Damping is

observed for zonal and meridional wavenumbers less

FIG. 1. Schematic describing the structure and propagation of (a) a dry Rossby wave and

(b) an idealized SMD in the gross PV framework. In the dry PV framework, meridional

advection of mean PV by the anomalous flow induces westward propagation of the Rossby

wave. Isentropic (QG) ascent, denoted by a red arrow, occurs in phase with the northerly

anomalies while descent occurs with southerly wind anomalies. The gross PV framework in

(b) is a generization of (a) that includes meridional moisture gradient and the impact of moist

processes in the PV budget. In it, horizontal moisture advection and QG ascent moisten the

atmosphere. This moistening causes deep convection to increase (blue arrow), which results

in a vorticity tendency from vortex stretching. The propagation of the wave is then from

a combination of dry PV advection and vortex stretching from moist processes.
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than 5. The dispersion relation for the second solution is

shown in Figs. 3b and 3d. It is a slowly propagating wave

that is strongly damped for all zonal and meridional

wavenumbers. The rate of damping when averaged

across all k and l in Fig. 3d is 0.6 day21. From here on, we

will focus our discussion on the growing mode.

b. Approximate solution

An approximate dispersion relation can be obtained

by considering the case when the imaginary component

of Eq. (20) is small. We divide Eq. (20) by the terms in

parentheses and then expand them into a Taylor series,

truncating on the second term. This approximation is

accurate for small values of tc, and we will discuss the

resulting solution for a value of tc of 1 h. This may not be

realistic, but it allows for some important insights that

are still valid for larger values of tc. With this approxi-

mation, we obtain

v ’ 2b
G
k

~MK2 1 k2
d

2
it

c
b
G
k[v(K2 1 k2

d)1b
d
k]

( ~MK2 1 k2
d)

2
. (21)

By rearranging the terms in Eq. (21) and expanding

into a series oncemore, we obtain an approximate phase

speed and group velocity of the form

cxp ’
2b

G

~MK2 1k2
d

, (22a)

cxg ’
b
G
(k2

d 1
~Ml2 2 ~Mk2)

( ~MK2 1 k2
d)

2
. (22b)

This phase speed describes a Rossby wave whose

propagation is determined by bG rather than just b.

Thus, both dry and moist processes contribute to the

propagation of the wave. Following Cohen and Boos

(2016), we can describe this phase speed as the sum of a

dry component and a moist component:

cxp 5 cxpd 1 cxpm , (23a)

cxpd 5
2 ~Mb

d

~MK2 1 k2
d

, (23b)

cxpm 5
2(12 ~M)b

m

~MK2 1 k2
d

. (23c)

This separation allows us to more easily interpret the

propagation of the idealized SMD. The cxpd is the com-

ponent that is due to meridional dry PV advection. The

moist phase speed is due to meridional moisture and

temperature advection inducing increased precipitation

to the west of the vortex. This component does not de-

scribe PV advection but PV generation due to vortex

stretching that comes as a result of increased convection.

The convection increases because of moistening from

horizontal moisture advection (bq) and vertical mois-

ture advection that results from isentropic ascent (bT).

Figure 4 shows the approximate zonal phase speed

and group velocity of the approximate solution for the

largest meridional scales and values of bm ranging from

0 to 1 3 10211m21 s21. This corresponds to a tempera-

ture gradient that monotonically increases from 0 to

0.5K (1000km)21 and amoisture gradient that increases

from 0 to 8mm (1000km)21. The wave exhibits westward

phase propagation and a group velocity that is westward

at the largest scales and eastward for smaller scales, and

it is ;0 near zonal wavenumber 10, which is when

k5 kd
~M21/2. As bm increases, the phase speed increases,

and the group velocity becomes more pronounced.

We can obtain a simple expression for the approxi-

mate growth rate by making use of the separation of cxp
into dry (cxpd) and moist (cxpm) components, which yields

lm(v) ’ t
c
k2

~M
cxpc

x
pm

 
11

cxpk
2
d

b
m

!
. (24)

Figure 5 compares the approximate growth rate in

Eq. (24) to the growth rate in Eq. (20). Nearly identical

patterns are seen for tc 5 1 h. While the solution is less

accurate for larger values of tc (not shown), growth is

still a maximum near zonal wavenumber ;16.

FIG. 2. Contributions of bm and bd to bG as a function of the

NGMS ( ~M) for (a) bm 5 bd 5 2.4 3 10211 m21 s21 and (b) bm 5
1 3 10211 m21 s21. Here, bG is shown in black, bm in blue, and

bd in red.
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Figure 6a shows the growth rate for various values of

bm. When bm 5 0, the wave is weakly damped from

zonal wavenumbers 0–30 and approximately neutral

thereafter. For a small value of bm of 23 10212m21 s21,

the wave is unstable for zonal wavenumbers 15 and

larger, and no clear scale selection is seen. For larger

values of bm, growth is largest at the synoptic scales,

between zonal wavenumbers 10 and 25.

4. Precipitation and its relation to wave
propagation and growth

The propagation and growth of the wave solution in

the previous subsection can be elucidated by examining

the relationship between q0
d and P0. Figure 7 shows q0

d,

P0, and the horizontal winds corresponding to a growing

and a damped wave. In the growing wave, cxp and cxpm are

both westward, implying that both bG and bm increase

with latitude. As seen in Fig. 7b, both vortex stretching

from convection and meridional dry PV advection are a

maximum to the west of the q0
d maximum, which results

inwestward propagation.A salient feature of the growing

wave solution is the phasing between P0 and q0
d. As the

wave propagates westward, P0 increases and reaches a

maximum amplitude at a time when the cyclonic anom-

alies exhibit an in-phase component with enhanced pre-

cipitation. This in-phase component of P0 generates

FIG. 3. Real component of the dispersion relation obtained from Eq. (20) for the (a) first and (b) second mode and the growth rate for

the (c) first and (d) secondmode. For all panels, tc5 12 h, bm5 13 10211 m21 s21, and bd5 2.43 10211 m21 s21. Dotted lines correspond

to constant phase speeds of215,210,25, and22.5m s21, with decreasing values away from the origin. The location of maximum growth

in (c) is denoted by an asterisk.

JUNE 2018 ADAMES AND M ING 2091

Brought to you by NOAA Central Library | Unauthenticated | Downloaded 02/01/21 04:28 PM UTC



additional cyclonic vorticity [Eq. (15a)], which causes the

cyclonic anomalies to grow. Similarly, suppressed con-

vection induces growth of the anticyclonic anomalies.

We can further elucidate the phase shifting of P0 by
examining the polarization relation between P0 and c0

(from which q0
d is defined), which can be written as

follows:

P0 5
2iM

q
(b

m
k1vk2

d)

f
0
( ~M2 ivt

c
)

c0 . (25)

To understand the phasing between P0 and c0, it is

convenient to convert Eq. (25) into an equation that

describes the phase angle between P0 and c0. By de-

composing v into its real vr and imaginary parts vi, we

obtain the following:

tana52
~M(b

m
k1v

r
k
d
)1b

m
kv

i
t
c

t
c
(v

r
b
m
k1v2

r kd
1v2

i kd
)1 ~Mv

i
k
d

, (26)

when P0 and c0 are of the same sign. When they are of

the opposite sign, a value of p is added to the rhs of

Eq. (26). A simpler relationship is obtained when we

consider the case when the real component of the dis-

persion relationship is much larger than its imaginary

part (vr � vi), which yields

FIG. 4. (a) Approximate phase speed obtained from Eq. (22a) for l 5 0, Ld 5 1300 km, ~M5 0.2, and bd 5 2.4 3 10211 m21 s21.

(b) Contributions to the total phase speed cxp from its dry (cxpd; dotted) and moist (cxpm; solid) contributions. In all panels, the blue line

corresponds to bm5 0, and darker shades or red indicate values of bm of of 0.25, 0.5, 0.75, and 13 10211 m21 s21. (c) As in (a), but showing

the approximate group velocity as obtained from Eq. (22a).

FIG. 5. (a) As in Fig. 3c, but for a value of tc of 1 h. (b) Approximate growth rate as obtained from Eq. (24). For

both panels, bm 5 1 3 10211 m21 s21 and bd 5 2.4 3 10211 m21 s21. Dotted lines correspond to constant phase

speeds of215,210,25,22.5, and21m s21, with decreasing values away from the origin. The location ofmaximum

growth is denoted by an asterisk.
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tana ’ 2
~M

v
r
t
c

. (27)

A schematic describing the phasing betweenP0 and c0,
based on Eq. (27), is shown in Fig. 8. The interpretation

is as follows. As the vortex propagates westward, the

phasing between P0 and c0 depends on the duration of

P0 and the speed in which the circulation anomalies

propagate. The P0 is highly sensitive to hq0i when tc is

small (;1 h) and responds quickly to moistening. Thus,

small values of tc yield a P0 response that is closely in

phase with moistening, namely, horizontal advection of

moist PV. When tc is long, the sensitivity is lower, and

precipitation increases slowly, resulting in a shift toward

the vortex center. The magnitude of the shifting also

depends on the wave frequency since faster propaga-

tion will result in the wave propagating toward the

region of precipitation more quickly. The relation

to the NGMS can be understood as follows. When

the NGMS is larger, moisture is removed quickly

in a precipitating column, limiting the duration of pre-

cipitation.When theNGMS is small, moisture is removed

slowly, allowing for longer duration of precipitation.

Longer-lasting precipitation results in a larger shift

toward the center of low pressure.

The phasing between P0 and c0 also depends on cp and

cpm, which determine the growth rate [Eq. (24)]. As

shown in Fig. 7a, the wave grows when cp and cpm are in

the same direction. Figure 7c shows the case in which cp
is westward but cpm is eastward. Anomalous southerly

flow now induces moistening, and precipitation is a

maximum to the east of the moistening. This results in a

P0 that is slightly in phase with the anticyclonic anoma-

lies. Because precipitation generates a cyclonic ten-

dency, it follows that it will damp the anticyclonic

anomalies.

From inspection of Eq. (25), we can define two dif-

ferent processes that contribute to precipitation, corre-

sponding to the terms in parentheses in the numerator of

Eq. (25). The first is the advection of moist PV by the

anomalous winds, which we will refer to as the advective

contribution P0
A. The second is related to the tempera-

ture tendency (kdc
0) term in Eq. (15b), which we will

refer to as the thermal contribution P0
T . We can think

of this term as the contribution to P0 from vertical

moisture advection from adiabatic ascent (descent) that

occurs in regions of cooling (warming). Air rising adia-

batically is associated with moistening, and compression

is associated with drying. The total precipitation is due

to the sum of these two processes P0 5P0
A 1P0

T .

Figure 9 shows the P anomalies from Fig. 7 decom-

posed into P0
A and P0

T . It is clear that P
0
A is the leading-

order term. It is associated with moistening to the west

of the q0
d maximum. The P0

T is smaller and of the op-

posite sign to P0
A. This can be interpreted as adiabatic

compression to the west of the q0
d maximum reducing

tropospheric moistening. This separation of P0 into P0
A

and P0
T allows us to further interpret the approximate

growth rate in Eq. (24). The terms in parentheses can be

interpreted as the growth induced by P0
A and P0

T , re-

spectively, and their contributions are shown in Fig. 6b.

When cxp and cxpm are in the same direction, P0
A favors

FIG. 6. (a) As in Fig. 4, but showing the approximate growth rate as defined in Eq. (24). (b) Contributions to the

growth rate by the contribution from P0
A (solid) and the contribution from P0

T (dashed).
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growth at all zonal wavenumbers and is a peak near

zonal wavenumber 10. The P0
T , on the other hand, in-

duces damping at all zonal wavenumbers and is a max-

imum near zonal wavenumber 7. When both terms are

considered, the largest scales are damped and the max-

imum growth occurs at the synoptic scale.

The growing and damped modes can also be un-

derstood in terms of q0
G, as shown in Fig. 10. In the

growing mode, q0
G is ;40% as large as q0

d and is shifted

slightly to the east. This eastward shift implies that a

small component of q0
G is in phase with the advection of

bG, implying that the wave is growing. In the damped

mode (Fig. 10c), q0
G exhibits a smaller amplitude than

the growing mode and is shifted to the east of q0
d. Ad-

vection of q0
G (bG) is a maximum to the west of the

qG maximum, indicating westward propagation. An

out-of-phase component is also clearly evident, sug-

gesting that q0
G is damped. Thus, using q0

G offers a simple

summary of the propagation and growth of these waves.

5. A qualitative relation for the SMD zonal scale

A qualitative relationship that describes the pre-

ferred scale of the idealized SMDs may be obtained

by considering the case when ~Mb� (12 ~M)bm, ~M. 0,

and ~M�vtc and by finding the zonal wavenumber kmax,

which satisfies ›Im(v)/›k. The approximation ~Mb �
(1 2 ~M)bm implies that the propagation of the SMD is

largely governed by moist processes and is reasonable

for values of ~M; 0.2 and for bm; 13 10211m21 s21. In

FIG. 7. Horizontal structure of an idealized SMDof zonal wavenumber 15 and ameridional structure that decays exponentially with the

square of the distance from the reference latitude (168N). The meridional decay is expressed through the formula exp[2(y2 y0)
2(5/3)k2

d].

(a),(b) The cxp and c
x
pm are westward; (c),(d) cxp is westward, and c

x
pm is eastward. In (a) and (c), precipitation is shown as the shaded field, q0

d

in contours, and the surface horizontal wind as arrows. The largest arrows correspond to roughly 2m s21. Contour interval is 23 1026 s21.

(b),(d) Curves indicate q0
d (black), meridional q0

d advection (red), and vortex stretching from precipitation (blue) meridionally averaged

over the domain of (a) and (c) (48–278N). The q0
d is in units of s21, while the two other terms are in units of s21 day21. The phase speed and

growth rate are shown for each panel. For these plots,bT5 0.23 10211 m21 s21,bq5 0.83 10211 m21 s21, ~M5 0:2, tc5 12 h, and an initial

streamfunction perturbation of c0
0 5 1 3 106m2 s21. The meridionally decaying structure is chosen such that the meridonal scale of the

wave is much larger than the zonal scale, so it qualitatively represents the gravest meridional mode.
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this case, the scale of the wave is approximately de-

termined by the following simple relationship:

k;k
d

�
2
~M

�1/2

; (28)

that is, the scale of idealized SMDs is proportional to the

Rossby radius of deformation times the square root of

half the NGMS [lx ; 2pLd( ~M/2)1/2]. For values of kd and
~M used here (see Table 1), Eq. (28) yields a zonal wave-

length of roughly 2600km for our most unstable mode,

which is similar to the observed wavelength of SMDs

(Krishnamurti et al. 1975; Sikka 1977; Lau and Lau 1990).

6. Synthesis and discussion

In this study, we presented a linear framework that

may explain the propagation and growth of SMDs.

Based on results from recent observational and model-

ing studies (Hunt et al. 2016; Adames and Ming 2018),

we propose that column moisture plays a central role in

SMDs. By including a prognostic moisture equation and

coupling it to precipitation through a simplified Betts–

Miller scheme, we derive a dispersion that describes the

following features of SMDs, including

d propagation mechanism,
d instability and growth, and
d synoptic scale (wavelengths of 2000–3000km).

The instability occurs only if the wave’s dry and

moist phase speeds are in the same direction. The dry

phase speed includes dry processes such as advection

of planetary vorticity by the anomalous winds and

vortex stretching from dry isentropic ascent. The moist

phase speed only includes propagation that is induced

by vortex stretching from deep convection. This

stretching is a result of isentropic ascent and horizontal

moisture advection moistening the free troposphere.

These processes produce an instability by producing

an environment conducive to deep convection. This

subsequent convection occurs in phase with the cy-

clonic anomalies, intensifying them through vortex

stretching.

FIG. 8. Schematic describing the phase relationship between the

circulation and precipitation for the wave solution in Eq. (20). For

synoptic-scale waves, the phase angle can be broken down into four

quadrants, the location which is determined by the direction of the

total zonal phase speed cxp and the moist phase speed cxpm. The two

left quadrants correspond to damped modes, while the two right

quadrants correspond to growing modes. The displacement of

the precipitation anomalies from the vortex center is determined

by tc, vr, and the NGMS ~M. For large NGMS, small tc, or small vr,

the precipitation anomalies are displaced away from the vortex

center. Observed SMDs have a phasing corresponding to the top-

right quadrant.

FIG. 9. As in Fig. 7a, but with (a) P0
A, the contribution to

precipitation from moist PV advection, and (b) the contribu-

tion to precipitation P0
T , the contribution from the anomalous

vertical motion that is associated with adiabatic expansion and

compression.
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a. Comparison to baroclinic instability

Previous studies have sought to describe SMDs as a

result of moist baroclinic instability (Charney and Stern

1962; Bretherton 1966; de Vries et al. 2010), which relies

on the existence of counterpropagating waves for their

growth (Sanders 1984; Snyder and Lindzen 1991). In this

framework, observed SMDs would exhibit structures

that tilt eastward with height. This tilt was not found in

observations (Cohen and Boos 2016), suggesting that

SMDs are not the result of moist baroclinic instability.

Unlike existing models of moist baroclinic instability [de

Vries et al. 2010; see review by Cohen and Boos (2016)],

the framework presented here only involves dry andmoist

waves in the lower troposphere propagating in the same

direction. Themiddle and upper troposphere do not play a

role in the proposed instability. Furthermore, the vertical

structure of the idealized SMDs exhibit no tilt, which is

more consistent with observations (Cohen andBoos 2016).

Most studies that involve the use of baroclinic in-

stability diagnose convection from the QG omega

equation. In theQG framework, ascent occurs in regions

of warm-air advection, P0 } y0bT. Using this parame-

terization, where moisture is not prognostic, yields so-

lutions similar to those shown in section 2, but they are

neutrally stable.

In the framework presented here, convection is pa-

rameterized in terms of column water vapor. By doing

this, isentropic ascent is not just associated with con-

vection but to a positive moisture tendency, as seen in

Eq. (15b) and Fig. 10. Such a relationship was found by

Adames and Ming (2018), suggesting that moisture may

play a critical role in the growth of SMDs.

b. Comparison to the balanced moisture waves of
Sobel et al. (2001)

While the framework presented here differs signifi-

cantly from models of moist baroclinic instability, it re-

sembles the balanced moisture waves described by

Sobel et al. [2001; see their Eqs. (42) and (45)]. Themain

difference between the solutions shown here and theirs

FIG. 10. As in Fig. 7, but showing (a),(c) q0
G as the contoured field; (b),(d) q0

G is shown in solid, the advection of mean qG (y0bG) is shown in

purple, and q0
d/2.5 is shown as a dashed line. The q0

d and q0
G are in units of s21, while 2y0bG is in units of s21 day21.
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is the presence of a temperature gradient in addition to a

meridional moisture gradient and that temperature

tendencies are not neglected. This implies that the low-

frequency background is not in weak temperature gra-

dient balance. This deviation arises from the land–sea

contrast over the South Asian monsoon region and the

finite value of the Rossby radius of deformation.We can

obtain solutions similar to those of Sobel et al. (2001) by

applying the weak temperature gradient (WTG) ap-

proximation to Eq. (20). Thus, the balanced moisture

waves of Sobel et al. (2001) are a special case of the

SMDs described here. Furthermore, the gross PV

equation [Eq. (18)] is consistent with the discussion of

Sobel (2002), who likened the moisture field to the po-

tential vorticity field in the deep tropics. The idealized

SMD solutions are also similar to the moist Rossby

waves described byMonteiro and Sukhatme (2016), who

looked at the effects of moisture on midlatitude Rossby

waves. Our results differ from theirs only because we

investigate the case when both temperature and mois-

ture increase with latitude, as observed in the South

Asian monsoon.

c. Comparison with moisture mode theory of
the MJO

It is worth comparing the moist waves described here

to the linear moisture mode theory of the MJO (Fuchs

and Raymond 2005, 2007, 2017; Sobel and Maloney

2012, 2013; Adames and Kim 2016). In the moisture

mode framework, the growth rate is negatively related

to the NGMS and inversely proportional to tc. In the

approximate solutions shown in section 3 [Eq. (24)], the

relationships between NGMS, tc, and growth are in-

verse to those in MJO moisture mode theory. This dif-

ference is due to the way that moisture interacts with the

anomalies in both frameworks. In idealized SMDs,

propagation and growth are partly due to the impact of

moisture–convection feedbacks on the vorticity (wind)

field. In the MJO, propagation is due to the modulation

of moisture by the wind anomalies.

This result implies that the existence of a prognostic

moisture equation can cause instability through differ-

ent mechanisms. In the MJO, the process has been re-

ferred to asmoisturemode instability or simplymoisture

instability. The instability for the idealized SMDs may

be interpreted as a different type of moisture instability

but related to the impact moisture has on PV. Thus, it

may be more appropriate to refer to this instability as

‘‘moisture vortex’’ instability. That the interaction be-

tweenmoisture and the large-scale flow can lead tomore

than one instability is interesting, and their manifesta-

tion in observations is worth exploring in the future.

d. Radiative heating

Adames and Ming (2018) found that longwave radi-

ative heating plays an important role in the mainte-

nance of the precipitation anomalies in SMDs. While

the role of radiative heating was not explicitly included

in this study, it can be shown that, to first order, it acts to

reduce the NGMS.We can include anomalous radiative

heating R in our framework and parameterize it in

terms of anomalous precipitation as R0 52rP0, where r
is the greenhouse enhancement factor (Kim et al. 2015).

With this parameterization, P0 can be substituted by P0

(1 1 r) in Eq. (7c). By following the same procedure of

section 2, it can be shown that the gross PV is defined as

follows:

q0
G 5 ~M

eff
q0
d 1 (12 ~M

eff
)q0

m , (29)

where ~Meff 5 ~M(1 1 r) 2 r is the effective gross moist

stability. The wave solutions in sections 3–5 are

identical, except ~M is replaced by ~Meff. A smaller

GMS would induce faster growth, as well as selecting

slightly smaller scales, as shown in section d of the

appendix.

e. Relevance to other tropical depression disturbances

The dispersion relation in Eq. (20) may shed some

insight onto other synoptic-scale tropical distur-

bances. For example, Kiladis et al. (2006) found that

divergence of the Q vectors (which is related to bT)

leads convection by 1/8 cycle. Furthermore, Rydbeck

and Maloney (2015) and Rydbeck et al. (2017) ana-

lyzed easterly waves occurring over the tropical

northeastern Pacific, while Hsieh and Cook (2005,

2007) analyzed easterly waves occurring over Africa.

The former found that when the waves are de-

veloping, meridional moisture advection and vortex

stretching play a key role in the growth and propa-

gation of these waves. The latter found that the posi-

tion of the ITCZ and latent heat release from

convection was more important for African easterly

development than for the strength of the African

easterly jet. Furthermore, Cornforth et al. (2009)

found that including moist processes in easterly waves

caused their amplitude to triple when compared to dry

easterly waves. Supporting these results, a regional

modeling study by Berry and Thorncroft (2012) found

that African easterly waves weaken steadily when

moist convection is turned off in their model (their

Fig. 11). They conclude that easterly waves exhibit

hybrid adiabatic and diabatic structures. These results

suggest that the dynamics of easterly waves over the

eastern Pacific and Africa may be described in terms
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of a gross potential vorticity, and the waves may grow

through moisture vortex instability. It is possible that

this instability is also relevant in other regions where

disturbances that resemble SMDs form (see Hurley

and Boos 2015).

Several studies have suggested that interactions be-

tween PV and water vapor play an important role in

tropical cyclogenesis (Raymond et al. 2007, 2011). Fur-

thermore, It was found by Bracken and Bosart (2000)

that QG ascent may play a role in developing cy-

clones. By using a convection scheme similar to Betts–

Miller, Brammer and Thorncroft (2015) found that

developing cyclones exhibit higher positive horizontal

moisture advection ahead of the disturbance than

nondeveloping ones. Collectively, these results sug-

gest that the framework presented here could be

generalized and made applicable to tropical cyclone

development.

f. Caveats

There are several caveats to the framework pre-

sented here. The mean monsoonal state is character-

ized by zonal westerlies on the order of 5–10m s21

and a stronger temperature gradient of 2–4K (106m)21,

which yields a substantial vertical wind shear. We

chose a small temperature gradient that results in a

negligible wind shear in order to keep the analysis

simple. This results in meridional moisture advection

playing a larger role than temperature advection in the

idealized SMDs presented here. This is inconsistent with

the results of Adames and Ming (2018), who found that

temperature advection is the largest contributor to SMD

propagation. Because of the weak flow assumed in this

study, advection of moisture and vorticity by the back-

ground flow do not play a role in the idealized SMDs

analyzed here. However, observed mean winds in the

tropics have been shown to play a significant role in the

propagation of SMDs and other tropical waves (Yanai

and Nitta 1967; Lau and Lau 1992; Rydbeck and

Maloney 2015). Another caveat is assuming a constant

value of tc and the NGMS. Large variations in mean

moisture precipitation and temperature across the

monsoon region can lead to large spatial variations in

both the NGMS and tc.

Furthermore, the vertical structure of thewave is treated

as being directly related to the profile of vertical motion.

As a result, the idealized SMDs have a first baroclinic

vertical structure. Observed SMDs, however, exhibit a

vertical structure where the maximum winds are strongest

near the surface. Wang and Xie (1996) interpreted this

structure as a combination of barotropic and baroclinic

modes in the presence of easterly shear. A more realistic

SMD structure could be obtained by having a more

realistic mean state with strong easterly shear. While we

hypothesize that the instability proposed here is still valid

for a more realistic mean state, the simplifications done

here to more clearly elucidate our proposed moisture

vortex instability is a caveat of this study.

7. Concluding remarks

The linear framework in this study suggests an in-

stability mechanism for tropical lows in a troposphere

characterized by high humidity and horizontal moisture

and temperature gradients. The proposed instability

implies that SMDs may grow without barotropic or

baroclinic instabilies. It could also complement these

instabilities in regions where they have been shown to be

relevant, such as in African easterly waves (Yanai and

Nitta 1967; Hall et al. 2006; Hsieh and Cook 2007). It

would be interesting to see if such a mechanism can be

clearly identified in observations.

The gross PV (qG) equation presented could be a

useful tool in understanding the propagation and growth

of tropical disturbances. By just inspecting the magni-

tude and phase of horizontal advection of qG with re-

spect to the qG center, it can be determined whether the

disturbance is growing and its propagation speed and

direction. A generalized version of Eq. (18a) may be

obtained that could be used in diagnostic studies of

tropical waves. It would be interesting to see if a gen-

eralized form of the gross PV equation can explain the

meridional propagation of monsoon depressions by in-

corporating interactions between moisture and non-

linear horizontal vorticity advection. It was found by

Boos et al. (2015) that this ‘‘beta drift’’ plays a central

role in the northwestward propagation of monsoon low

pressure systems.

The linear framework presented here presents an

intriguing interpretation of SMDs, which can be tested

in model simulations. For example, simulations in

which moisture is treated diagnostically may produce

weaker disturbances than those that treat moisture

prognostically, as suggested by the growth rate in

Eq. (24). These and other studies are interesting di-

rections for future study.
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APPENDIX

Derivation and Scaling of the Linear Equations

a. Scaling of the basic equations

The equations shown in Eq. (7) are obtained as a re-

sult of a scale analysis of the basic equations on an

equatorial beta plane. The equations for horizontal

momentum, hydrostatic vertical momentum, mass con-

servation, and thermodynamic and moisture conserva-

tion are written in isobaric coordinates as

›U

›t
52V � =U2v

›U

›p
1 fV2

›F

›x
, (A1a)

›V

›t
52V � =V2v

›V

›p
2 fU2

›F

›y
, (A1b)

›F

›p
52

R
d
T

p
, (A1c)

= �V52
›v

›p
, (A1d)

C
p

›T

›t
52C

p
V � =T2v

›s

›p
1Q

1
, (A1e)

›q

›t
52V � =q2v

›q

›p
1Q

2
, (A1f)

where U and V are the zonal and meridional winds,

respectively; F is the geopotential; v is the vertical

velocity; s5 CpT1F is the dry static energy;Q1 is the

apparent heat source; and Q2 is the apparent moisture

source, following the notation of Yanai et al. (1973). In

this model, we will assume that diabatic heating is due

to phase changes in water vapor, so Q1 5 2Q2 5 Q.

The column integral of Q is the surface precipitation

rate hQi 5 P, where P is expressed in units of Wm22.

Note that we do not include radiative heating or sur-

face fluxes in this model. We have used uppercase

letters for U, V, and F to differentiate the horizontal

wind and geopotential fields from their vertically

truncated counterparts. We have assumed that the

equations satisfy hydrostatic balance and that the flow

is approximately incompressible.

The fields in Eq. (A1) are then linearized with re-

spect to a zonally symmetric mean state where mean

moisture and temperature increase with latitude,

qualitatively consistent with the with the South Asian

monsoon:

V5V1V0 , (A2a)

v5v1v0 , (A2b)

F5F1F0 , (A2c)

T5T1T 0 , (A2d)

q5 q1 q0 , (A2e)

Q5Q1Q0 . (A2f)

To keep the analysis simple, the mean and anomalous flow

are assumed to be on the order of 1ms21. All other vari-

ables are scaled so that they are consistent with these winds.

For a wind field U on the order of 1m s21, a planetary

vorticity of f05 43 1025 s21, and a horizontal-scaleL on

the order of 106m, the mean zonal flow is, to first order,

in geostrophic balance. It can be shown that this scaling

is consistent with a Rossby number on the order of

;1021 [Ro 5 U/(f0L)]. It follows that the thermal wind

UT is on the order of 1m s21 for a horizontal tempera-

ture change on the order of 1021K (106m)21.

Following Sobel et al. (2001), we can estimate the

magnitude of the vertical velocity from the magnitude

of the heating. We assume that Q is on the same order

of magnitude as the vertical dry static energy advec-

tion. It will further be assumed thatQ�Q0 so thatQ is

on the order of 1022 J kg21 s21 and Q0 an order of

magnitude smaller. It follows that P is on the order of

102Wm22. This implies a climatological-mean rainfall

rate on the order of 10mmday21 and a perturbation of

1mmday21;

W
dS

dp
;Q , (A3a)

W 0dS
dp

;Q0 . (A3b)

If the vertical change inmeandry static energy is on the order

of 104Jkg21, then W; 1021Pas21 and W0 ; 1022Pas21,

respectively. It can be shown that the anomalies in DSE

are much smaller than its mean value so that the non-

linear vertical DSE advection term contributes little to

the thermodynamic balance.

From the scaling in Eq. (A3a), we can verify that the

mean state follows the scalingW; Vdp/L. However, for

the pertubation fields,W0 � Vdp/L, which indicates that

the anomaly fields are approximately nondivergent;

D0 � z0 , (A4)

which is consistent with the slowly propagating linear

solutions of Sobel et al. (2001) and the scale analysis of

Yano and Bonazzola (2009). For the parameters used

here, z0 ; 1026 s21 and D0 ; 1027 s21. This can further

be verified by defining a Rossby number for wave

motion Ro5 1/(dtf0), as in Raymond et al. (2015). For a

5-day wave at 168N, this yields Ro5 0.06, although the

scaling arguments used here suggest that the value
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could be as high as 0.25. Though we have verified that

the wave solutions in section 3 are approximately

nondivergent, faster waves may not be so, a caveat of

this study.

Themoisture equation [Eq. (A1f)] is scaled as follows.

Because vertical variations in moisture are much larger

than horizontal variations, two different scales are used

for them (dpq and dLq). In the tropics, where water

vapor concentrations are high, vertical variations in

mean latent heat are comparable to those in mean dry

static energy, such that dpq ; dS. Horizontal variations

in column wapor in the tropics are often on the order of

5–10mm, which implies that dLq ; 103 Jm2.

We can verify the consistency of the scaling above by

expanding Eq. (4) into a Taylor series and truncating on

the second term, where the first term corresponds to P

and the second term to P0:

P(RH) ’ P(RH)1RH0 ›P
›RH

����
RH

, (A5)

where RH is also expanded into a Taylor series:

RH ’ RH1
hq0i2RHhq0

si
hq

s
i ; (A6)

based on a temperature anomaly on the order of 1021,

we can show that the perturbations in hq0
si are small,

which leads to

RH0 ’ hq0i/hq
s
i ; (A7)

after applying these approximations, Eq. (5) can

be obtained. Through scaling of Eq. (5), it can be

shown that P0 � P for values of hq0i of ;100Ly of

;100Ly J m22 since a ; 102 and hqsi; 102Ly J m22.

Thus, column water vapor perturbations are much

smaller, by nearly two orders of magnitude, than the

mean water vapor field.

With the scaling arguments discussed above, which

are summarized in in Table A1, the linearized momen-

tum, thermodynamic, and moisture equations take the

following form:

›u0

›t
5 f y0 2

›f0

›x
, (A8a)

›y0

›t
52fu0 2

›f0

›y
, (A8b)

›T 0

›t
52y0

›T

›y
2

v0

C
p

›s

›p
1

Q0

C
p

, (A8c)

›q0

›t
52y0

›q

›y
2v0›q

›p
2Q0 . (A8d)

Note that the term corresponding to the advection of

mean temperature by the anomalous meridional winds

was not neglected. While this term is negligibly small

in the thermodynamic equation, it has a significant

contribution to the propagation of the moist waves

discussed here. The scale analysis performed here

suggests that bT is on the order of 10212m21 s21, an

order of magnitude smaller than b. This value of bT is

nonnegligible in the gross PV equation [Eq. (18a)]

when the normalized gross moist stability ~M is small.

This can be shown by scaling bG in Eq. (18a), which

yields

~Mb; (12 ~M)b
T
. (A9)

In this case, a small amount of temperature advection

can induce precipitation, whose vortex stretching is

comparable to that of advection of planetary vorticity

by the mean winds. Meridional advection of mean

moisture by the anomalous winds follows a similar

scaling.

b. Vertical truncation of the equations

In this section, we describe the vertical truncation of

the equations shown in section 2. Following Neelin and

Zeng (2000), we separate the vertical velocity field

into a horizontal divergence field D and a structure

function V that describes the profile of vertical velocity

TABLE A1. Values used in the scaling of the basic equations in

section a of the appendix.

Scaling variable Symbol Value and units

Horizontal scale L 106m

Vertical scale dp 105 Pa

Wave time scale dt 105 s

Mean and anomalous horizontal

winds

U 100m s21

Thermal wind scale UT 100m s21

Rossby number Ro 1021

Mean vertical velocity W 1021 Pa s21

Anomalous vertical velocity W0 1022 Pa s21

Mean and anomalous

geopotential

F 101m2 s22

Mean and anomalous

temperature scale

T 1021 K

Anomalous latent heat q0 102 Jm2

Mean heating from condensation Q 1022 J kg21 s21

Anomalous heating from

condensation

Q0 1023 J kg21 s21

Vertical change in mean dry static

energy

dps 104 J kg21

Mean vertical latent heat scale dPq 104 Jm2

Mean horizontal latent heat scale dLq 103 Jm2
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v (note that in section 3, v corresponds to the wave

frequency instead):

v0(x, y, p, t)5D0(x, y, t)V(p) , (A10)

where we make use of a single vertical structure

function that corresponds to deep convection (a first

baroclinic mode in vertical motion). Following a rigid

lid boundary condition, V must be equal to zero at

1000 and 100 hPa. We use a simple formula for V that

satisfies these conditions, which is similar to the for-

mulas used by Haertel et al. (2008) and Kiladis et al.

(2009):

V(p) ’ p̂(p/p
s
)1/2 sin[m ln(p

s
/p)] , (A11)

where p̂’ 200 hPa is a reference pressure, ps5 1000hPa

is the surface pressure, andm5p/ln(ps/pt) is the vertical

wavenumber. The vertical profile of V is shown in

Fig. A1. Although similar, this profile is slightly different

from the one used by Adames and Kim (2016).

Similarly, the anomalous horizontal windsV0 5 (U0,V0),
the geopotential F0, and the temperature T 0 are sepa-

rated into a horizontal component and a vertical struc-

ture function:

V0(x, y, p, t)5 v0(x, y, t)L(p) , (A12a)

F0(x, y,p, t)5f0(x, y, t)L(p) , (A12b)

T 0(x, y, p, t)5 t0(x, y, t)a(p) , (A12c)

where v5 (u, y) and the structure functionL is obtained

from V through mass continuity:

L(p)52
›V(p)

›p
(A13)

and a is obtained from hydrostatic balance:

a(p)5
›L(p)

› lnp
. (A14)

The vertical profiles of L and a are shown in Figs. A1b

and A1c, respectively. Through this truncation, we can

verify that

f0 52R
d
t0 , (A15a)

D0 5= � v0 , (A15b)

and we can obtain the equations shown in Eq. (7).

Truncation of the moisture field is discussed in the fol-

lowing section.

c. Mean state

In this section, we present the calculation of values

for the mean-state fields. The mean temperature field

can be separated into a leading-order profile with a

lapse rate that is constant with height and a second-

order term that accounts for meridional variations in

temperature:

T(y,p)5T
0
(p)1 ydT(p) , (A16)

where

T
0
5T

s

�
p

p
s

�Rdg/g

, (A17)

where Ts 5 302 K is the surface temperature and

g 5 7.0 K km21 is the environmental lapse rate. For

simplicity, the meridional gradient term is written

as dT5TcL, where Tc 5 2 K. Using this simple

profile yields a simple meridional gradient in T that

is consistent with the scaling from the previous

section, and a value of bT 5 2.5 3 10212 m21 s21 is

obtained.

FIG. A1. Basis functions of (a) vertical velocityV, (b) horizontal winds and geopotential L, and (c) temperature a.

The V has been normalized by dividing by p̂.
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We can obtain a profile of F that is consistent with T

through the hydrostatic equation:

F(p) ’ gT
s

g
12

�
p

p
s

�Rdg/g
" #

; (A18)

note that this is an approximate profile for the geo-

potential field. As discussed in the previous section, the

mean flow is characterized by a zonal wind on the order

of 1m s21. Meridional variations in F exist in order to

satisfy geostrophic balance with this wind. However,

they are not discussed here since they are small and are

not of primary importance to Eq. (7). The mean dry

static energy s can be obtained from T and F, and its

vertical profile is shown in Fig. A2a.

The moist variables are chosen to be consistent with

the saturation specific humidity, which is obtained

from the following formula (Wallace and Hobbs

2006):

q
s
5

0:622e
s

0:01p2 0:378e
s

, (A19a)

e
s
’ 6:11 exp

�
5420

�
1

273
2

1

T

��
, (A19b)

where es is the saturation vapor pressure. For the

mean temperature profile discussed above, we obtain

a column-integrated value of hqsi 5 70Ly mm. Be-

cause meridional variations in T are small, meridional

variations in hqsi are much smaller than its mean value

at 168N, on the order of 1–2mm, and thus, a constant

value at the reference latitude can be used. This ap-

proximation is adequate for the linearized equation

for P0, but it is much less accurate for Eq. (4).

We can write the mean specific humidity as a

function of qs scaled by a constant column relative

humidity:

q5RH3 q
s
. (A20)

If RH 5 0.72, we find that hqi 5 49Ly mm, a 5 12, and

P0 5 1.8 3 1023 3 Ly mmday21. We obtain that

P5 8.2Lymmday21 and tc5 12.2 h. Note that the value

of P0 differs from those of Bretherton et al. (2004), but it

is used in order to be consistent with the scaling in sec-

tion a of the appendix. For reference, the vertical

structure of q and P as a function of RH are shown in

Figs. A2b and A2c, respectively.

d. Propagation and growth for various parameter
values

In section 3, we obtained linear wave solutions that

could describe monsoon low pressure systems. The

solutions were shown for specific parameter values. In

this section, we analyze how changing these parameter

values affects these solutions. Figure A3a shows the

real component of the wave frequency, as obtained

from Eq. (20) for l 5 0 and various values of bq. Fre-

quency is a maximum near zonal wavenumber 6, and

frequency increases as bq increases. Figure A3b shows

the wave frequency for different values of tc. It is clear

that larger values of tc result in weaker propagation.

This is due to a longer delay in convective onset, which

results in precipitation contributing less to the vorticity

tendency, as shown in section 4. When variation in

NGMS are considered (Fig. A3c), we see a shift of the

maximum frequency toward smaller k as the NGMS

increases. Between zonal wavenumbers 10 and 40,

we observe a decrease in frequency as NGMS in-

creases, likely from a decreasing contribution of moist

FIG. A2. Vertical profiles of (a) mean dry static energy s (solid) and moist static energy (dashed), and (b) latent

energy q. (c) Mean precipitation P as a function of mean column relative humidity RH. Dashed line corresponds to

approximate relation using Eq. (A5) with a reference RH of 0.70.
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processes to propagation. Increasing the Rossby radius

of deformation, shown in Fig. A3d, yields faster prop-

agation across all wavenumbers.

Figure A4a shows the growth rate of the dispersion

shown in Eq. (20) for l 5 0 and various values of bq.

Stronger growth is observed for larger values of bq, and

the maximum growth shifts to smaller k as bq increases.

Damping at the largest scales weakens as bq increases.

The growth rate for l 5 0 but for various values of tc is

shown in Fig. A4b. The strongest growth occurs for

time scales of 4–6 h and near zonal wavenumber 15.

For larger values of tc, growth is weaker and is shifted

toward smaller scales, with the strongest growth occur-

ring near zonal wavenumber 20 for tc values of 1 day. For

variations in the NGMS ( ~M), shown in Fig. A4c, we find

that growth is stronger for smaller values of NGMS and

the maximum growth occurs at smaller scales, consis-

tent with Eqs. (24) and (28). As the NGMS increases,

growth occurs at larger scales, shifting from zonal wave-

number 20 for NGMS of ;0. While the approximate

solutions are singular near ~M/ 0, the dispersion in

Eq. (20) is not, and Fig. A4b reveals that growth increases

as ~M becomes negative. The growth rate as a function of

theRossby radius of deformationLd is shown inFig.A4d.

FIG. A3. (a) Real component of the dispersion relation in Eq. (20) for l5 0 and various values of bq. (b) As in (a), but as a function of

zonal wavenumber and tc. (c) Frequency as a function of k and NGMS. (d) Frequency as a function of k and Ld. Values of other

parameters are shown above each panel.
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As Ld increases, growth becomes stronger and shifts to-

ward the larger scales, consistent with Eq. (28). When Ld

is small, the solution becomes weakly damped at nearly

all wavenumbers.
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