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FOREWORD

This technical memorandum contains Appendices B, C, D, and E
of the manuscript entitled "Three-point method in the theory of homo-
geneous turbulence"™ which is published in The Physics of Fluids.

These Appendices are published separately in order to con-

serve journal space.
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APPENDIX B (RENORMALIZED HIERARCHY FOR Q(4))

Equation (25) provides an expression for the third order velocity cor-
relation function in terms of fourth, and higher, order velocity correl-
ation functions. Similarly, expressions can be derived for the fourth order
velocity cumulant Q(4) in terms of fifth order velocity correlations; the
fifth order velocity cumulant in terms of sixth order velocity correl-
ations; and so on. Such a series of expressions can be referred to as a
hierarchy of equations, or, simply a hierarchy. The main difference between
this hierarchy and the conventional hierarchy is that it is given Iin terms
of the renormalized Green’s functions, whereas the latter is not. For this
reason, the present hierarchy is referred to as a renormalized hierarchy.

The First equation of this hierarchy is given by (25). The second equation

of this hierarchy, the equation for Q*4\ will now be derived in this Appendix.

To derive the hierarchy equation for the fourth order cumulant Q™\ we

first define the fourth order velocity function T"4" as at the end of Sec-
tion 111:

v v Dv(r (BI)

which is seen to be a tensor of fourth rank. For convenience, let us use the

condensed notation

Y
so that
Y, 9
The cumulant of T~ is denoted hy so that we can write
Y, tv) =<T

Ov(r v ODva4 1) (B2)



where the subscript ¢ is used to denote that the cumulant of the average is
to be taken. Thus, the meaning of subscript ¢ is that all correlations be-
tween two or more of the velocities in (B2) are to be subtracted out. [An
explicit expression for the cumulant in (B2) is a little cumbersome to write
out in the present vector notation because the vectors v(r2 t), v(@», ™
and v(r~, t) do not commute with each other. However, if we make use of the

transpose symbol tr, then we can write out the cumulant in (B2) as follows:

Ov(r v  v(r >)c = <y( v v ODyd4, 9>

DVv(r Dv(r4d, t))
v(r Dy (r4, t))
fc)> (B3)

where the meaning of the transpose symbol in (B3) is that the vector indices

be transposed so as to agree with the original ordering of vector indices in
v(r?, Hv(r*2, v, v, t). In obtaining this cumulant it is not
necessary to subtract out terms like /v v v*><*v since ™ v = 0 here.]

Continuing the derivation, we define the four point Green’s function
G(A)(Y, t; Y, t') by

(Y, t; Y

(B4)

so that

y(rl> tv(r2, tHv(£3, Hv(s> t)

dy’ G Y, t; VY t)v(r tv(r v’ (B5)

where we have used the notation



VEMHrIr v

1 = 7 ? ? I
dy d~rld~r2d~|r3d_r‘.1

Equation (B5) is an application of the definition of G given by (15). Sub-

stituting (B5) in (B2), and using (BIl), we have

QMAY, t) =ydY' (G, t; Y', t) « TA@(Y”", t* dc (86)

where the subscript ¢ denotes that the cumulant refers to points Y

an, r~, r™). But, as can be verified from (16), G(4) satisfies the

four-point Navier-Stokes equation

i +L<d +1<«(T. t) G@)(Y, t; Y t) =0 B7)

() _ Lo(rx) + LD(r2) + LO(r3 + LO(r4)

LAY, t) = c[L(rl, t) + L(r2, t) + L(£3> t) + L(r4> t)] ,

(B8)
where C is the commutator operator defined after (18). (B7) can be solved

for G(4) as an expansion involving 46(4)\>. This solution for G(4) in terms

of (g™) is derived in the same way as G was derived in terms of (g™)

in Appendix A. The only difference in the derivation is that L(3)'(X, t) is

replaced by L(4) (Y, t). The result is

(@)Y, t; Y, t) = <G@A)Y, t; Y\ t)>

- /dF/dr<G@=>(; t)> , LAY", ) « G t)

+ h(d)(t; t) (B9)
where GACt; t'') = GM)(Y, t; Y", t), GA{"; t) E GAY™, t; Y, tY)

and 1747~(t; tY) is given by h™™(; t) in (23b) with I/2"(CX", t'") replaced



by I/~CY,!, ©). Substituting (B9) into (B6) we finally have given hy

QA)(Y, t) = IJ'dYNGNq, t; Y\ 1))  (x(@)(Y\ t))c

- yvdt—/dr<G<a)(t; tM) *(@)Y", tHT@E)Y", t™))c

+ /dY'(h"™ (@ ) « TACY!', t9))ce (BIO)

. . . . . . 4 .
This equation is the renormalized hierarchy expression for Q( ). It is seen

that Q™N(CY, t) is related by (BIO) to the initial value of (™), and to

the fifth order velocity correlation function YY", t'"HYTMN Y™, t')c.

There is also a sixth order correlation coming from the h(4) term in (BIO)
This hierarchy expression for Q(4) (Y, t) differs from the conventional hier-
archy because it contains the renormalized Green's function G(4) If G(4)
were replaced by the linearized (unrenormalized) Green's function, then h(4)

would be zero and (BIO) would reduce to the conventional hierarchy equation
for QM4\



APPENDIX C

We wish to prove that S”», given by (32), is a higher order term than is

Sc, given by (31). In fact, we wish to prove that

Sh = Sc O(R ) (ch

In order to estimate we must first be able to estimate h(t; tl) in (32).
It is seen in (31) and (32) that (Cl) could be proven to be true, if it could

be proven that h(t; tl) is a higher order term than is

(t; /3K

To estimate h(t; t") , substitute (iterate) (23a) for into each of

the three terms in the right side of (23b) as follows:

@ P (t; t7)

| Idt*ydX*<G(3) (t"; t*)) * L(HEHGE)(*; t) +h(S)("; t) ~

+[(GE)(E )+ L(3) ()] ifd¥ydX*(G(3) (£ t))L(B) () + G(I)(t*; )

+ h@)("; t)

- ifdt*ydX*=(G(3)(t; t¥)) « LB)THGE)(*; t7) +h(&)(t; t7)J

- LEA@HTEH@;

where we use the notation



G)(t; t*j = G (x, t; X*. t¥)

GE(™; t) = GEB)X t*; X', t)

L) = L)X, t9)

It is clear from (C2) that h\§3) is second order in the velocity
fluctuation (because L(3) is proportional to the velocity fluctuation). In
fact, h(3) a O(L(3)L(3) )G$3). Hence, to second order, it is permissible to

drop h(3) in the right side of (C2). Furthermore it can be seen that the
second and third integral terms in the curly brackets on the right side of
(C2) cancel each other out to second order in L(3). This can be seen by a
second iteration (that is, by replacing G~ with (g) in these two terms)
and interchanging the integration variables t «* t" in one of the terms.

The result is that, to lowest order, (C2) becomes

h@) (t; t) N dx* G(37N(t; t™)

* (LEHGEHTT; =) « LEB)YH)GE)(:; t')) (C3)

An estimate for Sh can be obtained by substituting (28) and (C3) into (32)

to yield

tr) /7t [db<r7axdx “47a £a) « g(@B)(; t')

hm - a +
(LGB %)) » LAAE)G)(™; HI] « T(X, t7) . (CH

But
/dX’ G(3)(t*; t) « TCX, t) = T(X* t*)

so that (C4) reduces a little to



tr)J derfdt>Jax dx*dra A@0> ra) r <G(3)(t; t)>

* ALEY)GE)(T; 7)) o LBHENATEX, t9)) . (C5)

In obtaining (C5) we have also replaced G"3" with "G"3™, which is valid to

lowest order.

This result for is to be compared with Sc given by

SC = (1 + tr)Ffdlafdefd>X A0, ra) | <G(3)(t; t)>

t
s (13X, tYT(X", 7)) . (C6)

To compare the orders of magnitude of and S”,

for has an extra factor of

than does the expression for Sc. But, the magnitude of this factor is less

£

<s(O\ ' tA)V/ cuts off the t* integral

&

when t" - t~ > xc. Hence, using (C5) and (C6), the relative magnitudes of

Sh and Sc can be roughly stated as

K1(3>1(3)><x>|
S <1 (3)t>| )



[<viB)=<t=|"

0 Rfp J (o)
Therefore we have
oRE) (C8)
S
where
» tel<"LE>=(DI
R [ | (C9)

as we set out to prove.

ESTIMATE OF R*

Here, we wish to estimate an upper bound for the magnitude of R . One
way to do this is to Ffirst note from dimensional considerations, that the

3)

magnitude of L can be described by

L@3) < O(v * V) ~ O(kov) (CIO)

where v is the velocity at a point.

(kQ is a characteristic wavenumber of the energy containing region of
the spectrum.) Notice that (CIO) is written as an upper bound of L(3). This
is a potentially important point. The reason we view (CIO) as an (approxi-

(©) 3

mate) upper bound of L is simply because L is a sum of three fluctuat-
ing terms at three different points; that is, L(3) X) = L") + L(r2) + L(r3).
Since L is a fluctuation, it follows that in some realizations we can have
L(r™) s -[L(@r2) + L(r3)]. In such cases I/(3X) - 0 even though L(r™) may

be large. Consequently, we expect that in computing averages, such as (C7),
cancellations between L(r™), L(r2* an(* L(r3) may take place, with the effect

of Mreducingn the value of L(S). This cancellation or "reduction™ is not

8



unrelated to the cancellations found by Orzag and Kruskal for the inertial
range forms of third and higher order cumulants. Combining (CIO) with (C9),

for simplicity, we have

/7 I<™> o« <IT)IN\

R* <« \W-R«71 D (CIl)

From the structure of the Sc and terms it can be seen that the coordinate

variables in (CIlI) can be typically expressed as follows:

Ky(£b)y<kEa)) * ((3/3rb)T(rb, ra, r)) |

R < 0 (Tc I<E(ED)T(Eb. £a» £)> ) (C12)
But, in (C12), and in Sc,
(v(@rb)T(rb, ra, r))| s 2 (y(rb)v (ra)){y(rb)y(r)l (C13)
Also, we have
(O/3rb)T(rb> ra, r))| < |<v(rb)v(rb)3y(rb)/3rb)
X<y (rb)y (ny”y(rb)y(rb))|
(C14)
Finally, we substitute (C13) and (Cl14) into (Cl12) to obtain the following
approximate upper bound:
R* ~ 0 (tc|(e2 8E/3EDL)N(EQ) N cis)
C15

Here we have used the notation

(v(rb)v(rb) 3v(rb)/sSrb) - (v2 3v/3rb)

<E<ED>E<Eb>> —-<<£2>

which are independent of rb for a homogeneous system.






APPENDIX D

We wish to derive (4l1la) and (41b). Let us consider (41b) for Q(4) first.
An hierarchy equation which expresses Q(4) (rp r2> r3> r4> t) terms of
fifth and higher order velocity correlations is given in Appendix by (BIO).

There, the condensed notation Y = (rp r2 r3, r~, t) is used so that

QMA)(rY, r2, r3, r4, t) = QMA)(Y, 1t

There are seen to be three terms on the right side of (BIO). The third term,

containing h™(t; tl), is a higher order term in v as is proven for h™(t; t")

at some length in Appendix C. (The results for h(4) are precisely the same

as for h™ when is replaced by and is replaced by G™ . This

replacement is a formality.) This term can thus be neglected to lowest order
so that (BIO) can be approximately written as

QMA)(Y, t) ~ IJdY'(g(a)(Y, t; Y', t)) « (e(A)(Y', t))c

- )« (IM\y", YT (YT, )+ (D)

The First term on the right side of (DIl) is seen to be a decaying initial
value term, since G(4) (Y, t; Y1, t*) decays towards zero as t - tI increases.
This (first) term is equal to Q™N(Y, t) at t = tI and is less than Q™N(Y, t)
at later times (t > tl1). In sum, the first term on the right side of (DIl) is
equal to or less than Q(4) (Y, ©t). If Tc denotes the characteristic decay
time, e-folding time, of G(4), then the initial value term can be neglected

for t - t* > Tc, and (DIl) reduces to

11



QUAY, t) * - T T~ T (t; t') « (1I/74)(Y", t)TAY", t')
(D2)
Equation (D2) is valid for t - I > Tc. The value of Q™M(Y, t) for small t,

i,e., for t - t* < TP, is not important since it is seen Iin (39) that E(4) ()

approaches zero as t - tf approaches zero. To complete the estimation of

QN, we note, again, that (G™(t; tn)) decreases towards zero as t - t"

increases, and effectively cuts-off the tM integration at t - t" < Tc. Hence,

from (D2) we have the following order of magnitude result:

QM(Y, 1) = o[tc(R(A)(Y, OT(AXY, D)c] : (D3)

We next use (ClO), the definition of T(4) in (BIl), and expand the right side

of (D3) in terms of cumulants to obtain

QMA)(Y, t) = O(Tc<LFrg)v><T>)

+ 0 (tc valR7) (D4)
where Q'(5) is the fifth order cumulant:
= (wvw”c
But is higher order in v than is the term in (D4). [in fact,

it can be shown, in precisely the same way as done here and in Appendix B,
that (vwv)(vvv) + sixth order cumulants. This is done by replacing

respectively , G™\ and T by , G™\ and T everywhere in this
Appendix and in Appendix B. Here, T*~" is the fifth order velocity function as

= = fty + E<£5. fo)» and 9 is

the five-point generalization of the four-point Green’s function G(4). In

this way we obtain

12



Q<5) = o[tc(1(5)T(5)>c]
= ofte(v * (VWW))(YYV) + Q(6)] 5)
where is the sixth order velocity cumulant. Hence, it is seen that

is higher order than the (w)(wv) term, or, with (D4), that XCVQ™ is

higher order than Q"4" and can consequently be neglected in (D4). It is in-

teresting to note that (D4) comes from the renormalized hierarchy equation

for Q(4) , and that (D5) comes from the renormalized hierarchy equation for

Q™.] Since is a higher order term, it can be neglected in (D4) to

obtain

QM)(Y, © = O(tc(1(H)V) (1)) : (D6)

To estimate the order of magnitude of the right side of (D6) in terms of R ,

we use the following:

(i74™) () O(=<vl/an><T>)

0(<yL(3)><T>)

O(R™ |<vT>])

O(R*|<U><U>|) , (D7)

where we have used (C9) for R . Substituting (D7) in (D6) we have the sought

result.
a(4) = O(R*<U><U>|) : (D8)

This result is (4l1la) as we set out to derive.
Next, we wish to show that (41b) is true. Actually, (41b) follows almost

immediately from (41a). To understand this, it is observed in (38) and (39)

that

13



(1 + tr) /dradrb A(O, ra) * EM)(®)

J - - «
Sc(rm ro t)

But, we have just seen in (D8), or (4]a), that

a(4) = o(R*(u)(w)

Hence, (41b) follows by combining (D8) with (D?9).

14
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APPENDIX E

The purpose of this appendix is to derive (66¢) and, in the process,
elucidate the propagation of L(3A (t'") by G(3) t;t').  We begin with X" integral

in (65), which we denote by J for convenience:

J = X G ETHE3) () < G3)(E";t) ) (El)

With (69c), or with the definition of Lv given by (21" and (10), (El) becomes

1,2,3
J = /dX" GIA)(;t'= E= /dr A(.”,r ):v(r ,t') S(r ,r M) G@3) (t'";t'")
« j -« "y ~a~ ~i ~a ~ ~a ~a z

(E2)
where the substitution operator S(r ,r.'") simply means that any function of r_"
~a

to its right side has r.' replaced by r ; i.e.,
~i a

S(r ,r ) f(r.")= T(r )
~a ~1 ~a

for any function f.

Stated simply, the goal now is to expand L tH=L (X'At'")  about
L(3) (t)EL(Z) (X,t) within the integral in (El), [or, equivalently, to expand
A(."r ): v(r ,t”) about A(r.,r ): v(r ,t)]. Furthermore, this expansion need
H o~ ~a ~a ~ 1 -a LEAVY
only be correct to lowest order in t"L in order to satisfy the requirements in
Sec. V [see discussion following (65)]; that is, the error can be second
order in tcL. The difficulty with a straightforward power series expansion of
L(3) (t'") about tn=t is that it could lead to time secularities due to powers

of (tn-t) . Such secularities, however, can be avoided by using the propagator

properties of G — which, by the way, is equivalent to a renormalized expansion.

Hence, to derive (66¢) from (E2), we will use such a propagator. This

propagator, denoted by W, is defined by

15



y(r,t) wW(r,tt) y(’,t’) (E3)
Clearly, W(r,t,t") must satisfy the Navier-Stokes equation (3) in the variable

t, just as v(r,t) does:

r,t)j w(r,t,t) - 0 ,
[' ST + Lo<H> + L< (E4)

with the initial value equal to unity
wW(r,t',t) = 1 (E5)

In fact, the formal solution of (E4), or (3), is given by

W(rte) = Tiexp oM LEEOTE (E6)

where Ti denotes the time ordered product of the expansion of the exponential.

It is not difficult to verify that (E6) satisfies (E4), by differentiating both

sides with respect to (3). [The term propagator derives from the fact that
propagates a function (v in this case) from its value at one time to its

value at another time. More descriptively, W(t,t") is sometimes referred to

as a 'time-displacement operator™.] The Green's function G(t,t")=G(r,t;r',t")
is also very closely related to W(r,t;t""). This relation is made evident by

the following formal solution of (16)

G(r,t;r',tH) = w(,t,t) G((r,t;r',t") (E7)

This solution is verified by differentiating both sides of (E7) with respect

to t, and noting that G(r,t;r',t") and W(r,t;t") both satisfy the same equation

O/8t+LQ+ L) G, W = O.

16



Substituting (17) for the initial value G(r,t';r',t") into (E7) we thus have the
propagator form of G given by

;5% *t) = W(r,t,t') P°(V) 6(r-r') , (E8)

which shows the close relation between G and W.

Our intention, now, is to use W, as in (E3), to derive (66¢c) from (E2)
to lowest order in x"L (3). There are several related properties of W that
will be used for this purpose, and which only need be correct to zeroth order

in tcL. First there is the inverse property

W (r,t,t1) W(r,t\t) = 1 : (E9)
which is exact, and can be verified by using (E6). Next is the "product”
property

fW((r»t,t) f(r) gr) ] - [wW(r,tt) f)]Lvww(r,t,t') gr)] + D , (E10)

D = O[xcL(n] f(r) g
where f(r) and g(r) are any two functions of r, D is a "correction" term that
is first order in xcL, and we use the convention that W(r,t,t') only acts on
(propagates) functions within the square bracket; e.g., [W(r,t,t)] f(N]lg((r) =
an[w,r,t,t") f(r)]. The "correction”™ D is necessarily at least first order
in XcL because W=1 to zeroth order. To demonstrate this, and to show how
D could be calculated, let us consider the simplifying case of zero viscosity,
Lo—~°- resu”™t also applies to when ~ 0, but requires more algebra.
An integration of (E4), with Lg=0, gives

t

W(r,tt) = 1 -\J de' L(r,t") W(rt"t) (EIN)

17



Note that W cuts off the t" integration in (EIll) at t,—-t,» X" so that
W(r,t;t'") = 1 4 O[t L(r)] . T—tf> x (EIY)
c - c
Substituting (EIl) or (EII1) in (E10) trivially verifies that D= O(xcL)f(r) g(r)

and, therefore, that

[w(r.tth) f(r) g(n] = [W(r,t,t) f(n] [W(t,t) gn] (E12)

+ O[xcL(n)]

Equation (E12) is actually more accurate than it might appear. For example,
(E12) is exact (i.e., D =0) for the scalar diffusion problem in which L(r,t)
is given by wv(r,t)s 9/9r [that is, when the pressure contribution to L(r,t)
is ignored]. An evaluation of D can be made to obtain higher order terms

in x*L by substituting (EIl) in (E10), but will not be done because we do not
think it is important.

To proceed, we use (E3) to write

v(r ,t'") = [W({ .t 1) v(r ,t)] ,
* ~a ~a ~ ~a

which is then substituted into (E2) to obtain

1,2,3
=AdX” GAEGE)> AR AR
x (1) e YW e v D]
a ~a o *a

s(ra,ri,,)<G(3)(t,,,t,)> (E13)

Combining (E12) with (E9), we have W(r ,t"",t) v(r ,t) W(r ,t,t'"") f(r ) = [W( ,t"",t)
-a ~ ~a ~a ~a ~a

y({r ,©)] f(r ) {1+0[t L(r )]}, for any f, which is substituted into (E13) to
d ~a c -~a

18



yield J as

1,2,3
@) .

Wra’t,t") S(r-»ri"K GI)”;tH)= {1 + O[t L(r )]} .

(E14)
~ct ~d - "

c -a
To use the propagation property of G(rl,t;ri",t"") contained in G(z) G, we

substitute the definition of G&‘?‘)(t;t"), (19a), in (E14), and, for definiteness

we take i=1 (i.e., rt=rx so that (E14) becomes

J d?a N(r™tjr r): Wi ,t",t) v(r ,t)
~d ~a ~ ~a

)« G(@r2,t; r LU)-W(ra,t,t"") S(ra,rl"”)

< GG@ERE;tHY= {1 + 0[x L(r)]}

) (E15)
N » '

c ~a
1,2,3

where the summation — ' denotes that we sum over the three terms obtained after

1
interchanging 1 with 2, and then interchanging 1 with 3. To simplify the first

line on the right side of (E15), we apply the following steps:

(E8) for G(r ,t;r ""t*") iIn (E15); (2) Use fdr
~ 1

(1) Substitute

W( ,t,t'") f(r ) = fdr £(r ),
J ~a -a J -a -a
which follows from the facts that (3/9t) W( ,t,t")=-[L (r )+L(r )] W( ,t,t'")

~a 0 ~a ~a ~a
and/d?atLo(~a)+L.(?a)] f(?a) =O» 80 that 0/3t)J*dra W(ra,t,t'") f(rft) - 0; (3)

Substitute the "product" property (E12) into the result of steps 1 and 2; and,

(4) Substitute the inverse property (E9). The details of these steps applied to

the first line of (E15) are given as follows:

19



N1

where

which

E(11),

dr G(r ,t;r ", t")« A " r ) W[ ,t",t)
az ~1 ~1 z ~1 -~-a ~a

fd fd?a W(~a’t,t") W(?rt’t,) P°C?1> AN A W(rrft' t)

=y*dxydra[W(ra,t,t’"") WUj.t.t'"") P°<Vv1l> 6(rl-ri1").

[W( ,t,t'") W(r {1 + O[x L(r )1}
c -~a

dr2" d*i*"fd*xaw(Va>t>t") Wi, tt") ~(Vj) 6(rr r™)-

{1 + O[t L(r )]}
c -a

=FdI3" d*2""fir-a[W(?a’t,t") W(Fi’t>t") 2°(YP*

(1 + O[t L(r )1}
Cc a

—/r3"

:jr W ,t,t") W( ,t,t™") A ,r )]
a M

a ~ ~1 ~a

{1 + O[t L(r )1} (E16)
c -~a

the last line follows from

can be proven from the definitions of P° and A in Sec. 1l. According to

the quantity W(r ,t,t"") W(r ,t,t"") in (E16) can be approximated by unity
~a i
to lowest order in t L:
c
W(r ,t,t"") W(r ,t,t°) = 1 + O[t L(rJ + © L(r )] . (E17)
~a -1 c -~1 c -a

Actually, when used in E(16), this approximation is even better because
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ACIrMrM)=A("» - r™), and the propagation of [within A(™-r™) 1 by W(ra,t,t*")
is partially compensated (cancelled out) by the propagation of r in A(r.-r ):

that is,
W(r ,t,t"") W(r ,t,t'"") A -r)
~a -1 ~ ~ -a

- '*A[Il * XCL(!I) aT tcL(—[a)]

A(?1l-ra )+0[xcL(rl) - rcL(ra) ] , (E17)

which has merit because the main contribution to the integral in (EI5) comes
from r a r, + Substituting (E16) and (E17) into (E15), we obtain the

almost desired result

1,2,3
J = dr A(rl,r ): v(r , ) G(f3,t;r3",t").G(r2,t;r2",t'")
~a -~ -a~ -~ -a

. W(ra,t,t'") S(ra,ri™)<c@rr:t)>

X (1 + O[x L(r )] +O[t L(r.)] . (E18)
c -~a c -1

To complete the derivation, we have, mainly, to express W(r ,t;t"") in terms of
~a

G(r ,t;rl",tn) within (E18), as follows:
~ ...a ~

W(r ,t;t") S ,r')< G(3)";v=

~a weg ww] ~

- /djj”" w(ra,t;t'"") 6(ra-rj't)<<5<3) (t'";t) >

- /dr 7 W(r Lt,F) «<ra—ri1")P°(-5]-1,)-<G<3)(t"";t)>
oy 1

(E19)

where we have used
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together with (19a), which gives

20T NI *<"3)(t,,;t,) > = < GB)(t";t)=

Now, (E19) becomes

i" Whbart;t") 9ra. N <5(ra- r™") -<G(3)(t";t,)>
N—I1"" G(ra,t;ri"", t")-< GI)(t'";t) >
(E20)
Substituting (E20) into (E18) gives
1.23r
J = Yy, Jd?" dFa v(ra,t) G(r3,t;r3",t""). g(r2,t;r2",|t--)
¢« G(ra,t;r1"",t"" ) G, ) >
x {1 + O[t L(r )] + O[t L(rl-)]} , (E21)

c ~a c -~

which becomes, with the definition of LCr~.t) in (10), followed by the defini-
tion of G"3" in (19a):

L(?i,0) G(r,.tr,",t7) G(rg, t;r0™,t")

o G(rl,t;r1';t")< GI)(t'";t")>

x (1 + O[t L(r.) + O[t L(r,")]}
C ~1 c -~
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1,2,3
L(Grt G@)(L;t)-<G(3)(t";t")>

x {1 + OfT~"Crp] + Ot™~"Mr™)] (E22)
Finally, we use the summation

1,2,3, 1,2,3
£ LFI'y)y = £ LC~At 5 LB)()

in (E22) to obtain

=/dX- L(3)(t) GR)(Lt)-<G(3)(t'";t,)>

X [1 + O(tcL(3))]

(E23)
Equation (E23) together with (EIl) gives (66c¢)
fl r GA):t')* L)< ) ;tH=
=JdX" L(3)(t) G t")*<GI3)(t’;t)H)=
+ O[t3(L(3))2]
(E24)

as we set out to prove.
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