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ABSTRACT

Although small-scale turbulent mixing at cloud edge has substantial effects on the microphysics of clouds,
most models do not represent these processes explicitly, or parameterize them rather crudely. This study
presents a first use of the linear eddy model (LEM) to represent unresolved turbulent mixing at the subgrid
scale (SGS) of large-eddy simulations (LESs) with a coupled Lagrangian cloud model (LCM). The method
utilizes Lagrangian particles to provide the trajectory of air masses within LES grid boxes, while the LEM is
used to redistribute these air masses among the Lagrangian particles based on the local features of turbulence,
allowing for the appropriate representation of inhomogeneous to homogeneous SGS mixing. The new ap-
proach has the salutary effect of mitigating spurious supersaturations. At low turbulence intensities, as found
in the early stages of an idealized bubble cloud simulation, cloud-edge SGS mixing tends to be in-
homogeneous and the new approach is shown to be essential for the production of raindrop embryos. At
higher turbulence intensities, as found in a field of shallow cumulus, SGS mixing tends to be more homo-
geneous and the new approach does not significantly alter the results, indicating that a grid spacing of 20 m
may be sufficient to resolve all relevant scales of inhomogeneous mixing. In both cases, droplet in-cloud
residence times are important for the production of precipitation embryos in the absence of small-scale in-
homogeneous mixing, either naturally due to strong turbulence or artificially as a result of coarse resolution or
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by not using the LEM as an SGS model.

1. Introduction

Clouds result from processes acting on various spatial
and temporal scales, ranging from the microscopic in-
terplay between cloud droplets and small-scale turbulence,
to the global circulation, which creates the specific envi-
ronments in which certain types of cloud develop (e.g.,
Bodenschatz et al. 2010). The tremendous range of these
scales is a barrier to the scientific understanding of clouds:
the available methods cannot capture the entirety of the
system. This is especially evident in (but not exclusive to)
numerical modeling, where limited computational re-
sources restrict resolution, domain size, or simulated time.
Based on these constraints, specific types of models have
been developed, from which large-eddy simulation (LES)
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has emerged as the method of choice for investigating
cloud processes (e.g., Cuijpers and Duynkerke 1993).
These models are able to represent individual clouds, as
well as entire cloud fields, and most of the relevant dy-
namics explicitly. However, they are restricted to resolu-
tions of tens of meters, which do not allow the explicit
representation of small-scale turbulence.

Microscale dynamics, however, are essential for the
mixing between clouds and cloud-free air and their
specific effects on cloud microphysics (i.e., the size and
number of cloud droplets). As originally pointed out by
Baker and Latham (1979), mixing can be thought of
as limited by two scenarios, distinguished by their
Damkohler number (Da): homogeneous and inhomoge-
neous mixing. The Damkohler number is defined as the
ratio of a fluid time scale to a reaction time scale. In cloud-
physical applications, the former is the time a turbulent
eddy needs to break down to the Kolmogorov length
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scale, and the latter is either the time necessary to
evaporate a droplet completely or to saturate a subsatu-
rated volume of air by droplet evaporation. If turbulent
mixing is faster than the droplet evaporation time scale,
this scenario is called homogeneous mixing (Da < 1): all
droplets experience the same subsaturation leading to
the partial evaporation of all droplets while maintaining
their number concentration. In the course of inhomoge-
neous mixing, in which turbulent mixing is slower than
the evaporation of cloud droplets (Da > 1), only those
droplets that experience subsaturated cloud-free air
evaporate. If these droplets evaporate completely and the
remainder maintain their initial size, the distribution’s
mean radius will be conserved while the droplet number
concentration will decrease (this scenario is usually
termed extreme inhomogeneous mixing). If the affected
air parcel is lifted subsequently, the supersaturations it
will experience are higher and the resulting diffusional
growth stronger due to decreased competition for water
vapor. Therefore, inhomogeneous mixing is considered
as one source for the production of precipitation em-
bryos, that is, droplets large enough to initiate collision
and coalescence in warm clouds (e.g., Baker et al. 1980;
Suet al. 1998; Lasher-Trapp et al. 2005). In addition to the
above-introduced effects of inhomogeneous mixing,
various other effects of small-scale turbulence on the
initiation of rain have been investigated during the last
few decades: spectral broadening by turbulent super-
saturation fluctuations, enhanced collision rates due to
turbulence-induced clustering of droplets, increased
relative velocities, and larger collection efficiencies (e.g.,
Shaw 2003; Devenish et al. 2012; Grabowski and
Wang 2013).

Mixing in warm clouds can be either homogeneous or
inhomogeneous, but will always become homogeneous
as a turbulent eddy breaks down to the Kolmogorov scale
(Jensen and Baker 1989). If, however, mixing remains
largely inhomogeneous during this process, cloudy and
cloud-free filaments might be distinct on length scales on
the order of centimeters (e.g., Beals et al. 2015), that is,
substantially smaller than the typical grid spacing of
current LESs. Consequently, the mixing of cloudy and
cloud-free air on the LES subgrid scale (SGS) is always
homogeneous since an LES cannot resolve the simulta-
neous presence of different air masses at the SGS; it only
predicts the mean state.

The effect of inhomogeneous mixing on droplet growth
can easily be parameterized by adjusting the droplet
number concentration in accordance with the assumed or
predicted mixing scenario (e.g., Lasher-Trapp et al. 2005;
Morrison and Grabowski 2008; Jarecka et al. 2009;
Hill et al. 2009; Cooper et al. 2013). But resolving inho-
mogeneous mixing explicitly requires reducing the grid
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spacing to the Kolmogorov length scale with corre-
sponding sacrifices on the domain size and simulated
time. This is actually done in computationally de-
manding, direct numerical simulations (DNSs), which
have been used for investigating the effects of turbulent
mixing processes in clouds on very limited spatial and
temporal scales (e.g., Abma et al. 2013; Kumar et al.
2013, 2014; Gotzfried et al. 2017).

Howeyver, it is not necessary to perform a computationally
demanding DNS to reproduce the features of small-scale
mixing. The so-called linear eddy model (LEM) by Kerstein
(1988), a one-dimensional and hence computationally
inexpensive representation of turbulence, is able to
represent fundamental features of turbulence by com-
pressing and folding the simulated domain according to
the so-called triplet map, and computes the molecular
diffusion of the simulated fields. The LEM is the cen-
terpiece of the explicit mixing parcel model (EMPM) by
Krueger (1993), which has been successfully used to
simulate entrainment and mixing in clouds (Krueger
1993; Krueger et al. 1997; Su et al. 1998; Tolle and
Krueger 2014). In fact, the EMPM (and hence the LEM)
has been reported to reproduce DNS evolution of the
turbulent mixing in clouds successfully (Krueger 2016).

The idea of using the LEM as a parameterization for
SGS mixing in LESs for cloud-physical applications was
suggested by Krueger (1993), and implementations for
noncloud-physical applications have been reviewed by
Menon and Kerstein (2011). In these approaches, the
scalars temperature and water vapor are computed ex-
clusively by the LEM. LES-scale resolved advection of
these scalars is represented by splicing, in which certain
parts of each LEM domain are exchanged between
neighboring LES grid boxes. A first realization for cloud-
physical applications was presented by Stechmann (2014),
whose model, however, lacks the process of splicing.

Representing splicing is generally difficult. This results
from the inherent unawareness of the origins of air on the
LES SGS. On the edge of a cloud, for example, it is im-
possible to say how much air originates from the cloud
or the cloud-free region, and how these fractions are
arranged at the SGS. This Lagrangian information is not
available in Eulerian LESs. In the following, an approach
will be introduced that derives this information from a
Lagrangian cloud model (LCM). LCMs are usually cou-
pled to an LES to represent cloud microphysics by so-
called superdroplets: Lagrangian particles that represent
an ensemble of real droplets (Andrejczuk et al. 2008;
Shima et al. 2009; S6lch and Kéarcher 2010; Riechelmann
et al. 2012). Here, the LCM’s superdroplets will also be
used to track the SGS transport of air between the
LEM domains of different LES grid boxes and, therefore,
resolve splicing explicitly. After a description of the
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necessary changes in the LCM, LES, and LEM, the
effects of this new approach, as well as the effects of
small-scale inhomogeneous mixing on the production of
precipitation embryos will be discussed using an idealized
two-dimensional bubble simulation, as well as a well-
studied shallow cumulus case.

2. Model formulation
a. Lagrangian microphysics

For this study, a simplified version of the LCM docu-
mented in Hoffmann et al. (2015), Hoffmann et al. (2017),
and Hoffmann (2017) is applied, in which the processes of
sedimentation and collection are neglected. The LCM is
coupled to the nonhydrostatic, anelastic LES model Sys-
tem for Atmospheric Modeling (SAM; Khairoutdinov
and Randall 2003). SAM predicts the three velocity
components, liquid water static energy, water vapor mix-
ing ratio, and the SGS turbulence kinetic energy, which is
used in SAM’s 1.5th-order SGS scheme (Deardorff 1980).

The microphysics in the LCM can be summarized as
follows. The centerpiece of the LCM is the superdroplet,
which represents an ensemble of droplets with certain
properties. The most important properties are the weight-
ing factor, which reflects the number of (identical) real
droplets represented by the superdroplet; the radius of
these droplets; the location of the superdroplet in the LES
domain; its velocity; and a new property to parameterize
SGS mixing, which will be introduced below.

The superdroplet is allowed to move anywhere in the
LES model domain. Its motion is described by

dXin — I 5
d[‘ = ui(X,"n) + ui,n[e(Xi,n)] ’ (1)

where X;, is the location of the nth superdroplet in Car-
tesian coordinates (X;) = (X, Y, Z), (w;) = (@, v, w) is the
LES-resolved velocity interpolated to the superdroplet’s
location [using divergence-conserving interpolation by
Grabowski et al. (2018)], and (u;,) = (u,,, v, w;,) is an
autocorrelated stochastic velocity component calculated in
accordance with the LES SGS scheme depending on the
SGS turbulence-kinetic energy e to parameterize LES-
unresolved motions (Solch and Kércher 2010).

The diffusional growth of a droplet of radius r, is
given by

d _
(rn+r0)%= GX(@+8.), @)

where ry~ 1.86 um is a length scale associated with gas-
kinetic effects (Mordy 1959; Kogan 1991), G = [g,(F,; +
Fi)]”"' summarizes the effects of vapor diffusion and heat
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conduction on condensation [for definitions of F,; and
Fy, see Rogers and Yau (1989, p. 102)], and g, is the
temperature-dependent saturation vapor mixing ratio
calculated in the LES. The absolute supersaturation of
the LES grid box, in which the considered superdroplet is
located at a given time, is defined as § = g, — q,, where g,
is the water vapor mixing ratio predicted by the LES.
Finally, &/, is a perturbation to the absolute supersatura-
tion determined for each superdroplet individually, and
used to parameterize the effects of SGS mixing on dif-
fusional growth as predicted by the LEM and further
outlined below. The use of §/, in Eq. (2) is similar to that in
Grabowski and Abade (2017), who used it to investigate
the effect of velocity-induced supersaturation fluctua-
tions (so-called eddy hopping) on droplet growth. The
initial radius of all superdroplets is set to 0.01 wm, and no
superdroplet is allowed to evaporate any smaller.

Evaporation and condensation in the LCM feed back
to the host LES by changing the water vapor mixing
ratio that is calculated from the change in radius due to
condensation of all superdroplets located in the same
LES grid box:

9, _ @B S, dn
ot condensation paAV n=1 " dt

4 N 2
_ P, G 2 A "y
p AV 5+,

(6+8,).
©)

where p; denotes the density of liquid water, p, the
density of dry air, AV the volume of the LES grid box, N
the number of superdroplets in that grid box, and A, the
superdroplet’s weighting factor.

b. Using the LEM as a SGS model within an
LCM-LES framework

Before advancing to a more detailed description of
the new modeling approach, the general concept of in-
tegrating the LEM into an LCM-LES framework will be
discussed by comparing it to established applications
of the LEM as an SGS model in standard LES (i.e.,
without a coupled LCM) (e.g., Menon and Kerstein
2011), which will be referred to as LES-LEM (L2) in the
following. The new approach will be called LCM-LES-
LEM (L3). In L2, water vapor and temperature are
exclusively calculated by the LEM, whose individual
domains are located in each LES grid box, computing
turbulent compression, folding, and molecular diffusion
for the predicted fields. The LES-resolved-scale trans-
port of water vapor and temperature is realized by
splicing, in which a chunk of the LEM is removed from
one LEM and added to the LEM of a neighboring LES
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grid box in accordance with the LES-resolved flow field.
The new approach L3 deviates from L2 in various as-
pects, which will be briefly outlined here, with more
details following below.

First, each superdroplet in L3 is assumed to be sur-
rounded by a volume of air, which can be considered to
be one LEM element. Accordingly, all superdroplets
currently located in an LES grid box are associated with
an LEM domain. Once a superdroplet moves from one
LES grid box to another, this superdroplet is introduced
into a new LEM domain. Thus, this approach allows one
to resolve splicing explicitly; that is, it moves not only the
right number of LEM elements in accordance with
the LES-resolved flow field, as is done in L2, but also the
correct LEM elements depending on their origin, which
is inherently impossible in L2. Note that the motion of a
superdroplet does not only depend on the LES-resolved
flow field but also, usually to a smaller extent, on a
stochastic velocity component that represents the un-
resolved SGS velocity fluctuations [see Eq. (1)]. These
motions are unrelated to the LEM, which has no impact
on the physical location of droplets. These stochastic
motions are, however, essential in representing the dis-
persion of superdroplets in the LES domain correctly
(e.g., Weil et al. 2004) and, therefore, are necessary for
the correct representation of splicing between neigh-
boring LES grid boxes.

Second, although it would be possible to use water
vapor and temperature as LEM quantities in L3, they
remain LES quantities. Instead, only one quantity, the
perturbation of the absolute supersaturation &/, is pre-
dicted by the LEM. This minimizes computing time and
memory since only one variable instead of two are pre-
dicted by the LEM. However, this simplification poten-
tially decreases supersaturation fluctuations resulting
from the supersaturation’s nonlinear dependence on
temperature. Nonetheless, the LEM’s general perfor-
mance due to this simplification is comparable to the
implementation of Su et al. (1998), which is shown in
entraining parcel simulations in appendix C.

Finally, 8/ increases or decreases the diffusional
growth of droplets, but does not store water vapor and
temperature in the LEM. These quantities are predicted
exclusively by the LES to avoid jeopardizing their con-
servation by distributing them among the LES and the
LEM. This is especially important since it is not easy to
conserve the mass of air in each LES grid box, as in the
case of L2, because of statistical fluctuations in the
number of superdroplets, and therefore LEM elements,
in each LES grid box (e.g., Grabowski et al. 2018). This
problem becomes even more severe due to droplet
sedimentation, which is why sedimentation is neglected
in this study.
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c. Determining the supersaturation perturbation 8,

In this study, the determination of &), is designed to
represent SGS mixing as calculated by the LEM. We
assume that each superdroplet is surrounded by its own
volume of air, which can be characterized by &/, a per-
turbation to & derived from the LES. Using three terms,
8, is determined as follows:

s, _ _ 93, + (as;) _%' @
dt ot mixing,LES ot mixing, LEM T,

Here, (85ﬂ/at)mixing,LES is the effect of the resolved-scale
mixing on é calculated in the SGS model of the LES along
the trajectory of a superdroplet (a way to determine this
quantity is outlined in appendix A). Due to the negative
sign, this term exactly counteracts the effect of the LES
SGS model on the evolution of &),. [Therefore, & + &/,
would represent the (adiabatic) absolute supersaturation
in the absence of mixing if no further terms were con-
sidered in Eq. (4).] Mixing is considered nonetheless by
the second term, (88,/9t),yixing LEm> Which depicts the SGS
mixing recalculated in the LEM among all superdroplets
inside an LES grid box (described in more detail in the
following subsection). The last term, —38/ /7, represents
the depletion of &/, by condensation or evaporation. Note
that this equation is calculated for all superdroplets in the
entire domain. Accordingly, it is not necessary to artifi-
cially distinguish between superdroplets inside the cloud
or at any other place in the LES domain.

The phase relaxation time scale 7, is restricted to the
volume of air surrounding each superdroplet:

* ri An o
n ™ (4“(; o, AV/N) ’ ©)

where AV/N is the volume of air surrounding each super-
droplet, and G* = GI'p,/p,, with T = 1 + (L,/c,)(dgq,/ dT)
the psychrometric correction necessary to convert changes
in water vapor to changes in absolute supersaturation and
dq,/dT is the Clausius—Clapeyron relation. Due to this
definition of 7,, the arithmetic mean of the last term in
Eq. (4), calculated for all superdroplets inside a grid box
and divided by I', corresponds exactly to the share of 8, in

Eq. (3):

2
n

1|1 &/ & 4mp, r
N e N GY A 8. (6
r {N ,;( Tn>:| p, AV ,,2:“1 "rotrg " ©)

0

Accordingly, condensation and evaporation are treated
consistently in the LCM and the LES.

Note that &), is always depleted by the third term of
Eq. (4) although there might be a different stimulus
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from Eq. (2), which depends on the sum & + &/,. This
could be avoided by removing &, from Eq. (3), which
would transfer water vapor and temperature to the
LEM. This is not done here since it risks the conserva-
tion of water vapor and temperature by distributing
them among the LES and the LEM, as explained above.

d. The LEM within a Lagrangian framework

As introduced in Eq. (4), the LEM is used to calculate
the SGS turbulent rearrangement and diffusion of &/,
associated with all superdroplets inside an LES
grid box. The applied LEM follows closely the im-
plementation by Krueger (1993) and Krueger et al.
(1997) in their EMPM, to which the reader is referred
for more details.

Since one LEM is calculated in each LES grid box,
all superdroplets currently located in that grid box are
stored in the one-dimensional, cyclic domain of the
LEM, in which each superdroplet represents one ele-
ment of the LEM array. Accordingly, all properties of a
superdroplet, and most importantly &/, will undergo the
same turbulent rearrangements described by the triplet
map (described below). Moreover, the location of a
superdroplet in the LEM domain is stored as a new
property of each superdroplet to maintain the distribu-
tion of variables within the LEM domain over several
time steps, as well as throughout the transport from the
LEM of one LES grid box to another, as outlined
further below.

Turbulence parameters of the LEM are set in accor-
dance with the LES SGS model. The length of the LEM
domain, denoted as L, which is the model integral length
scale of turbulence, is set to the mixing length of the LES
SGS model (which is the vertical spacing of the grid box
Az in SAM). And the width of each LEM element,
which represents one superdroplet, is

L
A== 7
=5 )
where N is the total number of superdroplets in an LES
grid box. Accordingly, the model Kolmogorov length
scale is given by

n=06A7, 8)

where the factor 6 is necessary to resolve turbulent
rearrangements in the LEM domain by the triplet map.

A schematic description of the LEM’s workflow is
presented in Fig. 1. The LEM is called after advection of
the superdroplets by the LES and before the calculation
of condensation and evaporation. First, a segment of the
LEM domain is selected to undergo turbulent re-
arrangement (Fig. 1, step 1). The segment’s starting
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1: selection of segment
for rearrangement

LCM 1

2: division in selection segments
(three superdroplets each)

1[z203]4 5-9 10]11] 12
3: redistribution

into triplets

TR EEE
SBEGERE

13J2§131]4

1] 2

4: inversion of center

triplet
o=

5: molecular / turbulent
diffusion

1] 2

1246 j101137 53 81]9]12

LCM LEM subcycle )

FIG. 1. Schematic representation of the LEM using superdroplets.
The superdroplets are arranged in a one-dimensional array and
numbered accordingly. From this array, a segment is chosen to un-
dergo turbulent compression and folding (red line, step 1). This
segment is divided into so-called selection segments of three super-
droplets each (step 2), which are redistributed into thirds (triplets) of
the original segment (step 3): the first entrance of each triplet comes
from a red selection segment, the second from a green segment, and
the third from a blue segment, which maintains the gradient of the
original segment in each triplet. Then, the central triplet is inverted
(step 4). Molecular (or turbulent) diffusion is applied to the entire
array at the last step of the LEM (step 5).

position, as well as its length, are determined randomly,
using an analytical expression for the probability of
length scales in a high Reynolds number flow [see Eq.
(2.3) in Krueger (1993)].

The triplet map is applied to all superdroplets in this
segment [see Fig. 1 in Krueger et al. (1997)]. This is done
by creating an additional array that provides space for
all superdroplets in the original segment, however, di-
vided into three partitions of (ideally) the same size
(henceforth, triplet partitions). (If this is not possible
without a remainder, the third triplet partition contains
one superdroplet, more or less.) Then, the original seg-
ment is divided into partitions containing (ideally) three
superdroplets each (henceforth selection partitions;
Fig. 1, step 2). (The last segment might contain only one
or two superdroplets.) Then, the superdroplets in the
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selection partitions, which are accessed successively from
left to right, are randomly assigned to the triplet partitions,
one superdroplet for each triplet partition, filling them
successively from left to right (Fig. 1, step 3). In doing so,
the general distribution of superdroplets and their prop-
erties in the original segment is maintained in each of the
triplet partitions, however, compressed to one-third of
the original length, which increases gradients analogous to
the compressive strain in a turbulent flow. Finally, the
order of the superdroplets forming the center triplet par-
tition is reversed to represent turbulent folding (Fig. 1,
step 4). Note that this variant of the spatially discrete
triplet map differs from the original deterministic variant
proposed by Menon and Kerstein (2011) by selecting
permutations randomly, but in a systematic way, instead
of a purely deterministic approach. However, both vari-
ants agree well if a sufficiently large ensemble is simulated
(not shown). Note further that all properties of the su-
perdroplets, including &/, undergo these rearrangements
prescribed by the triplet map.

Finally, molecular diffusion is applied to &/ for all
superdroplets in the same LEM domain (Fig. 1, step 5).
If, however, the physical Kolmogorov scale is not re-
solved in the LEM, the molecular diffusion coefficient is
replaced by the LEM diffusion coefficient,

Dy = Dygs (%) b ) C)

which is scaled from the LES diffusion coefficient Dj gg
calculated in the LES SGS model to match the length
scales not explicitly resolved by the LEM, that is, ex-
erting homogeneous mixing to the scales below the
model Kolmogorov length scale n (Krueger et al. 1997).
Molecular diffusion constitutes the end of one LEM
time step. At higher turbulence intensities, the LEM
time step might be significantly smaller than the time
step used by the LCM and LES. If this is the case, the
LEM is subcycled. The overall change in &, due to
processes calculated in the LEM is then considered as
(aan/at)mixing,LEM in Eq (4)

Finally, splicing (i.e., the resolved-scale transport be-
tween the LEM domains of the different LES grid boxes)
will be explained. This transport is explicitly resolved by
the motion of superdroplets from one grid box to another
by Eq. (1). This transport is calculated before the execution
of the LEM at any time step of the LCM. Superdroplets
moved from a considered grid box are simply removed
from the LEM domain and the remaining elements are
concatenated. Superdroplets moved to a considered grid
box are treated as follows. All superdroplets originating
from the same grid box are arranged in chunks. Within
these chunks, the locations of superdroplets within their
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original grid boxes are maintained by using the above-
introduced superdroplet property, which stores the su-
perdroplets’ LEM locations in its original domain. These
chunks are then randomly concatenated, and this structure
is added to a random position of the LEM domain in the
LES grid box under consideration.

The computational burden of the LEM is hard to
quantify a priori since it depends fundamentally on the
distribution of turbulence and therefore the need for sub-
cycling. In the cases tested here, using the LEM increased
computation time by about 12% in the two-dimensional
bubble case, and by 8% in the shallow cumulus in-
tercomparison case. These cases will be presented in the
following sections.

3. Two-dimensional bubble
a. Setup

The two-dimensional bubble test case follows Grabowski
et al. (2018), to which the reader is referred for more details
on the initialization. In these simulations, a bubble of sat-
urated air is initialized in a stably stratified environment of
20% relative humidity. The bubble has a diameter of 500 m
and relaxes to environmental values within a 100-m radius.
The domain is 3600m in the horizontal direction and
2400 m in the vertical. An isotropic grid spacing of 20 m has
been used throughout the domain. All simulations have
been run for 1200s of simulated time using a model time
step of 2s for the LES and the LCM; the LEM is subcycled
if necessary. In all of the simulations, a cloud droplet con-
centration of 100cm > has been prescribed, using an aver-
age number of 100, 200, or 500 superdroplets per grid box
distributed randomly over the entire model domain. Sim-
ulations with and without the use of the LEM are presented,
and will be referred to as LEM simulations (LCMj gyp) or
homogenous simulations (LCMy,y,), respectively. Note
that the turbulence simulated in the following is two-
dimensional and exhibits a spurious upscale transport of
energy (e.g., Boffetta and Ecke 2012), which is not present
in the three-dimensional turbulence typical of clouds.
However, the simulations are computationally inexpensive,
which enables one to vary various parameters (especially
the number of simulated superdroplets) to investigate their
impact on the simulation and the mixing in the LEM.

b. Results

Figure 2 shows snapshots of the mean and standard
deviation of the relative supersaturation perturbation
for each grid box calculated using the LEM:

)

12

1 N
Ry = ; and (10)

3

s
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FIG. 2. (left) Variance of the supersaturation perturbation in each grid box og and (right) the corresponding
mean value ug at simulation times of (top) 180, (middle) 300, and (bottom) 420 s. Cloudy regions with a liquid water
mixing ratio ¢, > 0.01 gkg ™! are encircled by a black line. Results from the simulation using 500 superdroplets per

grid box are displayed.

1 N 8/ 2

q

where the saturation water vapor mixing ratio g, is cal-
culated from the LES values of temperature and pres-
sure in the respective grid boxes.

These variables already represent the general develop-
ment of the simulated cloud from a circular bubble to a
turbulent cloud, as described in more detail in Grabowski
and Clark (1991) and Grabowski et al. (2018). This behavior
is similar in all conducted simulations. Here, only the results
for the 500 superdroplets per grid-box simulation are shown.

Throughout the simulation, oy exhibits a distinct max-
imum at the edge of the cloud (marked by a black

line encircling areas with a liquid water mixing ratio
>0.01gkg ). This maximum results from cloudy fila-
ments extending into the cloud-free regions, as well as dry
environmental air that is entrained into the cloud, which
are now explicitly resolved by superdroplets that either
experience condensation or evaporation in an otherwise
subsaturated or supersaturated grid box, respectively. This
interpretation is in accord with wg, which exhibits maxima
and minima just outside and inside the cloud edge. Neither
os nor ug is visible deeper inside the cloud due to the
decreasing amount of entrained air as well as the faster
depletion of sub- or supersaturations by condensation or
evaporation inside the cloud. Note that oy and ug at the
top of the cloud start to fade at 420s of simulated time due
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FIG. 3. PDFs of (a) the variance of the supersaturation perturbation o, (b) the mean value of the supersaturation perturbation ug, and
(c) the total supersaturation Sy, for simulations with (blue lines) and without the LEM (red lines) for superdroplet concentrations of 100,
200, and 500 superdroplets per grid box (line patterns). The PDFs have been derived from all grid boxes at snapshots of 240-, 300-, and

360-s simulated time.

to the strong increase in turbulence with time (see also
Fig. 4d), which makes the mixing more homogenous (i.e.,
the exchange of 8, between the superdroplets becomes
more effective). The maxima of oy and pg below the
cloud are associated with a strong downdraft that advects
all scalars and accordingly superdroplets from the cloud
base downward.

According to Eq. (8), the number of superdroplets per
grid box is crucial in representing the Kolmogorov
length scale adequately. For the simulation displayed in
Fig. 2, 500 superdroplets per grid box have been used.
For the applied grid spacing of 20 m, this superdroplet
concentration corresponds to a model Kolmogorov
length scale of 0.24m, but even larger model Kolmo-
gorov length scales might be used in typical applications,
which apply about 100 superdroplets per grid box. The
general dependence of oy and wg on the number of
superdroplet per grid box is displayed in the probability
density functions (PDFs) in Figs. 3a and 3b, respectively.
For the current model, using Kolmogorov length scales
from 0.24 to 0.6 and to 1.2m for 500, 200, and 100 su-
perdroplets per grid box, respectively, there are no sig-
nificant deviations in the PDFs. Indeed, the shapes of
the PDFs are for the most part identical, only the PDF of
os exhibits slightly smaller extreme values, which are
attributed to the better statistics using a higher number
of superdroplets per grid box. This general agreement of
the bulk properties oy and pg for the analyzed super-
droplet concentrations is in consensus with Krueger
et al. (1997), who reported that results become statisti-
cally independent of the model Kolmogorov scale if it is
smaller than 3% of the model integral length scale of
turbulence. This criterion is fulfilled for 500 and 200
superdroplets per grid box and only mildly violated for
100 superdroplets.

Figure 3c displays PDFs of the total supersaturation
Sior- In simulations without the LEM (red lines), Sy
equals the relative supersaturation calculated in the
LES. In simulations with the LEM (blue lines), Sy is the
sum of LES relative supersaturation and g . In all cases,
the PDFs peak at a supersaturation of about 0.2%, and
fall off quickly toward higher and smaller values. Gen-
erally, the width of the PDF becomes narrower if the
number of superdroplets per grid box is increased. These
fluctuations in S, are related to statistical fluctuations
of the cloud droplet number concentration caused by
varying the numbers of superdroplets inside a grid box.
Since the statistical fluctuation of the superdroplet
concentrations decreases for higher superdroplet con-
centrations (Grabowski et al. 2018), fluctuations of Sy
decrease in a similar fashion. Moreover, the PDFs of S,
calculated from the LEM simulations are narrower than
those of the corresponding homogeneous simulations.
This is related to reduced spurious supersaturations,
which are caused by the artificial evaporation followed
by artificial condensation when a cloud moves across the
numerical grid (Stevens et al. 1996; Hoffmann 2016). By
using the expression for (98,/01)xing1rs Presented in
appendix A, spurious supersaturation can be signifi-
cantly reduced, as outlined in more detail in appendix B.

We display the time series of the liquid water path
(LWP; Fig. 4a), mean effective radius e (Fig. 4b), mean
number concentration of droplets with a radius larger
than 1 um N, (Fig. 4c), and in-cloud integrated dissipa-
tion rate ¢ ( Fig. 4d). At the beginning of the simulation
(<3005 of simulated time), LWP and ¢ are similar for all
simulations, while 7 is slightly larger and N, is smaller
in the LEM simulation compared to the homogeneous
simulations. This is a typical feature of inhomogeneous
mixing, which is favored due to the comparably weak
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FIG. 4. Time series of (a) LWP, (b) mean effective radius,
(c) droplet concentration, and (d) in-cloud dissipation rate for
simulations with (blue lines) and without (red lines) the LEM for
superdroplet concentrations of 100, 200, and 500 superdroplets per
grid box (line patterns). The quantities in (b)-(d) have been de-
rived from columns with visible optical thicknesses exceeding 1.

turbulence at this early stage. All in all, the changes in
reer and N, result in a longer phase relaxation time scale
for the LEM simulations, which decelerates the de-
pletion of supersaturations, causing a lower LWP, as
becomes apparent after 300 s of simulated time (see also
Hill et al. 2009). Later, ¢ increases significantly in all
simulations, resulting in a more homogeneous mixing
scenario. However, due to the nonlinearity of the flow,
the individual simulations start to diverge, and a direct
comparison of the later stages in the cloud’s develop-
ment is difficult and is omitted.

In Fig. 5, PDFs of droplet radii at 300-s simulated time
are displayed. The mode at 12 um can be related to the
majority of the droplets inside the cloud experiencing
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FIG. 5. PDF of the droplet radius for simulations without the LEM
(red lines), with the LEM (blue lines), and with the LEM using a high
turbulent diffusion coefficient mimicking homogeneous mixing
(green lines) for superdroplet concentrations of 100, 200, and 500
superdroplets per grid box (line patterns) at 300-s simulated time.

near-adiabatic conditions. A second mode is visible for
the homogeneous simulations (red lines) at the left edge
of the spectrum (~1 wm) representing the droplets that
have experienced strong evaporation. The LEM simu-
lations (blue lines) deviate in two respects. First, they
exhibit significantly larger droplets, and second, the
distribution on the left-hand side of the adiabatic mode
declines more slowly than in the homogeneous simula-
tions. This can be attributed to the explicitly resolved
SGS mixing using the LEM, which is, on the one hand,
able to produce precipitation embryos due to inhomo-
geneous mixing as well as a smooth spectrum down to the
smallest droplets. These findings resemble the results of
Su et al. (1998), who used the LEM in the EMPM with
an explicit representation of cloud droplets. Contrary to
Su et al. (1998), who reported the necessity of resolving
the physical Kolmogorov length scale, the results pre-
sented here seem to be hardly affected by the degree to
which the physical Kolmogorov length scale is resolved,
which is about 1.6mm at 300s and even smaller after-
ward. However, the corresponding transition length
scale from inhomogeneous to homogeneous mixing in-
troduced by Baker et al. (1980) and further investigated
by Lehmann et al. (2009) is

_ 12 32
l* =& Treact»

(12)

which is about 0.21 m at 300s (using a kinetic energy
dissipation rate of £ = 10 cm? s~ and a phase relaxation
time scale of Tyeet = 3.558). This length scale is of the
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FIG. 6. (a) The joint PDF (jPDF) for the maximum radius rn,x and (b) the corresponding adiabatic radius 7,dia, as
well as (c) the time spent between entrainment and reaching the maximum radius f,,; and the time fraction of
condensational growth in inhomogeneous conditions (Zon inh/Zcon) s a function of ryay and r,ai, for all superdroplets
within the LEM simulation (500 superdroplets per grid box). The thick black line marks adiabatic conditions

(rmax = radia)-

same order of magnitude as the applied model Kolmo-
gorov length scales and, therefore, justifies the homo-
geneous mixing happening in the LEM at scales below
the model Kolmogorov length scale.

Additionally, Fig. 5 shows PDFs of the simulations
using the LEM with an artificially increased turbulent
diffusion coefficient of K, ~1800m?s™! (corresponding
to a dissipation rate of 1000m*s ™), which forces the
LEM to represent extreme homogeneous mixing. In-
deed, the general shape of these PDFs (green lines) is
the same as those of the homogeneous simulations (red
lines), which shows that the LEM is able to reproduce
SGS homogeneous mixing at a sufficiently high turbu-
lence intensity.

Besides small-scale inhomogeneous mixing, the in-
cloud residence time of a droplet is assumed to be an
important factor for the production of precipitation
embryos.

We show the joint PDF (jPDF) for the maximum ra-
dius rp, and the corresponding adiabatic radius 7,4,

(Fig. 6a), as well as the residence time measured as time
spent between entrainment and the attainment of the
maximum radius f, (Fig. 6b), and the time fraction of
condensational growth in inhomogeneous conditions
(fconinn/teon) as a function of rmay and ragia (Fig. 6¢) de-
termined for each superdroplet in the LEM simulation
using 500 superdroplets per grid box. The adiabatic ra-
dius r,gi, is derived from the adiabatic liquid water
content produced from the superdroplet’s vertical dis-
placement between the height of entrainment into the
cloud and the height of an observation, the pressure and
temperature at entrainment height, and the prescribed
droplet concentration of 100cm . Figure 7, derived
from the corresponding homogeneous simulation, dis-
plays the first two quantities.

In general, the jPDFs (Figs. 6a and 7a) consist of two
peaks: one centered at ryax = Fagia =~ 14 um and one at
the lowest displayed values of Fiax = Fadgia = 2 wm. These
peaks represent droplets in the adiabatic core of the
cloud as well as droplets at the edge of the cloud before
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FIG. 7. (a) The joint PDF (jPDF) for the maximum radius ry,y and the corresponding adiabatic radius 7,gi,, as
well as (b) the time spent between entrainment and reaching the maximum radius # as a function of ryax and rygia
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(rmax = radia)~

complete evaporation, respectively. Most other droplets
are located in adiabatic conditions (Fyax = Fadia), While
the number of nonadiabatic droplets decreases rapidly.
However, the jPDF is significantly broader to both su-
per- and subadiabatic radii in the LEM simulation with a
maximum droplet radius of 26 um, while the homoge-
neous simulation exhibits a maximum radius of 20 wm.

The distribution of #, (Figs. 6b and 7b) shows distinct
differences between the LEM and the homogeneous
simulation. In the LEM simulation, #, is almost entirely
determined by r,g, and therefore the time necessary
to reach a certain height inside the cloud. Accordingly,
inhomogeneous mixing must be responsible for the
accelerated growth of these droplets. In the homogeneous
simulation, however, the development of superadiabatic
droplets depends heavily on the time spent inside the
cloud. In fact, for sufficiently large superadiabatic drop-
lets, rmax is only a function of #, which indicates that the
residence time of a cloud droplet becomes essential for the
production of precipitation embryos in the absence of
small-scale inhomogeneous mixing. Note, however, that
conclusions regarding droplet residence times need to
consider the fact that the applied model neglects sedi-
mentation, which might underestimate mixing (Su et al.
1998; Tolle and Krueger 2014) and therefore potentially
overestimates the time spent in environments conducive
to drizzle formation.

The time spent in inhomogeneous condensational
growth is determined as the time in which a superdroplet
experiences condensational growth while other super-
droplets in the same grid box experience evaporation,
shown as fcop inn/fcon 10 Fig. 6¢. This quantity is used as a
proxy for the positive effect of inhomogeneous mixing

on droplet growth, in which evaporation reduces the
number of cloud droplets and therefore accelerates the
condensational growth of the remaining droplets. How-
ever, it misses environments in which inhomogeneous
mixing might not result in simultaneous condensation and
evaporation. The distribution of fopinn/fcon Shows that
almost all droplets outside the adiabatic core experience
inhomogeneous mixing, and the largest contribution of
inhomogeneous condensational growth is observed for (i)
the smallest adiabatic radii, which are potentially close to
the edge of the cloud where mixing takes place, and (ii)
the largest superadiabatic droplets, which need these
conditions to grow to such sizes. Interestingly, this applies
also to subadiabatic droplets, for which total evaporation
might be prevented by exposure to cloudy, supersatu-
rated filaments for a longer time due to the resolved SGS
inhomogeneous mixing.

The overall decreasing impact of inhomogeneous
mixing on condensation growth at larger r,4, can be
related to the longer time these droplets have spent
inside the cloud and accordingly the higher degree of
turbulence that develops (Fig. 4d), resulting in a faster
homogenization of air masses.

4. Shallow cumulus test case
a. Setup

The shallow cumulus test case follows the LES in-
tercomparison by Siebesma et al. (2003), who developed
this case based on the Barbados Oceanographic and
Meteorological Experiment (BOMEX) measurement
campaign (Holland and Rasmusson 1973). Similar to
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FI1G. 8. (left) Variance of the supersaturation perturbation oy and (right) the corresponding mean value ug for a
randomly selected cloud at 4-h simulation time. Cloudy regions with a liquid water mixing ratio g, > 0.01 gkg ' are

encircled by a black line.

Siebesma et al. (2003), a 6.4 X 6.4 X 3.5km® model do-
main is simulated, using the same initial profiles, surface
fluxes, and large-scale forcings. The only deviation is the
grid spacing, which has been reduced to 20m isotropi-
cally. A model time step of 2s is used for the LES and the
LCM,; the LEM is subcycled as necessary. The simulated
time is 6 h, with analysis focused on the last 4 h. The LCM
is initialized with 100 superdroplets per grid box,
representing a cloud droplet concentration of 100cm .
The resulting model Kolmogorov length scale of 1.2 m is
significantly larger than the physical Kolmogorov length
scale of about 1 mm in the highly turbulent environment
of cumulus clouds. A smaller model Kolmogorov length
scale is hence desirable but the necessary concentration
of superdroplets is computationally unfeasible. However,
the transition length scale from inhomogeneous to ho-
mogeneous mixing is about 0.83 m for this case [Eq. (12)
using a kinetic energy dissipation rate of & =25cm?s™3
and a phase relaxation time scale of rie, = 6.55]. Ac-
cordingly, the applied model Kolmogorov length scale
might be sufficient for representing the essential dynam-
ics of inhomogeneous mixing successfully, while mixing
on smaller length scales is homogeneous anyhow. Again,
simulations with and without the LEM are presented.

They will be referred to as the LEM (LCMjgy) or ho-
mogeneous simulation (LCM},em), respectively.

b. Results

The general distribution of oy and ug in the shallow
cumulus test case is exemplified by a randomly selected
cloud in Fig. 8. As in Fig. 2, maxima of og are located on
the cloud edge where cloudy and cloud-free air are mixed.
Equally, wg exhibits a similar distribution as depicted
above (i.e., maxima just outside the cloud and minima in-
side). However, the values of oy and absolute values of g
are much smaller compared to the bubble test case resulting
from the smaller supersaturation difference between the
cloud and its environment (about 10% in contrast to 80% in
the bubble test case) but they also indicate a faster ho-
mogenization of 8/, within each grid box due to the gener-
ally stronger turbulence. The weakened patterns of oy and
g outside the cloud are signatures of former clouds that
diffuse and vanish with time or result from the mixing be-
tween different parts of the boundary layer.

We show time series of LWP (Fig. 9a), cloud cover,
determined as the fraction of columns with visible op-
tical thickness exceeding 1 (Fig. 9b), re (Fig. 9¢), N,
(Fig. 9d), and in-cloud integrated e (Fig. 9¢). For both
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FIG. 9. Time series of (a) LWP, (b) cloud cover, (c) mean ef-
fective radius, (d) mean droplet number concentration, and (e) in-
cloud dissipation rate for simulations without the LEM (LCMp,om;
red lines) and with the LEM (LCM{ gyy; blue lines). The quantities
in (b)-(e) have been derived from columns with visible optical
thicknesses exceeding 1.

simulations, LWP, cloud cover, r, and & agree in a
statistical sense. Only N, is about 6% smaller in the
LEM simulation, which indicates a smaller impact of
inhomogeneous mixing than in the bubble cloud. In fact,
the general agreement, besides N, suggests that the
additionally resolved SGS inhomogeneous mixing has a
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negligible impact on the general parameters of the
cumulus-topped boundary layer. This expression is
supported by the domain-averaged profiles of the liquid
water potential temperature, the total water mixing ra-
tio, and the conditionally averaged profiles of the cloud
and cloud core liquid water mixing ratio in Figs. 10a—c,
which do not exhibit significant differences. (Note that
the profiles of the liquid water mixing ratio are affected
by statistics due to the limited number of clouds over-
shooting the inversion at 1500 m.)

Figures 11 and 12 show an analysis of superdroplet
trajectories to analyze jPDFs for rp,x and r.q, (Figs. 11a
and 12a), residence time (Figs. 11b and 12b), and in-
homogeneous condensational growth (Fig. 12¢) similar to
the analysis carried out for the bubble cloud in Figs. 6 and
7. Here, the analysis has been restricted to superdroplets
that entered the cloud below 900m (i.e., entrainment at
cloud base). Accordingly, laterally entrained particles
have been excluded from the following analysis since
their adiabatic radii cannot be aligned with the vertical
structure of the cloud.

The jPDF is peaked for adiabatic droplets (Fyax = Fadia)
and falls off quickly to super- and subadiabatic droplets
(Figs. 11a and 12a). Overall, the maximum radii of su-
peradiabatic droplets are about 2 um larger in the LEM
simulation compared to the homogeneous simulation.
However, this difference is significantly smaller than in
the bubble cloud simulations.

Inhomogeneous condensational growth (Fig. 11c) only
contributes significantly to two groups of droplets. First,
droplets with a small adiabatic radius (r,g, <5 um) or,
second, droplets with a small maximum radius (Fipax
<5um). Although droplets of the second group have
been lifted inside the cloud, their overall growth is sub-
adiabatic. This indicates that these droplets must have, at
some point, been located at the cloud edge where mixing
takes place and dilution diminishes the overall droplet
growth, although it is inhomogeneous for a certain period
of time. Droplets in the first group did not experience
significant lifting. Accordingly, they must have been lo-
cated at the cloud base for a longer time, where conden-
sational growth can be inhomogeneous for a longer time.
This pattern can be related to the general increase in tur-
bulence in cumulus clouds, where the dissipation rate in-
creases from negligible values at cloud base to values of
300cm?s 2 at cloud top [e.g., Fig. 14 in Hoffmann et al.
(2014)]. Thus, intense turbulence effectively homogenizes
differential &/, at greater heights and therefore inhibits any
inhomogeneous condensational growth aloft. At cloud
base, where turbulence is weak, differences in 8; might
persist longer and enable inhomogeneous growth.

In general, the distribution of the residence time t is
similar for the LEM and the homogeneous simulation

020z dunr £z uo Jesn Aleiqr [e4ued YYON Ad pd°L~2800-81L-P-Sel/F£2289€/€ | L/1/9.L/3pd-slonie/sel/Bio-o0s)ewe s|euinoly/:diy woy pepeojumoq



126 JOURNAL OF THE ATMOSPHERIC SCIENCES

1 1 1 1 1 1 1

VOLUME 76

2400 4 (@) ——LCMyq,, (100) L J b
1  ——LCMy (100) [

2000 1
1600

1200

height (m)

800

400

o -+—+——F—"—+——"+ —

298.0 300.0 302.0 304.0 306.0 308.0 310.0 4 6 8
liquid water potential temperature (K)

10 12 14 16 18
total water mixing ratio (g kg™

l"'l"'l"'l"" UL B BRI IR M B B
00 03 06 09 12 15 18 21
liquid water mixing ratio (g kg™)

FIG. 10. Domain-averaged profiles of (a) liquid water potential temperature, (b) total water mixing ratio, and (c) conditionally averaged
profiles of cloud and cloud core liquid water mixing ratio for simulations without the LEM (LCMyp,; red lines) and with the LEM
(LCM gMm; blue lines). The profiles have been averaged over the last 4 h of the simulation.

(Figs. 11b and 12b). Only for droplets that experienced
significant inhomogeneous condensational growth is f
decreased, which indicates that inhomogeneous conden-
sational growth accelerates droplet growth in the LEM
simulations. But this is restricted to smaller adiabatic radii
(i.e., at lower levels of the cloud). At higher levels, ¢, does
not show significant differences between the simulations.
Accordingly, the residence time is more important for the
production of precipitation embryos in these highly tur-
bulent clouds, which homogenizes inhomogeneous struc-
tures quickly. Furthermore, inhomogeneous mixing is
restricted to the cloud base where the lowest turbulence
is located. However, this slight acceleration in droplet
growth might be decisive in the initiation of the pre-
cipitation process for sufficiently long residence times.

An additional interesting finding in Fig. 12b is the ex-
istence of droplets with a lifetime of more than 60 min
although the typical lifetime of the simulated clouds is
reported to range between 10 and 40 min (e.g., Jiang et al.
2006). Whether these droplets where just lucky enough
to be located in an extraordinarily long-living cloud or
if there is another mechanism responsible, will be in-
vestigated in a future study.

5. Conclusions

This study presents an implementation of the linear
eddy model (LEM) by Kerstein (1988) as a subgrid-scale
(SGS) model to parameterize the mixing of air masses
and its effects of the diffusional growth on cloud droplets
in large-eddy simulations (LESs) with a coupled La-
grangian cloud model (LCM). So-called superdroplets,
for which cloud microphysics are calculated in the LCM,
are used to provide the history of air masses in each LES
grid box. Based upon this information, a supersaturation

perturbation is derived for each superdroplet, and redis-
tributed among all superdroplets in a grid box using
the LEM in accordance with the LES SGS model. This
enables the appropriate representation of SGS mixing
scenarios, potentially ranging from inhomogeneous to
homogeneous, but also the explicit resolution of the grid-
scale transport of LEM quantities between neighboring
grid boxes, which was absent in a previous approach that
used the LEM as an LES SGS model in a cloud-physical
application (Stechmann 2014). Ultimately, the supersat-
uration perturbation is considered in the diffusional
growth of the superdroplets, enhancing or diminishing
condensation and evaporation. Additionally, the new
approach is shown to significantly mitigate the production
of spurious supersaturations. The implementation of this
new approach has been tested in two cases: an idealized
two-dimensional bubble cloud and a well-known shallow
cumulus intercomparison case. In all cases, an isotropic
LES grid spacing of 20m has been applied, which is
usually considered to be too large to resolve all scales of
inhomogeneous mixing.

In the initial stage of the bubble case, a relatively low
intensity of turbulence resulted in strong SGS inhomo-
geneous mixing. As expected, this decreased the number
of cloud droplets and increased the mean droplet radius.
This resulted in an overall increase in the relaxation time
scale and accordingly a slightly lower liquid water path
compared to simulations without the new approach.
Moreover, the new approach resulted in maximum radii
of up to 26 um compared to 20 um using the standard
approach, indicating that SGS inhomogeneous mixing
would accelerate the production of precipitation embryos.
Detailed analysis of superdroplet trajectories revealed
that the largest droplets underwent significant SGS in-
homogeneous condensational growth when the LEM was
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FIG. 11. (a) The joint PDF (jPDF) for the maximum radius r,, and (b) the corresponding adiabatic radius r,gi,, as
well as (c) the time spent between entrainment and reaching the maximum radius f,, and the time fraction of
condensational growth in inhomogeneous conditions (con inh/fcon) @s @ function of rmax and r,ai, for all superdroplets
that have entered the cloud at its base (<900 m) within the LEM simulation. The thick black line marks adiabatic

conditions (Fmax = Fadia)-

applied, while in the simulations without the LEM, the
droplet in-cloud residence time was shown to be more
important for the production of superadiabatic droplets.
The shallow cumulus case did not reveal significant
differences in bulk properties derived from model runs
with or without the new approach, which suggests that a
grid spacing of 20 m might be sufficient to represent all
relevant scales of inhomogeneous mixing for the anal-
ysis conducted here. Due to the highly turbulent nature
of these clouds, the transition from inhomogeneous to
homogeneous mixing takes place at relatively large
spatial scales of about 1 m, which is reported to favor
homogeneous mixing (Lehmann et al. 2009) and corre-
sponds to observations of turbulent cumuli by Jensen
et al. (1985), Jensen and Baker (1989), and Gerber et al.
(2008), which indicate homogeneous mixing. In fact, the
largest impact of inhomogeneous mixing is only found at
cloud base, where turbulence is weak, and not at higher
levels of the cloud, which are usually targeted in obser-
vations. Nevertheless, inhomogeneous mixing is shown

here to accelerate droplet growth at cloud base, whereas
droplet in-cloud residence times are of primary impor-
tance for the production of the largest precipitation
embryos at cloud top. Note, however, that the analysis
presented here did not explicitly consider the cloud life
cycle, in which mixing is reported to become more in-
homogeneous toward the end (Schmeissner et al. 2015).

The results of this study suggest the following scenario
for the initiation of rain. In highly turbulent cumulus
clouds, the production of precipitation embryos might not
benefit from inhomogeneous mixing since it is restricted
to larger scales. Therefore, other processes need to be
taken into account. Since droplet residence times are
usually limited by the lifetime of the clouds, turbulence-
enhanced collision rates, which tend to increase with
turbulence, might be the primary path to raindrops for
highly turbulent clouds (e.g., Devenish et al. 2012;
Grabowski and Wang 2013). In less turbulent clouds
(e.g., stratocumulus) inhomogeneous mixing might be of
greater importance for the production of precipitation
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FIG. 12. (a) The joint PDF (jPDF) for the maximum radius r,,, and (b) the corresponding adiabatic radius r,gi,, as
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conditions (Fmax = Fadia)-

embryos. However, these clouds also exhibit long droplet
residence times (e.g., Feingold et al. 1996). Accordingly,
these processes and their effects on the initiation of rain
need to be evaluated in future studies.

Indeed, the simulation of stratocumulus is the next
logical application for the presented approach since it
not only allows for the investigation of inhomogeneous
mixing in those clouds but it also mitigates the pro-
duction of spurious supersaturations, which is a major
numerical problem typically found just below the cap-
ping inversion, resulting in spurious activation of aero-
sols at cloud top (e.g., Stevens et al. 1996). Within this
context, it will also be necessary to investigate aerosol
effects on turbulence—microphysics interactions. In low-
aerosol environments, turbulence-induced broadening
of the droplet size distribution is enhanced due to the
slower microphysical reaction time scale, which poten-
tially accelerates rain formation (Chandrakar et al.
2016). In high-aerosol environments, turbulence is in-
creased due to the so-called entrainment—evaporation
feedback (Xue and Feingold 2006), which might result
in a more homogeneous mixing scenario that deceler-
ates rain formation (Feingold and Siebert 2009).

Moreover, the model itself needs to be extended for
future applications since it a priori neglects sedimenta-
tion and collection. In fact, droplet sedimentation, a
necessary prerequisite for collection, is prohibited be-
cause the current approach inherently demands that
superdroplets move with their surrounding air. It is also
able to enhance mixing, especially in low-turbulence
environments (e.g., Su et al. 1998; Tolle and Krueger
2014). Therefore, it will be necessary to remove super-
droplets from the LEM if they exhibit a significant

sedimentation velocity, for example, based on the so-
called velocity ratio between the sedimentation velocity
and the (model’s) Kolmogorov velocity scale (e.g.,
Vaillancourt and Yau 2000).

Allin all, this study has shown that the use of the LEM
as an SGS model is a useful addition to all warm-cloud
LCMs, enabling these models to consider length scales
that, to date, have been exclusive to direct numerical
simulations.
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APPENDIX A

The Effect of LES Mixing on &/,

The Lagrangian tendency for the LES quantity of the
absolute supersaturation § = g, — g,, where g, and g, are
the actual and saturation water vapor mixing ratios, re-
spectively, is given by (e.g., Morrison and Grabowski

2008)
B_ (B (B
dr ot lifting ot condensation

+ <@> + (§> . (A1)
ot mixing, LES ot other
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Accordingly, § changes due to lifting (first term on the
right-hand side), condensation and evaporation (second
term), homogeneous mixing calculated in the LES’s
SGS model (third term), and possible other forcings
(large-scale forcings and surface fluxes, as done in this
study, but also radiation in future applications) (fourth
term). For determining (d8,/d?) piine 1 ks 2long the tra-
jectory of individual superdroplets, Eq. (5) is rearranged
and an index # is added for each superdroplet:

a5, _ds, (a5,
a | cdt \at )
mixing, LES lifting
a8, as,
ot ot '
condensation other

(A2)

The terms on the right-hand side are then derived by
tracking each superdroplet. The first term yields

s, (X (1)] - 8[X, (t— Ap)]
dr At ’ (A3)

where 8[X,(¢)] and 8[X,,(t — At)] are the values of § at
the position of the superdroplet at the end of the last
time step and the current time step, respectively. The
second term is determined by

9, _ (44, & _dp.8
<at>_ —<ﬁc— poe )t Y
lifting P S

where dq,/dT is the change in the saturation water vapor
mixing ratio with temperature, which is given by the
Clausius—Clapeyron relation; g is the acceleration by
gravity; c, is the specific heat capacity of air a constant
pressure; p is the hydrostatic pressure; and e, is the
saturation water pressure. The vertical velocity of the
superdroplet can be calculated from its vertical dis-
placement during a time step:

W — z,(t) — z,(t — A1)

n At (A3)

Since the two considered values of z,, contain changes
due to turbulent velocity fluctuations resulting from
Eq. (1), the proposed model also includes supersatura-
tion fluctuations caused by fluctuations in the vertical
velocity similar to Grabowski and Abade (2017). How-
ever, their effects might be negligible here since a rela-
tively small grid spacing is used for this study.

The last two terms of Eq. (5) are (usually) calculated
for the entire grid box and need to be interpolated
to the superdroplet. However, the determination of
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(88,/91) songensation DY interpolation can be circumvented.
This is advisable since condensation—-evaporation might
vary significantly across the cloud edge, potentially
causing errors due to interpolation. To do so, 5[ X,(¢)] in
Eq. (5) is evaluated before the calculation of conden-
sation but after the calculation of dynamics (in the LES
and the LCM). Since condensation has no direct effect
on the dynamics during a time step (and hence SGS
mixing), this procedure represents a consistent de-
termination of (984/9) mixingLEs Without the need to
consider (88,/0t) .ongensation €XPLICItly.

Note that the entire determination of (98,/9f) yising 1 Es
as described above has the advantage of mitigating the
production of spurious supersaturations, which is de-
scribed in the following appendix B.

APPENDIX B

Mitigation of Spurious Supersaturations

Figure 3c indicates that spurious supersaturations are
mitigated when the above-introduced approach for con-
sidering SGS inhomogeneous mixing is used. This can be
understood by revisiting the idealized advection problem
by Stevens et al. (1996), in which a cloud is advected from
one grid box to the next (see their Fig. 2). In an LES, itis not
possible to represent the location of the cloud edge on the
SGS (i.e., in between grid boxes). Therefore, advection of
the cloud into the initially cloud-free grid box changes the
absolute supersaturation in the entire grid box according to

1) -6
+ cloud free t (Bl)

adv

8(t)=8

free
if there are no other effects on 8. Here, 8ec and 8¢jouq are
the initial values of the absolute supersaturation in the
cloud-free and cloudy grid boxes, respectively, and
Tady = Ax/u is the advection time scale determined by the
length of the grid box Ax and corresponding velocity u.

If a superdroplet moves from the cloudy to cloud-free

grid box during one time step, it will experience the
following change in &:

s 8(At)—=35,, .
—_—=———__cong, B2
dt At (B2)

In the new approach, this change is considered in the
calculation of (88/9t)yiying1es according to Eq. (5), in
which &, is determined to counteract the nonadiabatic
stimulus for evaporation and hence the mechanism for
the subsequent production of spurious supersaturations.

As in Hoffmann (2016), the simplified advection
problem by Stevens et al. (1996) is repeated using the
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FIG. B1. Time series of (a) total relative supersaturation and (b) mean radius in the initially cloud-free grid box
for simulations with (LCMy gn; blue lines) and without the new approach (LCMyom; red lines) for superdroplet
concentrations of 50, 200, and 500 superdroplets per grid box (line patterns).

LCM described above, neglecting vertical motion and
mixing [(38,,/91) mixing 1 M = 0]- Note that (88,,/01) pixing LEs
will still be calculated from (5) using the first and third
terms on the right-hand side of the equation. A uni-
modal distribution of cloud droplets with a radius of
5um and a concentration of 30 cm * is initialized. The
advection velocity is u = 0.1 ms™! and Ax = 1 m. Results
from simulations with 50, 200, and 500 superdroplets per
grid box with and without the new approach (blue and
red lines, respectively) have been conducted. Figure B1
shows the total relative supersaturation and the mean
radius in the initially cloud-free grid box. Simulations
using the new approach exhibit a significantly reduced
evaporation of droplets and hence an almost negligible
production of spurious supersaturations compared to
the simulations without the new approach. The reason
for the slight deviation of the simulations with the new
approach from the adiabatic solution is the third term in
Eq. (4), which always depletes &/, at a rate of &/ /7, irre-
spective of the true stimulus for evaporation and con-
densation expressed by 8 + &/, in Eq. (2). Accordingly,
the ratio of the phase relaxation time scale 7, to the
advection time scale 7.4, Steers the extent to which
spurious evaporation and subsequently spurious super-
saturations are mitigated by the new approach.

Note that a complete cancellation of spurious supersat-
urations would be possible within the current framework.
For this, it is necessary to exclude the supersaturation
perturbation &, from Eq. (3) as discussed above. This,
however, distributes water and energy across LES and
LCM and complicates their conservation, which is why this
has been avoided here.

APPENDIX C

Entraining Parcel Simulations

Similar to the simulations presented in Su et al. (1998),
the following analysis will present offline entraining parcel
simulations (without a coupled LES), using the LEM im-
plementation presented in section 2 (i.e., an LEM based on
superdroplets and the perturbation supersaturation). En-
vironmental conditions (e.g., background profiles of water
vapor mixing ratio and potential temperature, as well as
surface pressure) are all based on the shallow cumulus case
by Siebesma et al. (2003) while Su et al. (1998) used a
slightly different setup. All other parameters follow closely
the latter study. The parcel is lifted with a vertical velocity
of 2ms ™! starting from the surface. The domain size and
the model integral scale (i.e., the extent of the LEM) are
set to 20m, and the kinetic energy dissipation rate is pre-
scribed as 10cm?s >, Entrainment is treated as a discrete
process, in which a randomly selected, continuous region
of the parcel is replaced by a blob of entrained environ-
mental air. This region is randomly chosen, the size of the
blob is specified to be 2 m, and the timing of entrainment is
randomized based on the fractional entrainment rate of
1.0km™'. The model Kolmogorov length scale is de-
termined by the number of simulated superdroplets [see
Eq. (8)], with values set to 1.2, 0.6, 0.24, 0.24, 0.12, and
0.06 m when using 100, 200, 500, 1000, and 2000 super-
droplets, respectively. Note that the entrained air contains
as many superdroplets as the removed air, deprived of any
liquid water, to maintain a constant particle concentration
of 100cm  throughout the simulation.
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FIG. C1. PDFs of the droplet radius for entraining parcel simulations using the (left) LEM and (middle) instantaneous (homo-
geneous) mixing, as well as (right) a pure adiabatic parcel without entrainment at different times and heights during the parcel’s
ascent for ensembles simulations (black lines, with the dash pattern indicating the number of superdroplets) and individual sim-

ulations (red lines).

Figure C1 shows droplet size distributions from the
entraining parcel using the LEM (left column) or in-
stantaneous (homogeneous) mixing (center column),
as well as a pure adiabatic parcel without entrainment
(right column) similar to Fig. 3 in Su et al. (1998).
Results from ensembles using 100 simulations (black
lines) and individual simulations (red lines) are shown.
Generally, the results agree well with Su et al. (1998).
Especially in the individual simulations, the LEM is
necessary to reproduce a realistic droplet spectrum.
Moreover, the results show that entrainment generally

results in larger maximum droplet sizes due to the
reduction in the number of droplets in the parcel. This
process is stronger when using the LEM and intensifies
with the number of superdroplets and accordingly the
model’s ability to reproduce the physical Kolmogorov
model results as closely as possible, as also described
by Su et al. (1998). This has not been observed in the
higher-dimensional simulations presented above, in
which mixing can be represented on longer length
scales due to the grid-scale transport between indi-
vidual LEMs calculated for every grid box.
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