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ABSTRACT

This report documents the results of a sensi­
tivity study to determine the potential impact of optical 
inhomogeneities in the water column in inducing errors 
in bias correctors for pulse stretching effects for a 
bathymetric lidar when the correctors are derived on 
the assumption of a homogeneous column. The existing 
Monte Carlo radiative transfer simulation program was 
modified to allow convenient simultaneous estimation 
of the impulse response functions for a number of dif­
ferent vertical distributions of scatterers and absorbers 
Outputs were obtained for vertical optical depths up to 
16, six different values of single-scatter albedo, and 
two nadir angles in air -- namely, 0 and 25 degrees.
A digital convolution was performed over an anticipated 
source pulse profile to obtain the ’’environmental re­
sponse functions” (ERF’s), and biases were estimated by 
applying the same linear fractional threshold to both 
the source pulse and the ERF and comparing the results 
to the actual simulated depths. The results for the 
inhomogeneities we considered indicate that the use of 
correctors derived for the homogeneous case is likely 
to result in errors of less than 10 cm.
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1.0 INTRODUCTION

Analytical studies of the propagation-induced 
pulse stretching effects by Thomas and Guenther (1979) 
pointed to the need for quantitative estimates of the 
depth measurement biases for a bathymetric laser sounder. 
These biases are larger than allowed in international 
hydrographic standards. Monte Carlo simulations were 
created (Guenther and Thomas 1981a,b) to compute more 
accurate estimates of the biases for use as depth cor­
rectors .

The simulations that were performed were for homo­
geneous scattering media only. In other words, it was 
assumed that the density and nature of the scattering 
particles.in water are independent of depth. There is 
some evidence (Swift 1977) to indicate that significant 
departures from a homogeneous description may occur fre 
quently in coastal waters. It is important, therefore, 
to assess the potential for error in using homogeneous 
case corrections when departures from homogeneity occur.

The work described here involved a modification 
of the existing Monte Carlo simulation code to compute 
the impulse response functions (IRF's) for both homo­
geneous and inhomogeneous water columns simultaneously.
The resulting IRF’s were convolved with a typical source 
pulse to produce the "environmental response functions 
(ERF's). Linear fractional threshold pulse locators 
were applied to the ERF's to determine the bias errors 
and the differences in bias errors between the homogeneous 
case and the various inhomogeneous models.
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Section 2 of this report discusses the analytical 
formulations and programming developments undertaken as 
part of this task; Section 3 discusses the specific param­
eters employed in the study and details results. Con­
clusions are given in Section 4.



2.0 SIMULATION OF THE TRANSPORT OF LIGHT 
THROUGH INHOMOGENEOUS WATER COLUMNS

2.1 The Relevant Physical Processes

The fundamental mechanism of transport through 
an inhomogeneous column is the same as that for the 
homogeneous case. The incident ray is refracted at the 
surface, and photons entering the water are subject to 
both scattering and absorption. Those photons that 
survive scattering events travel to the bottom where 
they are reflected, and a small fraction of the re­
flected photons are scattered back to the surface in a 
direction such that they are refracted in the direction 
of the receiver.

While there exists data on the vertical turbidity 
profile for some waters (Swift 1977),there is little 
data on the variability of the character of the scat­
tered. The simplest initial assumption is that the 
scattering and absorbing species remain invariant both 
in character and relative density and are merely redis­
tributed through the water column in different ways.
This assumption aids the conceptual interpretation of 
the results since only one aspect of the medium is 
affected. Further, there exists a straightforward 
conversion of the previous simulation code to allow the 
treatment of inhomogeneities of this type, and there 
are computational advantages in that different inhomo­
geneities can be examined simultaneously.
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Figure 1 illustrates schematically the spatial 
dispersion for three cases:

1. a homogeneous water column;

2. a water column with a higher concentration 
of scatterers and absorbers near the surface; 
and

3. a water column with scatterers and absorbers 
concentrated near the bottom.

In the homogeneous case the dispersion of the beam in­
creases at a uniform rate with increasing depth, while, 
for case 2, the majority of the dispersion occurs in 
the surface layer. The beam divergence is therefore 
large for most of the depth in the latter case which 
leads to increased pulse stretching compared to the 
homogeneous case. In case 3 very little dispersion 
occurs over most of the depth since the scatterers are 
concentrated near the bottom, and, in this case, the 
pulse stretching will be reduced compared to the homo­
geneous case.

A review of Figure 1 indicates that, the most serious 
departures from the homogeneous case are likely to occur 
when there are high densities of scatterers and absorbers 
near the surface or near the bottom. We therefore elected 
to perform simulations for two-layer systems with these 
characteristics.
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2.2 The Simulation Method

The Monte Carlo method is used to simulate the 
transport of representative photons through the water 
column to the bottom. We consider photons incident on 
the surface at time, t=0, in a direction making an 
angle, i|>, with the nadir. The surface at the point of 
incidence is considered to be horizontal so that the 
nadir angle of transport immediately beneath the sur­
face is given by Snell's Law:

y

where y is the refractive index of water for green 
light (1.33].

The mean free path through water is tradition­
ally described by the "narrow beam attenuation coef­
ficient" (a), where a dz is the probability that a 
photon will be absorbed or scattered in travelling 
through a distance dz. If "a" and "s" are the 
absorption and scattering coefficients, then, by 
definition,

a = a + s . (2)
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In an inhomogeneous medium, a, a,and s all vary with 
location. Nevertheless, we assume that they vary in 
proportional fashion since the character and relative 
densities of the species are assumed to be invariant. 
Thus, the "albedo for single scattering," defined

by

0) „ = 0
a-a s 
a a

(3)

is assumed to be invariant with depth. t>0 is the frac 
tional number of photons entering encounters whrch are 
not absorbed; it is used as a scalar multiplier of the 
photon weight at each encounter.

To determine the path length between scatterings 
we define the optical path length, t, as

T a (£.) dl ,
(4)

where x is the distance travelled since the last en 
counter. The optical path length t is obtained at 
random from the probability distribution

P(t) dT e T dt (5)

by setting the value of t to 

t = -An P, (6)
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where p is a rectangularly distributed random number 
between 0 and 1. Equation (4) is then solved to com­
pute the path length, x.

Since the character of the scatterers is invari­
ant, we can regard the directions of travel of photons 
between scatterings as being independent of the density 
distribution of scatterers. Thus, for all the models 
treated,we can think of the photon paths between the 
nth and (n+l)th scatterings as having the same direc­
tion cosines. This is a very important concept since 
it allows us to evaluate the impact of different 
inhomogeneities with a minimal increase in computer 
time.

Figure 2 illustrates the procedure for estimat­
ing the depth of a scattering event for a single two- 
layer model. The first step is to estimate the optical 
depth of the scattering, Xg, from the surface. This is 
simply the sums of the optical paths, x, weighted by 
the cosines of the associated nadir angles. We then 
refer to the plot of the optical depth to the surface 
for the given inhomogeneity model and compute the true 
depth of the event. The depth difference between suc­
cessive scattering events divided by the absolute value 
of the cosine of the nadir angle then gives the path 
length.

It is apparent that, for a given vertical 
optical depth, we can readily estimate the temporal 
distributions of photons arriving at the bottom 
for several different vertical inhomogeneties 
simultaneously by using the same scattering compu­
tations and merely scaling appropriately to compute
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the true time delays relevant to the various inhomo­
geneities for each sampled photon. Therefore, we 
organized our computations to obtain results for fixed 
total optical depths with several distributions of scat­
tered and absorbers for each. The total optical depth of 
the water column is given by /{} a(z) dz, where dz is an 
incremental vertical element at depth, z, but, for the 
sake of compactness we have retained the use of
"aD” as a notation for the total integrated optical depth.

Photons are considered to change direction at 
all scattering events. The scattering angle 6 from 
the incident direction is generated according to the 
"phase function,M P(0), which defines the probability 
that the photon will scatter into a unit solid angle 
between 6 and 0 + d0. Since the solid angle between 0 
and 0 +d0 is 2tt sin 0 d0 , the probability of occurence
of 0 in 0 to 0+d0 is

p' (0) d0 = 2it sin 0 P(0) d0 .

The value of each scattering angle, 0^, is 
generated by solving the equation

J6k
 p' (0) d0 = 4tt p ,

0

where p is a rectangularly distributed random number 
between 0 and 1. This equation is solved by linear 
interpolation within a look-up table of the value of 
the integral as a function of 0k-
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The lengths of the photon paths for the photons 
reaching the bottom are summed to allow an evaluation 
of the associated time delay. The minimum time of 
transit to the bottom is

(9)

where c is the velocity of light in water. The "time wdelay" for paths of length Li is then computed as

By repeating this computation for a large number of 
downwelling photons we can compute the downwelling 
impulse response function d(t^) as a histogram repre­
senting the probability distribution of arrival times 
of incident photons at the bottom.

For given values of aD and Wg, all temporal 
results scale linearly with the depth, D. If we con­
sider representative photon paths for two cases with 
the same aD but with different values of D, the photon 
paths are geometrically "similar" so that the fractional 
time delays tD/tw, are identical. Therefore the absolute 
time delays scale linearly with D, and one set of simu­
lated results can be used to determine absolute results 
for all depths.
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In order to increase the efficiency of the simu­
lations further, we sample the times of first crossings 
of a number of intermediate levels on the way to the 
bottom. The intermediate levels are characterized by 
the appropriate values of total optical depth. Because 
of the above scaling law we are able to arbitrarily set 
to unity the depth Dmax corresponding to the largest 
value of aD, namely, aDmax*

The impulse response at a distant receiver is es­
timated using the "reciprocity" principle (Chandrasekhar 
1960) which implies that the statistical description of 
the simulated downwelling photon tracks can be regarded as 
representative for both downwelling and upwelling photons. 
Thus the computed impulse response d(tp) for downwelling 
transport forms the basis for the determination of the 
two-way impulse response.

If the bottom ref lection were regarded as isotropic, 
then reflection into a given solid angle m every direc­
tion would be equally likely. In this case we could es­
timate the receiver response function by regarding d(tD) 
to be the distribution function describing both down­
welling and upwelling radiation. Very little data exists 
on the actual directional reflectivity of the ocean 
bottom, so in earlier simulations (Guenther and Thomas 
1981a) we chose the traditional approach of assuming that 
the bottom is a Lambertian reflector; i.e., that the 
probability of reflection at a zenith angle Z is pro­
portional to cos Z. This type of reflection results m 
a uniformly bright appearance of the illuminated surface 
independent of the viewing angle in the absence of the 
turbid medium. In the present simulations, however, we 
saved computer storage space by assuming isotropic bottom
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reflection so that the impulse response function for 
upwelling photons, u(tD), was taken to be identical to 
d(tD). The result of this assumption is not very dif­
ferent from that of the Lambertian assumption. The 
sampled function u(tD) , is considered to characterize 
the airborne receiver response for photons released 
from the bottom (all at time t=0). Just as for d(tD), 
the minimum time for any sample u(tD) is tw given by 
Eq. (9).

We compute the receiver response function r(T) at 
a time T following the earliest possible round-trip 
return. We note that if this return arises from down- 
welling photons with a time delay t-^, then the value 
of t2, the time delay required for the upwelling path, 
is T-tr Thus the value of r(T) can be expressed by 
the integration of the product of d(t^) and u(t2) over 
all such cases:

r(T) u(T-t1) (ID

This is, of course, the convolution of u over d. The 
functions u and d are actually constructed by discrete 
samples during an interval A-tw where A is a small 
fraction (typically 0.005), and tw, as before, is the 
vertical transit time for unscattered photons. The 
function r(t) is then constructed for discrete values 
of T=ntwA (where n is an integer) by the following 
digital convolution of d and u:

n
r (n) = d(m) u(n-m+l), (i2)

m=l
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where d(m) is the sample of d collected such that

(m-l)twA < tD < m twA, (13)

and similarly for u(m). The value of r computed in 
this way has an associated time unit of t^A.

The act of convolving the functions d and u is an 
integration, and, as such, it has the effect of reduc 
ing the magnitude of statistical noise in the resulting 
function. It has been found that the function r(T) is 
acceptably reproducible for simulations of as low as 
10,000 photons when the program is rerun with different 
starting random numbers; this adds confidence to the 
results.

When the time increment A is set to 0.005, the 
maximum time delay sampled is 0.25 tw (=50 twA). This 
means that only that part of the return occurring with 
a time delay (over the vertical two-way transit time) 
less than one quarter of the depth transit time is 
generated. This is normally the region within which 
the peak of the return power occurs. The restriction 
of considering only the delay times up to 0.25 t^ is 
important in limiting the simulation time requirements 
since any photons that were delayed by more than these 
amounts (compared to radiation travelling vertically 
downwards) can be eliminated from the simulations.

The ’’reference time", TR, for the computation of 
depth measurement bias errors is the time delay for 
radiation travelling unscattered (at the refraction 
angle cf>) to the bottom and then being
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reflected back along the same path. This time delay is

Tr = 2tw (sec 4>-1) • (14)

For the nadir case, of course, <f> is zero, so that TR 
is zero. Thus only positive (deep) errors in depth 
estimates can be contributed by propagation effects in 
this case. For the off-nadir cases, however, both posi­
tive and negative errors can occur. Negative (shallow) 
errors arise from a favoring of paths closer to verti­
cal, since these are the ones for which absorption is 
less likely to occur. This is the so-called "under­
cutting" effect where bottom reflection occurs predomi­
nantly "beneath" the unscattered ray, and a significant 
amount of energy is returned before the reference delay 
time, Tr, as illustrated in Fig. 1.

Although a specific receiver field of view is not 
directly applied in the simulation, an effective field 
of-view restriction is caused by the truncation of 
paths which have been judged to be excessively long (by 
the previously mentioned time increment criterion).
This restriction applies only to photons which would 
have arrived in the trailing edge of the impulse re­
sponse and in no way affects the leading edge or the 
peak power. Thus, the effective field of view is large 
but considerably less than unlimited, and probably rep­
resents a fairly realistic situation.
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2.3 Interpretation of the Results

2.3.1 Environmental Response Functions

The simulations generate impulse response functions 
for the receiver as a function of the albedo for single 
scattering, and the vertical optical depth, otD, for
each inhomogeneity model considered. All results are 
normalized such that

1. the input energy is unity,

2. the depth transit time is unity, and

3. the sampling interval is A.

The peak power of the impulse response function,
P , is the sampled energy for a time interval that in 
the real world is twA. Thus, if rmax is the peak power 
in units of energy/second, we have

rmax
(15)

In practice, of course, the input laser pulse is not an 
impulse but is distributed over time. Let s(t) repre­
sent the laser output power as a function of time (in 
watts), and let S(joules) be the total output energy 
of the pulse. Then
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s s(t) dt . (16)

The true response of the receiver, v(T), at time T 
following the earliest possible round trip return is 
given by the convolution of s(t) over r(t), the impulse 
response function; i.e.,

v (T) s (t) r(T-t) dt . (17)

In constructing v(T), care must be taken to insure 
that r(T-t) is scaled to be appropriate to the depth of 
interest. For given values of aD and Wq and a given 
inhomogeneity, the time scale for r(T-t) scales linearly 
with the depth. The function v(T) is the "environmental 
response function" (ERF).

The total return energy is given by

V dT . (18)

Remembering that r(t) = s(t) - 0 for all t less than 
zero, it is easy to show by Eqs. (17) and (18) that

V = SR, (19)

where R is the integrated impulse response function, which 
simply states that the total return energy is the total in­
put pulse energy multiplied by the return energy per unit 
input.
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2.3.2 Bias Estimation

In computing the results for the bias, we first 
estimate T£, the difference between the time, Tyf, that 
the environmental response function v(T) rises through 
a fraction, f, of its peak value and the time, Tgf, when 
the source pulse, s(t), (representing the surface return] 
rises through the same fraction of its peak. Since s (t) 
was assumed to be triangular in shape with a rise time 
of §, where B is the base width of the triangle (Miller

1981) , we have

sf
= ifB. (20)

Then, remembering that the unscattered ray has an as­
sociated delay time of TR, given by Eq. (14)., we obtain

the bias as

= Tvf fB - TR
(21)

The related depth error is

TE Cw (22)
Cj - ---- - 9

2 sec 4>

where c is the velocity of light in water (-22.5 cm/nsl 
and * is the nadir angle of the unscattered ray in the

water.
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2.4 Program Validation

In organizing the storage and processing of sampled 
photons, two data structures evolved. The first was 
identical to that employed in the estimation of biases 
for homogeneous water columns (Guenther and Thomas 1981a), 
while the second was specially created to handle the 
inhomogeneous cases. The coding for the homogeneous 
case estimation was left unchanged,while new coding was 
developed to handle the inhomogeneous cases.

In an early test of the code we set the parameters 
of one of the inhomogeneous models to be such that the 
scatterer and absorber densities were equal in the two 
layers. Thus, one of the "inhomogeneous" cases actually 
described the same density distribution as the homogeneous 
case. Since the same simulated photons were used to gen­
erate the results for the two models, the outputs for the 
two cases should have been identical. Inspection of the 
output files validated that this was indeed the case. 
Moreover, these results agreed very closely with those 
generated in the earlier study for the homogeneous case 
assuming Lambertian reflection at the bottom (Guenther 
and Thomas 1981a). Those, in turn, had been validated 
through internal consistency checks and agreement of 
computed apparent water properties with the work of 
previous authors (Timofeyeva 1972; Gordon, Brown, and 
Jacobs 197 5) .
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3.0 DISCUSSION OF RESULTS

The impulse response functions (IRFs) for the 
receiver with a wide field of view were estimated by 
the Monte Carlo program and archived on disk storage.
In a later post-processing step, the IRFs were scaled 
to the depth of interest and convolved with the source 
pulse, s (t) , to produce the environmental response func­
tions (ERFs). The ERFs were then processed to compute 
the required biases, and a subset of both the ERFs and 
the computed biases were archived on disk for later 
use.

The emphasis in this report is the sensitivity 
of the bias results to inhomogeneities in the water 
column. The most important results, therefore, are 
the differences between the depth biases computed for 
the inhomogeneous case and those for the homogeneous 
case. However, since the biases relating to the ERFs 
have not been reported before,we also report the depth- 
specific biases for the homogeneous case. The depth 
chosen for the presentation of output was 20m since this 
is the greatest depth at which the international stand­
ards require an accuracy of +1 foot (30 cm).

3.1 The Cases Treated

Since we were concerned primarily with bounding the 
sensitivities in this study, the set of parameters employed 
was more limited than that for the homogeneous case. The 
input parameters to the simulation are listed in Table 1.

18



TABLE 1

List of parameters over which results were computed:

1. Scattering phase function, P(0):
"NOS" or "dirty”

2. Nadir angle of entry in air, iJj (Degrees):
0, 25

3. aD = vertical optical depth of water column
(Dimensionless):
2, 4, 6, 8, 10, 12, 14, 16

4. tOg = albedo of single scattering:
0.93, 0.9, 0.8, 0.6, 0.5, 0.4

5. Distributions of scatterers and absorbers:

a) Homogeneous
b) Surface layer with double the ambient density
c) Surface layer with four times the ambient 

density
d) Bottom layer with double the ambient density
e) Bottom layer with four times the ambient 

density
(Layer thickness = one tenth of depth in all cases)

6. Depth = 20 m. Total width of source pulse = 14 ns.
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The "NOS" phase function is appropriate to dirty 
water and the associated volume scattering function 
for this case was taken from the work of Petzold (1972). 
The selected nadir angles of 0 and 25 degrees bound the 
anticipated operational range, while the set of vertical 
optical depths is identical to that employed in the 
earlier study of the homogeneous case. Only six single­
scattering albedo values were used (compared to eight 
previously), but we did include the new value, 0.93, 
which may be appropriate for some coastal waters. The 
base width B of the source pulse was taken to be 14 ns

(Miller 1981).

For each value of *, oD, and «>„, five vertical 
distributions of scatterers were considered with rela­
tive densities as shown on the left-hand side of Fig- 3- 
The first model was the homogeneous case; models 2 an 
had a surface layer with 2 and 4 times the ambient density, 
respectively; models 4 and 5 had a bottom layer with 
and 4 times the ambient density.

The listed output includes the following for all

cases:

1. the impulse response function for down- 
welling radiation reaching the bottom;

2. the convolution of function (1) o\er 
itself, representing the result at the 
receiver; and

3. the spatial (radial and Cartesian) distri­
butions of the downwelling radiation at the
bottom.
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3.2 The Biases and Bias Sensitivities

Appendix A contains the output of the post­
processing program summarizing the computed biases 
for linear fractional thresholds of 10, 20, 50 and 80 
percent applied to the ERFs computed for a depth of 
20m. For the homogeneous case, we present the actual 
biases, E, given by equation (22), while, for the 
inhomogeneous models, the tables give the differences 
between the computed biases and the corresponding values 
for the homogeneous case.

The first observation to be made is that for 
most cases of interest, convolving the source pulse over 
the IRF results in a considerably reduced sensitivity of 
the biases to both Wq and aD compared to the sensitivity 
for limiting biases calculated from the impulse responses 
alone. Further, since the linear fractional threshold is 
applied to both the source pulse and the ERF, the bias 
is insensitive to the value of the fractional threshold 
as long as the IRF is short compared to the source pulse.

For the nadir case, deep biases over one foot 
(30 cm) occur only for an aD value of 16. As expected, 
the biases increase with increasing u)q and aD. The 
impact of the surface layer is to increase the bias but 
only very slightly -- never more than about 2 cm. With 
the bottom layer, the result is generally to reduce the 
bias. The maximum error in the use of the homogeneous 
corrector is seen to be about 7 cm. As expected, the 
impact of the inhomogeneity generally increases when 
the layer density increases.
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For the case where the nadir angle is 25 
degrees, an underestimate of about 60 cm is observed 
in all cases, with an increasing underestimate for the 
surface layer models and a diminishing underestimate 
for the bottom layer models being the general rule.
The error in using the homogeneous case assumption here, 
however, is seen never to exceed about 5 cm.

The rise times of the ERFs are also listed.
These always increase with increasing aD and Ug but 
show virtually no sensitivity to any of the inhomo­
geneities treated. As expected, a very slight increase 
occurs for the surface layer case, and a slight decrease 
appears when the layer is near the bottom.

The closeness of the results for the inhomo 
geneous cases to those for the homogeneous medium are 
best understood by reviewing the graphs of integrated 
optical thickness from the surface as a function of 
depth as given on the right-hand side of Fig. 3.
These are the graphs actually used in determining the 
true depths of the scattering points from their optical 
depths. It can be seen that the separations of the 
plots for the inhomogeneous cases from the homogeneous 
case are not very large although the layer densities 
are substantially different from the ambient densities. 
The result is that the photon paths for the inhomogen­
eous cases are never displaced physically very far 
from those of the homogeneous case, and the IRFs 
must therefore be similar.
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4.0 CONCLUSIONS

The Monte Carlo propagation simulation code was 
modified to permit the investigation of the effects of 
an inhomogeneous water column on the impulse response 
functions and on bias correctors determined by the 
application of linear fractional threshold pulse loca­
tors to the resulting environmental response functions. 
A number of inhomogeneous models were simulated with 
layers of "dirty" water near the surface or near the 
bottom. For a bounding set of system parameters and 
optical properties, the changes in the bias correctors 
(compared to the homogeneous case) were never larger 
than 8 cm at a 20-m depth. It is our judgment, there­
fore, that reasonable water column inhomogeneities in 
nature will not cause a significant change in the bias 
correctors required to remove the effects of underwater 
propagation from airborne lidar bathymetric measure 
ments.
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FIGURE 1. GENERAL EFFECTS OF INHOMOGENEITIES ON BEAM DISPERSION
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SURFACE

Ds - ACTUAL DEPTH OF SCATTERING POINT BELOW SURFACE

FIGURE 2. METHOD OF COMPUTING LOCATION OF SCATTERING POSITION
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FIGURE 3. SCATTERING PARTICLE DENSITY AND OPTICAL DEPTH TO THE SURFACE
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