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GAMMA DISTRIBUTION BIAS AND CONFIDENCE LIMITS
Harold L. Crutcher and Raymond L. Joiner National Climatic Center, Environmental Data Service, NOAA 

Asheville, N. C. 28801

ABSTRACT. The generalized gamma distribution has three 
parameters: the origin, the scale, and the shape. As a model, it serves to approximate distributions in many disciplines. To be an accurate model, the model should contain no bias or should contain as little bias as pos­sible. To be a more useful model, the model should show the confidence in the fit it provides.
Rarely is the bias removed in actual practice; up to the present time, there has been no way to place confidence bands on the cumulative distribution or line of best fit. Procedures have been available to compute confidence intervals for the parameter estimates them- selves.
This report extends the available procedures to remove bias from sample sizes 10 or more to sample sizes 2 or more. This report develops procedures to compute con­fidence intervals for selected percentile quantiles which permit the plotting of data against the back­ground of the model with its line of best fit and con­fidence bands.

I. INTRODUCTION
The gamma distribution function model is an extremely useful one. It serves 

many disciplines. Among the many applications are those often made to life 
tests, other quality control and assurance problems, reliability, maintenance, 
and precipitation. Wherever a distribution is bounded at one end and unlimit­
ed at the other, the gamma distribution is one candidate among many that might 
be used to describe that distribution.
The general gamma distribution with origin parameter a(- oo < a < + <*>), scale 

parameter 8(B > 0), and shape parameter y(y > 0) has the probability density 
function shown in

f(y:c,6,Y) =■ 6'T(r(T))'1(y-c)Y‘1e-<y-“>/B; y >«;-»< a.y < + - 
and f(y:a,B,y) = 0, y £ a. m



The distribution function given by
(2)F(y;a,e,Y) = // f(t;a,3,y)dt

is for all y > a.
With the origin a obtained, the following expression is pertinent:

x = y - a. (3)
Then (1) becomes

f(x;0,B,y) = B_Y(r(Y))_1 xY_1e"x/B, 0 < x < »
and f(x;0,B,Y) = 0, x 0. (4)
Thom (1968 and in earlier papers) uses this form. As shown by 
Thom (1958) and by Wilk et al. (1962), if the variate x assumes a transform by 
division of the scale parameter B, the distribution function develops as

F(x';0,1,y) = (r(Y))'1 /o tY_1 e_T dT> x' > 0

 and F(x';0,1,y) = 0, x' _< 0 ,
a standard form with a = 0 and B = 1 and positive when x > 0.

Figure 1 represents equation 5, the standard case, where the shape of the 
curve depends only on the parameter y, the shape parameter.
There are th^ee parameters of the gamma distribution to be estimated. If 

the origin is zero, is known, or is arbitrarily assigned, the problem further 
resolves down to the two parameters, the scale and the shape. Presumably, the 
bias in the estimators will have been removed so that only the imprecision of 
the estimates need be considered. This imprecision is, of course, the basis 
for the need for visual and numerical assessment of just how good the estimat­
ed cumulative distribution is.

The mean and the shape parameter are independent, but this not the case with 
the scale and shape parameters. As Mann et al. (1974) point out, no general 
method has been developed to obtain confidence intervals for the scale param­
eter.

Fisher (1922) first developed the maximum likelihood (ML) equation for the 
solution for the incomplete gamma distribution known commonly as the gamma 
distribution. It is incomplete in the sense that the integral limits of the

2
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Figure 1. Selected gamma distribution function curves where 
a and (3 are set equal to 0 and 1, respectively.
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function do not range from - » to + » but from some finite point such as a to 
+ k where k is some real number. If the origin parameter a is zero, this dis­
tribution is a special case of the Pearson Type III distribution. The solu­
tion of the ML equation as developed by Fisher is difficult. Therefore, Thom 
(1947) developed approximate solutions. Chapman (1956), Greenwood and Durand 
(1960), Gupta (1960), Harter and Moore (1965), and Wilk et al. (1962) also 
provided methods to estimate the gamma distribution parameters. There are 
other methods used to estimate the distribution parameters, but only the mo­
ments (ME) and the Thom estimators will be studied in any detail in this pa­
per. Others briefly mentioned are the jackknife and tilde estimators of 
Anderson and Roy (1975).

With respect to moment estimators, Fisher (1922) showed that the moment 
method of estimating may be inefficient. Kendall and Stuart (1963) indicate 
that the efficiency may be as low as 22 percent. Thom (1958) gave values of 
the efficiency which went as low as 50 percent for the scale parameter 6 and 
40 percent for the shape parameter y.

It is instructive to examine the moments of the gamma distribution. One 
form, Keeping (1962) and Bowman and Beauchamp (1974), is

vy = (r-1) ! 3ry , (6)
where (for r = 1, 2,...,6) these are

y = By
1

y = B2y
2

y = 2B3y
3

y = 6B4y •
4

The skew and kurtosis factors then, respectively, are 4/y and 6/y. Thus, the 
skew and kurtosis factors tend to zero with increasing size of the shape pa­
rameter y- The skew factor approaches zero more rapidly than does the kurto­
sis factor. With increasing shape parameter, the distribution becomes more 
symmetrical passing into the range of symmetry of the normal distribution.
The kurtosis factor approaches 3 sooner than it does zero. It approaches, 
enters, and leaves the neighborhood of 3, the value of the kurtosis factor of

4



the normal distribution. With increasing shape parameter, the distribution 
passes first the symmetry test and then the kurtosis test. Within the accept­
able ranges, the normal distribution may be used to describe or approximate 
the gamma distribution. Eventually, with the shape parameter still increas­
ing, the kurtosis exceeds the limits as it becomes less and less. Beyond the 
acceptable range around 3, the normal distribution cannot be used.

In other words, there is one small part of the range of the gamma distribu­
tion where the normal can be used to approximate the gamma.
Again it might be useful to repeat some other fairly well known items. With 

the shape parameter increasing from a value less than one, some of the specif­
ic distributions encountered which may be used are those which are multiples 
of 0.5. At multiples of 0.5, the chi-square distribution may be used; at mul­
tiples of 1, the Erlangian distribution; and at multiples of 2, the Poisson 
distribution.

5



II. RANDOM NUMBER GENERATORS
For integer values of the shape parameter, the usual formula used is

y = eT=i (-6 In y.j) (7)
where y- denotes a random number from the uniform distribution with a range 
(0, 1). The usual procedure is to call up such a generator from some statis­
tical package within the computer. It has been the experience of the senior 
author that most of these are deficient in some respect or another. All so- 
called random number generators are actually pseudorandom number generators 
operating over certain subspaces. Many have truncation errors. However, 
they generally provide usable and acceptable output.

Bowman and Beauchamp (1975) discuss "Pitfalls With Some Gamma Variate Simu­
lation Routines." This is an excellent paper and should be reviewed by any­
one working with the gamma distribution and its applications. Sowey (1972) 
provides a chronological and classified bibliography on random number genera­
tion and testing.

The McGill University "Super-Duper" random number generator of Marsaglia 
et al. (1972) is the one used in this paper. The output is, from our preju­
diced view, somewhat better. Even with this, there appears to be an insuffi­
cient number of large random variates.

6



III. PROCEDURES, FORMAT, AND OUTPUT
The objectives of this work are to (1) substantiate the work of previous 

investigators, (2) obtain more information on the variation of parameter esti­
mates, (3) develop procedures to remove the bias in estimation of the parame­
ters of the gamma distribution, (4) establish confidence bounds on the cumula­
tive expected distribution, and (5) establish confidence limits or intervals 
for the percentiles of the distribution.

The approach is first to look at the first five moments of the distribution, 
the moment estimators and the Thom estimators, the ratio of the arithmetic 
mean to the geometric mean, and the percentiles. The second look is made at 
the same statistics for each of the statistics above, and the third look is 
made at the statistics of the percentiles. In one instance, for example, the 
shape parameter estimate of the shape parameter estimates for a specific sam­
ple size made a number of times for a specific known shape parameter with a 
known origin and scale parameter is obtained. A zero origin is arbitrarily 
selected and a shape parameter of one is specified so that the distributions 
examined are depicted as in figure 1.

From the extremely large matrix of assigned integral values of the shape 
parameter, sample sizes, and number of samples with replicate runs starting
with different initialization numbers, only a very limited number could be

Ychosen. The expression y = E (-6 In y_.) is used to generate the random gamma 
values. The value of g was set equal to 1 so that the expression became

Yy = z (-In y.). The first five moments of each distribution, the moment and
maximum likelihood estimators of the scale and shape parameters, and the ratio 
of the arithmetic mean to the geometric mean were computed for each sample.
In addition, for each of the parameters above and for selected percentiles, 
the same statistics were computed (obtained means of means, variances of vari­
ances, shape parameter of shape parameter, shape parameter of means, etc.).
The random number generator used produced random numbers over the uniform 

interval (0, 1). The negative logarithm was obtained for each uniform random 
number. One hundred of these constituted a sample of 100. The various

7



statistics were computed from deviations from the mean. A check of the summa­
tion of deviations was made. Table 1 is a schematic of the output (appendix 
A) of the electronic computer program (appendix B) and illustrates one sample. 
The following describes each element of table 1. The mean is shown as X (XBAR) 
which is equivalent to X' (X PRIME BAR) because the division by the scale pa­
rameter, g=l, does not change the value. Thus, this satisfies both equations 
(4) and (5). The XBAR is retained for ease in computer output. It is also 
equivalent to the y of equations (1) and (2) as the origin is zero.
1 XBAR is the mean or first moment of 100 individually produced random num-

100bers, n Ex..l 1
2. CHECK is the sum of the 100 deviations from the mean. Theoretically, this 

should be zero. Rounding and truncation errors produce numbers which are
-1 i o ^ ,not zero but are acceptably small, n E (x^-x).1 . . _i ioo3. VARIANCE is the second moment of the distribution as n E (x^-xj .

4. SKEW is the third moment of the distribution n"1 E (x^x)3 divided by 
the three-halves power of the variance. This can be written as
n”1 T (x.-x)3/s 3 where s is the standard deviation or square root of 

Y 1 x X
the variance. In a normal distribution this number will exceed =1.96 
(6/100)^ or 0.48, 5 times in 100. This criterion may be used as a rough 
check to see whether a normal distribution could be used to describe the 
data set. However, as it is known that the distribution is a gamma dis­
tribution and not a normal, it is presumably an invalid test except for a 
moderately large shape parameter.

-l 1005. KURT0SIS is the fourth moment of the distribution as n z (x^x) 
divided by the square of the second moment. In a normal distribution this 
number would be three. For large n, the approximation = 1.96 (24/100)2
or 0.96 in a normal distribution would be exceeded 5 times in 100. It 
presumably also is an invalid test except for large n but, because ro­
bustness is inherent, it can be used as an indicator. This can also be

-l 100 , _.. ,written as n E (x--x)4/s .l 1 x

8
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-1 / "\56. FIFTH is the fifth moment of the distribution as n £
divided by the variance raised to the five-halves power of the variance. 
This can be written as n 1 £ e(x^-x)5/sx5. The fifth moment is com­
puted and retained here for examination only. It is not used further in 
this paper.

7. SCALE is the moments estimate of the scale parameter obtained as the quo­
tient of the variance and the mean, 3" = s2/x. Alternatively, this can 
be obtained as x/y'•

8. SHAPE is the moments estimate of the shape parameter obtained as the 
square of the mean divided by the variance, y - x /s .

9. ALPHA for (A) is the ratio of the arithmetic mean to the geometric mean 
ln x - n_1 1£° In x. or In x - In x. This is used to obtain the Thom es-

l 1
timators 3 and y in columns 10 and 11.

10. GAMMA is the Thom estimator for the shape parameter as 
* = [[1 + (1 + 4A/3)^]/4A], Thom (1958).

★ _ *11. BETA is the Thom estimator for the scale parameter as 3 x/y.
Table 1 above describes the outDut for only one sample. Within the computer 

program, the 20 negative logarithms of the random numbers are ordered and re­
tained for later processing for percentile statistics.

Table 2 describes the output for the estimates of statistics similar to 
those presented in table 1. The statistics for the input data of column 1, 
for example 1000 samples with each sample of 100, are presented in the first 
line of table 2. Specifically, column 1 of table 1 concerns the mean. There­
fore, specifically STAT 1 refers to column 1 of table 1 and this line of STAT 
1 presents all the parameter estimates of the ensemble of 1000 means treated 
as a gamma distribution. For example, the first value, 1.006, is the mean of 
the means, while the value under column 10, GAMMA, 93.09, is the shape para­
meter estimate for the distribution of the 1000 means. Similarly, the line

10



labeled STAT 10 contains the parameter estimates for the 1000 data of column
10 of a table 1 format. The first value on this line is the mean of the 1000
shape parameter estimates, while the value shown under column 10 is the shape 
parameter estimate of the shape parameter estimates.
As indicated above, the originally produced negative logarithms of the uni­

form random variates were ordered and stored. Selected percentiles were 
chosen; and from these percentiles, 1000 in the case of 1000 samples (for ex­
ample the first tenth ordered value in each case), the gamma parameter esti­
mates were obtained and presented in the same manner as in tables 1 and 2.
The output of these is illustrated in table 3 gamma parameter estimates of 
selected percentiles of 1000 samples of 100 data in each sample. The first
value on each line is the mean (in this case the mean of the selected percen­
tile), while column 3 provides the variance of the data for the percentile.
For a number of samples of 1000, the 10th from the smallest would be the first 
percentile value, while the 990th would be the 99th percentile. Tabular out­
put similar to table 3 data, particularly estimates of the shape parameters, 
will be discussed in more detail later.

To ascertain some of the characteristics of the distributions, several com­
binations of sample size and number of samples were computed. With varying 
magnitudes of the origin, scale, and shape parameters, and sample size and num­
ber of samples, the number of combinations with replication is, in simple terms, 
very great. The number is still great even though the origin was assumed to 
be zero, the scale parameter was set equal to 1, and only integer values of 
the shape parameter were selected. Table 4 presents a restricted selected 
portion of possible elements of a matrix of Monte Carlo estimates of gamma 
distribution parameters. As an example, for a specified shape parameter of 
1000 with 1000 samples of 1000 random variates in each sample, computation 
requires the generation of one billion uniform random variates, the calcula­
tion of the negative logarithms of the variates, and the calculation of esti­
mates for each sample of 1000 before any processing can be started for pre­
paration of table 2. For these reasons, sampling was restricted to those 
elements indicated in table 4 where considerable computation is still re­
quired. However, as Bowman and Beauchamp (1975) stress, stability is reached 
only after extensive sampling.
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The output data of the computer program for the combinations given in table 
4 are presented in the appendix. Where there was replication, the replicate 
output is shown for comparison. These latter are not discussed except to 
state that the estimates are not precisely the same.

IV. PRELIMINARY DISCUSSION OF SELECTED DATA IN APPENDIX A
Appendix A tables contain so much more information than adequately can be 

discussed in detail that only a few selected items are treated. The remain­
der are included for use by those who wish to delve into the problems in more 
detai1.

Mean of the Means
The mean of the means is essentially equal to the known or nominal shape 

parameter. As the scale parameter is one, this value (STAT 1, Column 1) is 
approximately equal to the debiased value (STAT 10, Column 1), the estimated 
shape parameter. Debiasing is discussed in the next section in considerable 
detail. The distribution of the means, depicted in part by the variance, 
skew, and kurtosis (as well as by the large shape parameter of the means) 
approaches the normal distribution and approaches it more rapidly with in­
creasing n. This is expected as an illustration of the Central Limit Theorem.

For the shape parameter of the means, a cursory examination of the data in
appendix A corresponding to the shape parameter estimate of the means in
table 2 reveals (from STAT 1, Column 10) that these are dependent on the
number of data and the shape parameter itself. The expression, y of x equals
ny, serves well for this problem (Cramer 1946). Here y equals 1; but in an★actual sample, only y would be available for use. After correction for bias, 
this would be 1.005 or essentially equal to 1. Figure 2 illustrates by the 
broad heavy line at 45° this dependence, 1 to 1.

Shape Parameter of the Shape Parameter
Something more than a cursory examination is required for the estimates of 

the shape parameter of the shape parameter. Figure 2 also shows the plot of 
data points extracted from appendix A tables corresponding to table 2. These
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Sample size (n)

Figure 2. (a) Shape parameter estimate * of the estimate of the mean x (—). (b) Shape 
parameter estimate * of the shape parameter estimate * of a gamma 
distribution as a function of the sample size n (••••)•

data points are those from STAT 10, Column 10. These are the Thom estimators 
(y) approximating the MLE (y). The bias and its removal for both the ME (y")

•jlfand the Thom estimators (y) are discussed in more detail in the next section. 
The dashed line curve appears to fit these data points well. The expression, 
y of y equals 0.575 n exp (-3/n), serves for this problem. Of course, this 
should also be corrected for bias.

Skew and Kurtosis
Examination of the skew and kurtosis factors indicates that the distribu­

tions are not generally approximated well by the normal distribution. There­
fore, the gamma distribution should be used for all parameters of a gamma 
distribution. For a specific data set, the usual tests of normality can be 
applied; and if the null hypotheses are not rejected, then the normal distri­
bution can be used to approximate the distribution of the data set. However,

14



it must be borne in mind that the gamma distribution should ideally be used 
at all times to estimate the parameters of any distribution recognized as 
gamma.

Selected Percentiles
Table 5 is prepared from data in appendix A, corresponding to the first 

column of table 3, for the means of 50th percentiles of the various sample 
sizes and simulated shape parameters. Clearly, as indicated in previous 
figures and tables, the values are strongly dependent on sample size and less 
strongly on the shape parameter. The expression (y+n)/(y+n-l) serves to 
modify the percentile values to those resembling the theoretical expected 
value of extremely large samples.

In appendix A, the variance is seen to become larger as the percentiles in­
crease from the 1st to 99th as- in table 3. For example, the variance from 
table 3 is 0.009911. The standard deviation is 0.0995 which provides an ap­
proximate half range of 0.2985 for the 50th percentile; i.e., 0.6918 ± 0.2985 
or from 0.3923 to 0.9903. Because the shape parameter is 1, the value of
0.6918 would be modified to 0.6987. This is somewhat larger than the theo­
retical value of 0.6931, but well within the range where the true value of 
0.6931 would be expected to be found in more than 99 percent of other samples. 
The use of the normal distribution in this case is not out of order for nei­
ther the skew nor the kurtosis values imply rejection of the null hypothesis 
that the data are not distributed differently from a normal distribution. 
However, it is known that the distribution is gamma so the tenth and eleventh 
columns of table 3 may be examined. There, the shape parameter estimate is 
(48.26) and the scaling parameter estimate is 0.01433. The approximate cen­
tral portion of the 99 percent of the range may be obtained from the two 
parametric estimates above. These exist between the 0.5 percent and the 99.5 
percent levels.

Further discussion along these lines will be made after the next section on 
bias and its removal.
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Table 5 --Fiftieth percentile values derived from a Monte Carlo simulation of a gamma distribution of specified shape parameters for various 
sample sizes compared with theoretical values.

1 2
Shape
3 5 10 20

Theoretical Value
0.6931 1.6783 2.6741 4.6709 9.6687 19.66'

SampleSize
1000
100
50

0.6920
0.6918
0.6781

1.679
1.665
1.646

2.672
2.666
2.646

4.668
4.653
4.633

9.668
9.507
9.687

19.69
19.59
19.65

40 0.6804 1.650 2.645 4.608
30 0.6693 1.625 2.609 4.613
20 0.6595 1.626 2.585 4.537
10 0.6374 1.593 2.552 4.447
8 0.6422 1.546
6 0.6289 1.499
4 0.5557 1.457 2.369
2 0.4725 1.280 2.063
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V. BIAS AND ITS REMOVAL 
Prior Work

Bias may be introduced when estimates from an observed sample are used for 
population parameters. If the bias in these estimates can be eliminated, the 
resulting probabilistic inferences will be improved. Thus, a better idea of 
a future distribution will be obtained.

Choi and Wette (1969) performed sampling experiments using a computer to 
look at the bias problem. For integral values of y, random numbers y from the
gamma distribution with parameters $ and y were obtained as eguation (7),

Y
y = T, (-6 In y .), where y. denoted a random number from the uniform distri- 

i = i 1

bution with a range (0, 1). They used y = 1, 2, 3, 5, and 7 and & = 1 with 
sample numbers 40, 120, and 200.

This provides an initial look at the bias in parameter estimation for the 
gamma distribution. Their empirical result indicates that the bias of the 
shape parameter estimates produced by the maximum likelihood method is posi­
tive. This is supported by Lilliefors (1974) who shows, analytically, that 
the bias is positive.
Table 6 is modified from Choi and Wette (1969). The estimate of the mean 

shape and scale parameters asymptotically decreases with sample size. If, for 
each sample size, the values are divided by the known gamma parameter,
the estimate is remarkably constant--a fact also noted by Shenton and Bowman 
(1970).
Regarding the bias in the MLE, it is of interest to refer also to Fisher 

(1922) and Thom (1957, 1958). Bowman and Shenton (1969) and Bridges and
Haan (1972) discuss properties of the MLE y and 6. The caret or hat (*) des­
ignates a MLE. Conclusions and inferences drawn from the above papers are 
that the approach to normality of the estimators is slow and that the bias
in the estimators may be large when n is small.

17



Bowman and Shenton (1968) offer the following to estimate and remove the 
bias in the MLE,

E(y-y) = [3y + (y/9) + (13/405)y3 -2/3]/(n-3)*
for n > 4, Y > 1- The expected bias after using this relationship is less 
than 1.4 percent. Where the known shape parameter is less than 0.3, Shenton

Table 6.--Means and variances of 3 1 and y based on 100 sampling experiments 
(modified from Choi and Wette, 1969, courtesy ©Technometrics.)

Parameters 3 1 Y
r-1 v n Mean Variance Mean !^J1 Variance

1
40120200

1.081 .041.01
0.1130.0220.012

1.07 1.03 1.02 
1.07 1.03 1.02 

0.0620.017 0.007
1 2 40

120 
200

1.03 1.02 
1.01 

0.052 0.019 
0.011

2.10 2.04 2.03 
1.05 1.02 1.02

0.1860.0730.037
40120200

1 .081 .061 .01
0.0690.0190.013

3.28 3.17 3.04 
1.09 1.06 1.01 

0.473 0.1550.100
1 5 40

120 
200

1.08 1.04 1.01 
0.072 0.023 0.015

5.34 5.19 5.05 
1.07 1.04 1.01

1.615 0.492 0.359
1 7 40

120 
200

1.10 1.03 1.01 
0.0800.0210.013

7.78 7.20 7.05 
1.11 1.03 1.01

3.8040.9330.621

♦Equation reproduced here courtesy Union Carbide Corporation.
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and Bowman (1970) indicate that there is a great deal of bias in y. Figure 
3, modified from Bridges and Haan (1972), shows their results and their 
comparison with Bowman and Shenton (1968).

Shenton and Bowman (1970), Bowman and Shenton (1970), and Bridges and Haan 
(1972) specifically discuss the bias in the Thom (1968) estimators. They im­
ply that only when the number of data approach 100 do the estimates (uncor­
rected) approach the theoretical values. This is also indicated in the works 
of Choi and Wette (1969), Lilliefors (1974), and Anderson and Roy (1975) for 
the MLE. As the Thom estimator is an approximation to the MLE, this agreement 
is expected.
Bowman and Shenton's (1968) expansion, as pointed out by Anderson and Roy 

(1975), suggests a shape parameter bias of around 8 percent when n is 40 and

0 = 1.69
© FROM SHENTON AND BO WMAN (1968)

t
10 20 30 40 50 60

Sample size (n)
70 80 90 100

Figure 3. Estimated gamma parameter y for various sample sizes. (Modified from Bridges 
and Haan — 1972.)
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about 3 percent when n is 100. These figures approximate the values shown in 
table.6 and in table 7 to be discussed.

Anderson and Roy's (1975) computationally simple procedure not only reduces 
or essentially removes bias but also reduces the mean square error by a factor 
of 5 or more. For small n and small y, this is important.
Their tilde estimator, y, is a debiased y and is computed as

y = ((n-3)y/n) + (2/(3n)).* (10)

Tables provided by Anderson and Roy are very instructive. A few values from 
their table I are repeated in table 7 for illustration of the results obtain­
ed .

Table 7.--Estimated means and mse of estimators of y (modified from Anderson and Roy, 1975).

n
5

10

40

Y Y
0.5 0. 990 (0.044)

2.,186 (0.763)
0.5 0.,656 (0.010)

0.,123 (0.010)
0.05 0..532 (0.004)

0,.013 (0.001)

y/0.5
1.98

1.312

1 .064

G( Y) G( y)/0.5
0.,534 (0.047) 1.068
2..183 (0.615)
0,.509 (0.009) 1.018
0,.076 (0.009)
0 .503 (0.003) 1.006
0 .011 (0.001)

Y
0.529 (0.018)
0.312 (0.117)
0.526 (0.007)
0.049 (0.004)
0.509 (0.003)
0.011 (0.001)

y/0.5
1.058

1.052

1.018

For example, with n = 5 and a known y (shape parameter) of 0.5, the MLE (y) 
of 0.5 is 0.990 with a standard error of 0.044. The estimator is almost dou­
ble the true value. The jackknife estimator G(y) is 0.535, much closer to the 
real value of 0.5, while the tilde (y) estimator is still closer at 0.529. 
Note, too, that the standard error of the estimators generally decreases as 
the true value is approached.

The improvement becomes smaller as the sample sizes increase. When the sam­
ple size is about 100, the reduction in bias is obtained through the use of

*Equation and modified table (table 7) reproduced here courtesy Marcel Dekker, 
Inc., New York, N.Y.

20



either the jackknife or tilde estimator. As Anderson and Roy indicate in 
their discussion, the tidle estimator, e.g., is not inferior to the jackknife 
estimator. In some cases it is considerably superior in terms of its mean 
square error (mse). The tilde estimator is also much easier to compute.
The NILE, the ME, and the Thom estimators give biased estimates. For the 

first two, Liliefors (1974)* suggests correction factors to obtain estimates 
with approximate zero bias and with smaller mean square errors. The approx­
imately unbiased estimators are obtained from y by dividing y by (1+3/n) and 
from y' by dividing y' by (1+2/n) and then subtracting 3/n.
The unbiased estimators of B are then given by

n(1 + 3/n) z x./ny and (11)
i = i

nz x./{[ny7(l + 2/n) ] - [3/n]} . (12)i = i
Essentially, the unbiased estimators of y divided into the mean give the un­
biased estimators of B. These are approximately unbiased and have smaller 
mean squared errors, B'1 and r"1. Equivalently, the divisor e3/n may be 
used for removal of shape parameter bias in MLE over the sample range n > 10.
For samples as large as 100 and y < 4, the mean squared errors of moment 

estimators of y tend to be 4/3 to as much as 5 (for y very small) times as 
large as those of corresponding MLE. Therefore, for samples where the shape 
parameter is less than about 2 and sample sizes greater than about 20, ME 
should not be used. For large samples and large shape parameters and where 
the MLE computer routines fail because of the cumulating logarithms, it is 
suggested that the ME might be used; though at the moment, the relationship of 
the mean squared errors is not known to the authors.

In view of the large variability of the estimates [Andrews and Barger (1956) 
and Mooley and Crutcher (1968)], removal of the bias may be questioned.

*Debiasing algorithms discussed here reproduced from unpublished paper with the author's permission.
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However, in view of the work reported above, the comments of Bridges and Haan 
(1972), and the work done in preparation of this paper, options are provided 
here to remove the bias. Bridges and Haan indicate that the parameter esti­
mates should be corrected for bias before probabilities are estimated. The 
authors agree with this suggestions as indicated previously.

Present Work
The information presented here is drawn from the tabular data in appendix A. 

After consideration of the fact that perhaps others could use the data, the 
decision was made to include these lengthy computed statistics. The data are 
provided as they came off the computer printer on different dates. For this 
reason, the physical appearance of the tables will vary.
Bias in the Thom Estimators (y)

STAT 10, column 1, tabular data of appendix A are extracted. These data are 
divided by the known or nominal shape parameter demanded by the computing 
algorithm. The rationale for this follows. If y1, y2 --- -  yn are independent
gamma variates with shape parameter equal to y^ y2,...., Yn> the Y - I -Y-j

nis a gamma variate with a shape parameter equal to z y. [Kenny and Keeping
(1951) and Lancaster (1969)]. Thus, two variates from a distribution of gamma 
variates of shape parameter 1 summed will produce a variate from distribution 
of shape parameter 2. Division of 2 by 2 gives 1; division of 3 by 3 gives 1; 
so, in essence, these numbers are standardized back to 1.

Figure 4 presents a plot of the estimates of shape parameters so standardized. 
The sample size ranges down to 2 which is below the sample size discussed by 
previous authors. The debiasing algorithms and e3/n so far shown are for 
sample sizes of 10 or more and do not serve well for smaller sample sizes.
The data appear to follow the same curves discussed by previous authors and to 
have essentially the same shape over the sample size range of 10 or more.
Please note the large scatter of estimates even for sample size 5. These 
estimates are based on samples having different sizes, different number of 
samples, and different shape parameters. All have the same basic scaling 
parameter, 3 = 1, and have been divided by the known shape parameter, y. Many
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Figure 4. Bias in the Thom estimator 7 of gamma distribution shape parameter 7.

of the estimates for sample sizes of 4, 3, and 2 are far beyond the scale of 
the vertical scale shown in figure 4 and are not shown.
The statement,

z = (n+a)/(b+cn+dn2+en3) , (13
for these data was examined. The last term was found to be unnecessary. The 
coefficient values obtained were

a = 0.72833, b = -1.99689, c = 0.99855, and d = 1.35491 x 10“6 
This expression, though it keeps the estimate at sample size 2 from being in­
determinate, is not quite sufficient either for it provides underestimates. 
Such a correction for the underestimates may be approximated through the ex­
pression exp [(n ) h- For any sample size except 2 where the co­
efficients above must be used because they permit to a first approximation 
z ~ (n+2)/(n-l) , the bias correction division factor then may be written as
z ~ ((n+<_)/(n-l)) exp [ 1 /(n^ ^ )]. The encircled crosses on figure 4
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I
indicate values for this expression.

There does appear to be some small dependence of the shape parameter for 
small n, though this in not certain due to the large variability of the es­
timates. For n > 10, the divisor (n+2)/(n-l) or its reciprocal (n-l)/(n+2) 
can be used as a multiplier. Further work may permit finer tuning of the 
above coefficients and the data.
Bias in the ME {y')STAT 8, column 1 tabular data of appendix A provides the basis for this 
discussion. Figure 5 provides the plot of these data each divided by the 
known shape parameter. The encircled crosses depict values of the expression 
Z" = (n+3)/(n-l) exp [ 1 /(n(n"3}72)] - This expression of z~ may be used as 
a divisor for correction of any ME value. For sample sizes greater than 10 
where the exponential factor goes to 1, the divisor (n+3)/(n-l) may be used.

3 —

:©A

MOMENTS ESTIMATOR - j'

x = p' y'

,2 = as')2 V
y/ = (x/s)2

© = ((„ + 3)/(n - A) exp [l/(n(n'3)/A]

_© 7 = 1,2,3. 

S = I

©
©

© ® © $ -©-

| i l i I i I i I i 1
10 20 30 40 50 60 70 80 90 100

Sample size (n)

I I—L _i_Li_-L-i l t I—l 1000 -

Figure 5. Bias
in the moments estimator I'of gamma distribution shape parameter 7-
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Bias in the Estimators of the Estimators
As the values given in columns 8 and 10 of appendix A are shape parameter 

estimates of gamma distributed variables, bias is inherent and must be cor­
rected. A special run of the data (debiasing each sample estimate prior to 
computing the statistics of an ensemble of samples) effectively removed the 
bias in the ensemble data, column 1. Bias still remained in the estimate of 
the shape parameter of the shape parameters. The mean square error was re­
duced, of course, by the square of the debiasing factor.

VI. CONFIDENCE BANDS
General

There are three parameters of the gamma distribution to be estimated. These 
are the origin, scale, and shape parameters. There is also the problem of the 
mixed distribution such as in precipitation. The interplay of these parameters 
is complicated. Therefore, certain assumptions are made in this section, 
whether justified or not. Negation of any of these will create less credibility 
in the output. At the moment, this procedure is followed until further assess­
ment of the problem can improve the situation.
Disregarding the mixed distribution aspect, the problem resolves down to 

consideration of the three parameters. If the origin is zero, as in the case 
of precipitation, the problem further resolves down to the two parameters, the 
scale and the shape. Presumably, the bias in the estimators will have been 
removed so that only the imprecision of the estimates need be considered.
This imprecision is, of course, the basis for the need for visual and numeri­
cal assessment of just how good the estimated cumulative distribution is.
The mean and the shape parameters are independent but this is not the case 

with the scale and shape parameters. As Mann et al. (1974) point out, no 
general method has been developed to obtain confidence intervals for the scale 
parameter. A procedure to place confidence bands on the line of best fit 
would be to develop the interval based on the imprecision estimates of both 
the mean and the shape as these are independent (Shenton and Bowman 1970); and 
the confidence interval would be the product of the two imprecise elements 
which would permit solution of the scale imprecision. Such independence is
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supported by a plot of data and nonsignificant correlations. The plot is 
not shown here. Distribution of the mean and shape parameter then would be 
expected to be bivariate elliptical. The choice of the above procedure for 
confidence bands results in bands widest in the central portion of the cumu­
lative curve with convergence at the end points. Selection of the bands based 
on the product of the probabilities results in the selection of a special por­
tion of the bivariate distribution. For this reason, this technique is not 
discussed further.

Binomial Bands
The binomial theorem is often used to assess confidence intervals for para­

meters. As pointed out previously, Friedman and Janes (1957) use this to 
establish confidence intervals on the shape parameter estimate, y. They as­
sume that a data sample of 30 or more is required for small shape parameters 
such as those which often characterize weekly rainfall amounts. The usual 
assumption in assessing confidence intervals is that the variable is normally 
distributed. This is not the case, particularly for small samples. In fact, 
the gamma parameters are gamma distributed as indicated in this paper. For 
the mean, invoking the Central Limit Theorem, the distribution of the means of 
a gamma based population is approximately normal for a data sample of 30 or 
more. Therefore, the use of the binomial bands is not discussed further here.

Crutcher-Joiner Bands
For very large, but not too extremely large y, the normal distribution can 

be used to approximate the distribution of the shape parameters of the means 
and of the shape parameter. Reference now will be made to the tabular data
of appendix A.

In the case of the distribution of the mean ,
y of y = ny . (14)

For example, in a sample of 100 from a population with shape parameter 1, the 
shape parameter of the mean is 100; so again, it is only in the large (but 
not too large) samples that the normal distribution can be used for approxi­
mation. If the shape parameter were 5 and the sample size 100, the estimated
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shape parameter of the distribution of the mean would be 500. Figure 2 
illustrates this. The figure shows n/y.

For gamma of gamma, except for n = 2 where y of y is defined as 0.2, the 
expression,

Y of y = ((n-2)/(n+l))(0.575n)e"(3/n) , (15

appears to serve well. Figure 2 also illustrates this.
Tabular data of appendix A, illustrated by table 3 for the quantile per­

centile distributions, are now viewed. Few of the statistics presented per­
mit assumption of the normal distribution to describe the distributions. In 
the first column are the percentiles. In some cases the percentile identifi­
cation may be misleading because of programming difficulties. Some care must 
be used when comparisions are made. For example, the 5 percentile level in a 
sample of 20 would be the first, while in a sample of 30 it would be halfway 
between the first and second, though the second may be selected and marked as 
the fifth percentile quantile value.

If the data are to be plotted on the graph with the line of best fit and 
with selected confidence bands, then some further decisions have to be made. 
Plotting procedures were developed by Crutcher et al. (1973, 1977). In con­
tinuation of these techniques, the three graphs of the expected line of best 
fit and the line of the selected probability levels could be placed on the 
same square. The 45-degree line representing each could be superposed but 
the quantiles (magnitudes of the original data) would have three scales and 
the quantiles (representing probabilities) would also have three scales.
Visual comparison would be difficult.

Perhaps a better pictorial representation would be to have the same base, 
same quantiles, but three lines respectively representing the lower bound, 
the expected value (mean), and the upper bound. The bands would not be 
symmetrical about the expected line of best fit.
The debiased estimates of the shape and scale parameters of tabular table 

2 type data (from column 1, STAT 10 and STAT 11 values) may be used to com­
pute the quantile values for the indicated percentiles of table 3 type data
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(column 1). These, of course, will not match exactly for small samples or 
higher percentiles simply because of sample variation and the apparent trunca­
tion of the larger numbers. It also may be, in the case of the latter point, 
that the sampling is not extensive enough. The empirical shape parameters of 
the percentile distributions of gamma variates shown in column 10 are used to 
obtain the general algorithms to obtain the shape parameter for the respective 
selected percentiles.

Table 8 shows the approximate algorithms generally as a function of yn to 
obtain the shape parameters to be used for the quantiles of the various per­
centiles. These are crude empirical relationships and can only be simpli­
fied by more extensive sampling and by more intense study of the in­
ternal relationships among the data. This will be done, but the ones given in 
the table will perform acceptably. The percentile 1 and 99 values are shown 
in table 8, though only a few values were obtainable from appendix A to deter­
mine the approximate shape parameters. It takes samples of at least 100 to 
obtain the 1st and 99th values in the ordered set of data to approximate the 
1st and 99th percentiles. Samples of 1,000 taken 1,000 times for a shape 
parameter of 1,000 would be better; but each ensemble then requires, as stated 
previously, the initial computation of one billion random numbers before any 
processing begins. Such computation is not beyond the capability of the com­
puter but it does require an immense amount of time. Further development of 
these percentile values is left for the future when more time is available.

Figures 6, 7, and 8 illustrate 0.01 and 0.99 probability levels for gamma 
distributions of shape 3, 5, and 5 for respective samples sizes of 10, 50, and 
1,000 based on information extracted from appendix A. Tables 9, 10, and 11 
provide the computed data for plotting.

Figure 6 is an illustration for a small sample of the determination of con­
fidence bands on a gamma distribution of mean parameter (3), shape parameter 
(3), and scale parameter (1) developed from data taken from appendix A for 
1,000 samples of 10 each. The debiasing multiplier is (n-2)/(n+l) for the 
mean of the shape parameter, STAT 10, and for the shape parameters of the 
percentiles. In the first case this is (10-2)/(10+1) or 0.7273 and in the 
second case it is (998)/(1001) or 0.997.
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Table 8.—Algorithms based on the number (n) in the sample and the debiased
shape parameter {*') to obtain the shape parameter of the quantiles 
at the various percentile levels.

Percentile
1 
2 
5 

0.013n(y )1*4
n*^ [(r)°-475/(38.84 + 0.4y )]
nr [0-04 exp((0.25(n-2))/(n+1)) exp((y -1)/(y +0.5))]

10 
50 

n* [exp((y -1)/(y +1))]/"10
0.45n(*)2/(0.316 + 0.706y )

90 
95 

nr [0.575 exp(-(y -l)/(5y ))]
n* [0.575 exp(-(y -l)/3y )/(l + 0.00015n)]

98 
99 

(9.2 + 0.3n)(0.5y + 0.5)
(1.542 + 1.449*"+ 0.102n + 0.097ny )

QUANTILES

PROBABILITY

Figure 8. The central 0.98 confidence band of a gamma distribution, 
mean (5), shape (5), scale (1), sample size (n = 1000), num­
ber of samples 500.
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Figure 7 illustrates the determination of confidence bands on a gamma dis­
tribution of mean parameter (5), shape parameter (5), and scale parameter (1) 
for 1,000 samples of 50 each. The debiasing factor is the gamma multiplier 
(n-2)/(n+1).

Figure 8 illustrates the determination of confidence bands on a gamma dis­
tribution of mean parameter (5), shape parameter (5), and scale parameter (1) 
for 500 samples of 1,000 each. The debiasing multipliers (n-2)/(n+1) are, 
respectively, (998/1001) and (498/501) for the STAT 10 value and the shape 
parameters of the percentiles.
The increasing precision with sample size and the consequent narrowing of 

the confidence band to the theoretical line is evident. This theoretical 
line is that obtained from standard gamma tables.

Computation of Confidence Bands From a Sample of Data 
The confidence bands are obtained as follows:

1. Take a sample of 50.
2. Through standard procedures, compute estimates of the mean (x), shape (*), 

and scale (b) parameters. (See Crutcher et al. (1973, 1977).)
3. Debias these estimates as indicated in the paper by multiplier (n-2)/(n+l).
4. Compute quantiles for selected levels of probability, e.g., 0.01, 0.02,

0.05, 0.10, 0.20, 0.50, 0.90, 0.95, and 0.99. These are the expected
values or means of the percentiles.

5_ ★. Compute the shape (y)' parameter estimates of distribution of the quantile 
distribution of (3) above by means of algorithms for the 0.05, 0.10, 0.50, 
0.90, and 0.95 percentiles (table 8). The shape parameters of the 
percentile quantiles increase in magnitude to the central portion of the 
distribution and then decrease again. These must be debiased by multiply-

by (n-2)/(n+l) where n is the sample size. The scale parameter esti­
mates are obtained by division of the percentile quantile means by the 
debiased shape parameter estimates. These may be plotted and some very
approximate equations developed for modification after more simulation and 
use.

_ •£■6. Compute the scale parameter as x/(y) .
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7. At each percentile of the distribution, compute the needed quantile for 
the confidence bands selected, for example, 0.01 and 0.99.

8. From step 4, for probability levels of 0.01, 0.02, 0.05, 0.10, 0.20,
0.50, 0.90, 0.95, 0.99, plot the quantiles on the abscissa and mark with 
the probability level. These will be reference points for all further 
plotting.

9. The ordinate should be marked in terms of the scaling parameter times 
the corresponding quantile values of step 8.

10. The plot should now be a square with a diagonal line running upwards to 
the right, probability levels increasing on the abscissa from zero on the 
left, and quantities or units of the variates increasing upwards from 
zero on the left. The diagonal line represents the cumulative distribu­
tion or line of best fit.

11. At each probability level of the quantiles from step 5, proceed upwards 
along the abscissa and mark with the quantile value obtained in step 7. 
The lower confidence band will diverge from the lower left-hand corner at 
zero, then converge slightly to the central part of the distribution 
(mode), and finally diverge separating quite broadly at the high end of 
the distribution. The upper confidence band will be indeterminate (°°) at 
zero, then drop rapidly and converge to a minimum near the mode, and 
finally diverge rapidly at high probability values.

Bartlett-Linhart Bands
As Mann et al. (1974) indicate, no general method is yet available to obtain 

confidence intervals for the scale parameter. Difficulties exist involving 
the lack of dependence of the shape parameters for functions of the maximum 
likelihood and moment estimators of the scale parameter. For confidence sets 
Y (the shape parameter), the statistic

eA = E x./n/( tt x.)1/"* O6)
i=i 1 i=i

*Reproduced from H. Linhart, "Approximate confidence limits for the coeffi 
cient of variation of gamma distributions," Biometrics 21:733-738, 1965. 
With permission from the Biometric Society.
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is sufficient and has a distribution independent of g, the scale parameter. 
Bartlett (1937) shows that A approximately has the distribution,

A = [(1 + (1 + 1/n)/6y)/2ny)] x2 , (17)
n-iwhere A is the logarithm ratio of the arithmetic to the geometric mean of the 

data as used to obtain the thorn (1958) estimators. A is already available 
generally from the estimation of the shape parameter.
Linhart (1965) demonstrates that this approximation works well for shape 

parameters equal to about four or greater and, in general, where the lower 
confidence bound will be not less than 1. The A above is equivalent to the A 
of Thom (1958), the A of In 1/A of Mann et al. (1974), and the Z of Linhart
(1965). Therefore, given the number of data, the degrees of freedom are 1 
less than that number.
Equation (17) can be solved for y, the shape parameter, either by iteration 

or by the quadratic equation. The positive portion of the quadratic equation,
y-=K ± K(1 + (4(n + 1 )/6nK))^/2 ,

is used. Here, K = x2^n_1^/2nA. A check can be inserted by substituting the 
derived y value A into the equation preceding the quadratic formula derivation. 
A difference of zero to four decimal places should be obtained between the A 
value originally used and the one obtained after the substitution process.
The estimators for the confidence sets should be debiased in a similar 

fashion.
By use of the shape parameter estimate obtained in the above fashion for a 

specified confidence set probability, e.g. 0.025, appropriate (or specified) 
probability levels and quantiles may be computed and placed in tabular form.
The assumption made now is that the scaling parameter is invariant, and the 
mean parameter estimates are obtained by division of the estimate of the 
scaling parameter debiased estimate by the mean parameter estimates. This is 
one approach, but it does not suffice for confidence bands where the scaling 
parameter is not invariant.
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Table 9 --Development of confidence bands for a gamma distribution, mean para- meter (3), shape parameter (3), scale parameter (1), and 1000 samples
of 10 each.

O) (2)
1Sample

XBAR

(3)
1Debiased(8/11)

XBAR
STAT 1STAT 10STAT 11

3.0234.0630.9164
3.0232.9551.023

(1)
Percentile 

(2)
Quantile 

(3)
Theoretical or 
expected

(4)
Gamma*Y

(5)
Debiased
gamma(998/1001) 

★ "Y

(6) (7)
The Central 0*98 confi­dence limits of quantiles for each percentile

0.01 0.99
TJTT0 0.9729 1.1021 4.572 4.558 0.2285 2.3310
0.20 1.4290 1.5350 8.668 8.642 0.5441 2.7958
0.30 1.7820 1.9138 11.70 ■11.664 0.7954 3.2149
0.40 2.1650 2.2851 14.50 14.457 1.0633 3.7057
0.50 2.5520 2.6741 16.13 16.082 1.3076 4.2609
0.60 2.9710 3.1054 18.54 18.484 1.6019 4.8091
0.70 3.4170 3.6156 20.45 20.389 1.9057 5.4194
0.80 3.9780 4.279 20.31 20.249 2.2139 6.3193
0.90 6.2280 5.322 19.26 19.202 3.4032 9.9974
1.00
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Table 10.--Development of confidence bands for a gamma distribution, mean
parameter (5), shape parameter (5), scale parameter (1), and 1000 samples of 50 each.

(1) (2)
Sample

1XBAR

(3)
Debiased(48/51)

1XBAR
STAT 1STAT 10STAT 11

5.0015.2880.9842
5.0014.9771.005

(1)
Percentile

(2)
Quantile

(3)
Theoretical

orexpected

(4)
Gamma

★Y

(5)
Debiased
gamma(998/1001)

(6) (7)
The Central 0.98 confi­dence limits of quantiles for each percentile0.01 0.99

0.020 1.374 1.529 11.09 11.06 0.59 2.50
0.050 1.755 1.969 22.37 22.30 1.00 2.71
0.100 2.367 2.433 51.22 51.07 1.65 3.18
0.500 4.633 4.680 140.50 140.08 3.75 5.56
0.900 7.820 8.000 125.00 124.63 6.25 9.48
9.950 8.582 9.150 105.70 105.38 6.72 10.58
0.980 9.914 10.580 71.42 71.20 7.34 12.77
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Table 11.--Development of confidence bands for a gamma distribution, mean para­meter (5), shape parameter (5), scale parameter (1), and 500 samples 
of 1000 each.

(1) (2)
Sample
XBAR

(3)
Debiased(998/1001)

XBAR
STAT 1STAT 10STAT 11

5.0025.0190.9985
5.0025.0040.9996

0)
Percentile

(2)
Quantile

(3)
Theoretical

orexpected

(4)
Gamma

Y★

(5)
Debiased 

ciamma (498/501)

(6) (7)
The Central 0.98 confi­dence limits of quantiles for each percentile

0.01 0.99
0.010 1.261 1.281 136.7 135.9 1.023 1.526
0.020 1.520 1.531 275.9 274.2 1.313 1.741
0.050 1.968 1.972 545.4 542.1 1.777 2.169
0.100 2.437 2.434 1014.0 1007.9 2.264 2.621
0.500 4.668 4.673 2955.0 2937.3 4.472 4.873
0.900 7.988 7.996 2621.0 2605.3 7.638 8.366
0.950 9.130 9.155 1822.0 1811.1 8.636 9.634
0.980 10.540 10.582 1030.0 1023.8 9.784 11.316
0.990 11.570 11.606 653.9 650.0 10.541 12.650
0.995 12.500 12.595 441.7 439.1 11.167 13.945
0.998 13.510 13.862 255.0 253.5 11.616 15.563
0.999 14.260 14.795 174.7 173.7 11.869 16.890
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The use of the parameter estimates should be internally consistent. That 
is, the biased and unbiased estimators and their confidence sets should not be
mixed. For example, unbiased confidence sets should not be used with biased 
estimators.

An example is now given which illustrates the fitting of an observed set of 
precipitation data and the construction of the two types of confidence bands, 
those developed in this paper and those representing an extension of the 
Bartlett-Linhart technique. This extension is based on the assumption, which 
may not be valid, that the scaling parameter is invariant.

Cincinnati, OH, Precipitation
The Cincinnati, OH, May precipitation data, 1957-1976, shown in table 12 

provide the basis for this example of preparing confidence bands on the gamma 
distribution model used to approximate the data sample.

The following parts of table 12 provide pertinent information:
(a) The data in inches identified by year.
(b) The estimates of the parameters, mean, scale, and shape and the

debiased values of the scale and shape estimates.
(c) The estimates of the shape parameter estimate and the debiased

values for selected percentile values and the confidence bandwidths
0.01 to 0.99 probability for each percentile. These are derived
from algorithms of table 8 (this paper) and an inverse gamma routine
from Crutcher et al. (1977).

(d) Data for plotting observed data against the background of the line
of best fit and confidence band developed in this paper. This per­
mits visualization of the fit of the model to the data as in Crutcher
et al. (1973).

(e) The ratio of the logarithms of the arithmetic and geometric means.
(f) Development for part (e) of the confidence band based on the

Bartlett-Linhart confidence interval of the shape parameter
[Bartlett (1937) and Linhart (1965)].
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Table 12.--Gamma distribution confidence bands for the Cincinnati, OH, Mayprecipitation data, 1957-1976. Year (y) and precipitation (p, in
inches). Sample size is 20. Origin (α), scale (β), shape 
(γ), The overbar indicates averaging.

(a) y
19571958195919601961

P
5.745.332.923.227.31

y
19621963196419651966

P
3.642.731.131.462.42

y
19671968196919701971

p
5.649.482.051 .883.31

y p
1972 6.02
1973 3.46
1974 5.53
1975 3.11
1976 1.80

(b)
n
20 

Mean (a) 

3.909
Origin (b) Scale 

1.0974 
(*) Shape 
3.5619 

(b 
Debiased

) Scale (y ) Shape
1.2803 3.0531

(c) Percentile(1)

.05.10.50.90.95

(2)(6)/(4)
B (Scale)

0.23400.1673 0.1200 0.2626 0.3404 

(3)

* (Shape)
5.3932 10.1331 33.9421 30.6921 27.9760

i-- Confidence bandwidths- - - \(4) ' (5) (6) (7) X
Percentile Quantile

*'(Shape) 0.01 0.50 0.99
0.2575 1.0819 2.5800 4.8623 0.5547 1.4528 2.8381 8.6855 2.1637 3.4914 5.1709 29.0932 4.1649 6.9084 10.4214 26.3075 4.7903 8.1621 12.531923.9790

(d) Sequential
order

1
2
34567
8 
9

10

Data 
5.745.332.923.227.313.642.731.131.462.42

Ordered 
data
1.131.461.801.882.052.422.732.923.113.22

Emp. Emp. Emp. Data/ prob. prob. beta (b) prob. 6=1 B=Beta0/669 - - 0.8560. 883 0.02780.0775 1.015 1.3001. 140 0.1272 1.265 1 .6201. 406 0.1770 1.481 1.8961 .,468 0.2266 1.679 2.1501.,601 0.2763 1.869 2.3931 ,,890 0.3260 2.056 2.6322,.132 0.3757 2.187 2.8702 .281 0.4254 2.431 3.1132 .429 0.4751 2.626 3.3622 .515
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Table 12.--(continued)
Sequential Ordered Data/ Emp. Emp. Emp.order Data data beta (3) prob. prob. prob.

6=1 3=Beta
11 5.64 3.31 2.585 0.5248 2.830 3.62312 9.48 3.46 2.702 0.5745 3.045 3.89913 2.05 3.64 2.843 0.6242 3.278 4.19714 1.88 5.33 4.163 0.6739 3.532 4.52215 3.31 5.53 4.405 0.7236 3.816 4.88616 6.02 5.64 4.319 0.7733 4.144 5.30617 3.46 5.74 4.483 0.8230 4.538 5.81018 5.53 6.02 4.702 0.8727 5.040 6.45319 3.11 7.31 5.710 0.9224 5.760 7.37520 1.80 9.48 7.404 0.9722 7.168 9.171

(e) A = Inp - J = 0.14699

(f) Bartlett-Linhart central 0.98 confidence band based on the shape para­
meter estimate under the assumption of constant scaling.

★ - *' *' *' *'x2 X2 Y Y y 3 3 3(0.01)(19) (0.99)(19) 0.01 0.50 0.99 0.01 0.50 0.99
7.63 3.62 1.2462 3.0531 5.5233 1.2803 1.2803 1.2803

Percentiles (1) (2) (3)
0.0001 0.0009 0.1179 0.76690.05 0.1337 1.0820 2.86550.10 0.2419 1.4528 3.50000.50 1.1948 3.4914 6.52170.90 3.4795 6.9084 10.93270.95 4.4262 8.1621 12.46140.995 7.5134 11.9927 16.97550.9995 10.5565 15.5619 21.0445
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Figure 9 represents the gamma fit of precipitation data at Cincinnati, OH, 
1957-1976. The central 0.98 probability confidence bands computed by tech­
niques developed in this paper are shown. The data are plotted against the 
fitted background so that visualization of the fit may be made by the reader.

Figure 10 represents the same situation as in figure 9 insofar as the line 
of best fit and the confidence bands are duplicated. The data plot is removed. 
The central 0.98 probability confidence bands based on the Bartlett-Linhart 
derivation of the confidence interval of the shape parameter and the authors' 
assumption of an invariant scaling parameter are added. The differences be­
tween the two procedures are evident. The technique based on the Bartlett- 
Linhart shape parameter confidence interval apparently will be asymptotic to 
the slope of best fit at high probability levels, while the technique developed 
here will diverge.

—10

QUANTILES

PROBABILITY

poEgl
is
I§;

Figure 9. Cincinnati, OH cumulative precipitation probabilities, 
May 1957—1976 with the central 0.98 confidence band 
of the fitted gamma distribution, mean (3.909 in), scale 
(1.2803 in), shape (3.0531).
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Figure 10. Bartlett-Linhart central 0.98 confidence band of cum­

ulative gamma distribution representing Cincinnati OH 
May precipitation 1957-1976 based on the confidence 
interval of the shape parameter estimate (1.2462-, 3.0531-
/i4«SS»( V ~Land an invariant scale Parameter estimate' 
(1.2803). Crutcher—Joiner confidence band from Figure 
9(----------).
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VII. PLANNED FURTHER WORK
1. More replicate runs are planned to improve the estimates given in this

paper.2. A study will be made of the three-way relationship of the mean, scale, and
shape parameter estimates to determine whether the procedure developed
here for the scale parameter estimates can be improved.

3. Improved algorithms will be sought for those given in table 8, particular- 
ly at the very low and very high percentiles.
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APPENDIX A
Tabular Output of GAMTST Program

Simulation output of the gamma distribution 
statistics for selected known (nominal) shape 
parameters and a scaling parameter of one.
This output is reproduced from working copy 

output. Intensity and legibility will vary 
from table to table and page to page. These 
data are included for those who wish to verify 
the results given in this paper or to develop 
their own algorithms.
Much information is contained in this appen­

dix which has not been discussed or developed. 
Because of the immensity of the calculation 
problems involved in Monte Carlo simulations, 
only selected combinations and replications 
were made. Further work by the present authors 
or other investigators will undoubtedly improve 
the techniques and improve and extend the set 
of algorithms.

The order of presentation is by nominal shape 
parameter, number of sample, and then sample 
size. For the number of samples, the *000 re­
presents 10,000.
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UJ LU kO UJ UJ IL kL..  UJw  UJ>u  U.».  LÛ LU UJ IVU UJ LL ju UL! lU U. LL LU ILL' LU LU LL U c c c c c c c c c c c !C C C C C
n- cm cn oo sr O'Uo.mho 'OinoHh j< U LU u. LU Lu iU LL’ U U U Ullu IU IU' U Uo iri;e cc.iin c cci cm cc ^ ico co m o-»r--(Onco>o>j- |UJ Uu  U LL

cm m r- c I V! 4 I m r>* o cm 
<x>^|rMOI*-«gri^-< 4 h a o i«r «c a  cv  |«4 c -oc cv ^ mcosoeocsiiine^mrsi im  oo co mO' <t C?\ c\i cm g e >G CM CC cm

- <r ^ ~ *  moco-H—iinjmoe-eeC |H CM ICC 4 H o ® 4 h h csj h ■ u o gr — c in m G m h-i m ■>r *c cc rr a..    cv | + fc-, if r i-4 CC: ir ic OM-e^oec-r'-jj-ee^ w N H n N 
O C C C C G |c C C C C in. ior u cviHfc

c c c c c |ccc o'cojc cccic j

I
c ccc ,••••• • a a a ajccccccjcoccc • • a a a|C C C c c

cm;o o •-« m fo o o o 
(M Csl h-i o O HdkOOlMdkbOHHHO —«|0 0,0 o c ojo oio O GO c O j(M CM hH o O jo »H c o o c io o c c o :»h cm I'miOHHHHio c e c cI I I i1 * i» C -  o o ; i  H c c :o c c c cUJ Uj j LU L to o c c cLU’ UJ iUJ kL' UJ I i i (CM M O OI c c  (   

 Z I I
CL O CO ao C ---------------------...... |tu U U U U UjL.lLU. lLLL

<-*
csi >o o m ju U LL u U i.1 • 1

'O ■ u u oerHomjoommmc- LU LL 1 LU' U U U UT ft) < 4 O (M OH iflttOOinoo ju LU U U u
m n >r m e N <0 4 h O' x m <<X -• iCC OH^injsMn o m rg •4- -4- io o e me jo e m o co-•»Ci'tr ■ m r- h o —< e i 1 » • •

memo <t O' i CD O O B Ji H OH t3 B o O' rn>Ob«OHiniO -O —* vr r j—• moo h> e *-* om ir, e g CD O >T• *i • ;CM 00 m >J- r-t m )CM r-* CM CD CC H 4 N n i jme  *hu« Hj>4-  mm  hm  ctvm  e>4o o o c o o OOOOO (OOOOO toI • • • • a a | a a a a a —• im   o e j • a • a a mm —« m H-i e h .o <o
a jooooocjcoooo

•-*
lO O G O Oa jO OOOOO IO occc ioocco

'OsOoml'O'Or^or- a-o m >o O1 o >o _ c~ o i^- oor-^'OiH- fea jeo r- o oo -i o o o o o o o o o OOOOO a |0 (•till r—i oooojooooot • I I I I I I I I !o o'o c o c mo o o n ir- o o jo 
I.1 1 I I I 111 I I I I •^oooojooooo to c cooUI UJ LULU LU UJ UJUJ UJ LU U u< u u u u i rlu u is i • i » ii i i i iO (M;r» rsi O Csl f- o o  m UU LU UJ 1U U U U LU :» » I I »cm >ommr«- UJUJ UJUJ

mom o cm m rsi vO lu U LU U’ uK1NOO HO <m enme e—«on n in in m m . i m» m m uMuvOrviHgjroHmog ( murs«u s>u oj mu mu mu uto um  Kl o m >4 oj —i m c~ in oo o m ^ e rsi m 4 io o g in bes o* ;vO ao <j »h —»maoek)m>B-m<M omm^oiomeo^- -i- e m cm cm e o <  e e HgrtO' rg m   e m
minm«o^mHnm cm cm OBnONJ-iinHOM^H so cm m m h-» e o cm mmr~(M(^sM<Mem 4-coO OO O O O O O o o o ]•••••• a a a a a i • • • • a •-* (M t\J O 00

jo o o o o o o o ooo jo o c o o io o o o o o io c o o o o o o c c< Ix O H H H PJO H Or-* O <in O 0,0 0,0 OjO O O O o 'O BHHHNjHH OH O r* o o h ^jo OOOOO lOOOOC X H.OHHHN.OHOH Ojo o o c o OOOOO oo o o o oUJ U ; LU LU U UjUUUULU 
< CMNH(MHK)i4(M^ Hio UJ LU LU LU LU U |LU LU LU LU LU ju u u u u i

JcMTOvommin:o>»-~«me UUULUIUU;UUUUJU Z - moecoo>r|S o>rn<r jr~mmoor- LU UJ u u u o m m m
o —* ico ^om^inociommem in rn O ao r~ >4 o rgo, m o m  cm co csi m  e o m o n~ h~ one o o

X. 00 CM 00rH CMjrH H g- nb H n H p. eoonjj-no-Hr-or- ,Hlf>-CMC0»-ieiCMCM>4CM'4
:4 o 'O h in O H (NJ s4 (\J *c CM CM OBO vOPJ Ob  4 H .}•CD • • •• • a J a a • a a i£M\iHHinH|HHinHO' h h Hffl H ® 

i—i NHH^MiO' HinnovOOOOOOOOOOO • ••aaaaaaaa im H yO cm cm m • <} CM CM(OOOOO ;2r ■o OOOOO lOOOOC • • • a aOOOOO ......... a a a aaa • •aaaooooooooooo c o o c o
—• ryun 4 m ob o o o —* U 1 ifslfl 4 m Ojffc n O' Oh :m o o o m —• rgm^-mor-aaeo-H m o o o m —* m e e

-•m e e

I— I— t— h- t— k— b- h- ►— H-
I— I— ►— ►— ►— C— t— L— f— OUUUl *— *— k— ►— ►— ►— I— »— J— j— <<<<!<<<mcnmintninintnootncn a c. o. a a u u u u u uo oo un uo in', cntnuntni/) • *— •— •— »— •— *— H— t— l— U U U U Ua. q. a a a. inmincnmmminminin o. o. cl a a

A13



_4 r-t^OOO'-'f'dO—  r-l r-l O
oo occcoccooooocooo l I I I'li II I I I I I II III 111 m Lii LU 111 UJ LU UJ UJ UJ UJLU UJ LUl LU LU UJ |LU

LLJ UJ LU UJ LU LL LU UJ LU UJUJ UJ njO'OinO'-^r-ooc o m >j- o o • r-*
< coO'fo f— "-t p- O'*  ®1  csjo vO m < oo 4 r l-ONOHOinococ >0 <trc\ •OCIHO

,_i t— r-oo'O'incincocM .—« o O' *-• w >£J ^ N <}■  
(HOHO'0't'f(000> •—« O co in CO O KM

f—4 ixj inO't'OOoooow P- to O' O hON >o I -4 1-4 N <t K r
co fC| 4 r—« »—I (NJ (\l «0 f— 1—1 ~jOr-icMCM—j-jcocm

OOOOOOOOOOO ooooooio
ooooooocooo o o o o o o o

fMO^^^r-MMCMCMtMM CM CM CM )fM
PUO^^^r-ir^cMCMCMCM f—4 r-4 r-4 CM CM CM CM ooooooooooo ooooooo
ooooooooooo o o o © © o c

UJ LU LU UJ LU LULL LLI LU UI LU UJ UJ UJ UJ UJ ID lUJ
UJ LU UJ UJ LU UJ UJ UJ LU UJ UJ UJ UJ UJ UJ UJ UJ UJ oomm—^rOf-mC'Okn

< hOh'O'tO'OOh^O >!■ in in o ^ 4- o '- in
uoJ'Or^winMi'NOD comO'-tM r-jo

o 2- ic^-or'OOCiA-' r* cm cm cm m m O wooo^M^'OooDin \ m jr-cm -o cn o in c
—t 21 (f)0'OOON^(<''t OO ro •—« m m -o —• f- o O' ® •t h »—4 p—4 rci cm .h >t m N -t • i«n jcM

r-4 cm 4 cm co co cnj • •••••••••• -1 -
o «•••••••••• *•••••• ooooooooooo oooooop

o c o o © c o o o o c o CO o o c c

CM O *-•«-• O O —I —4 -4 -• O <O O O -4 r-4 r-4 ooooocooo
ocooooooooc o o o o o c o I It lit
I It I I I I I III! UJ LU UJ LU LU LU )UJ UJ UJ UJ UJ UJ LU UJ LU LU UJ LLI 111 LLj UJ UJ UJ UJ LU UJ UJ inoco^omH'f't rcy oo t <t o cn o CO O

< coor-OLnincomcMror-i r-t m r-» Is- ao in —• 
sO C> O O IflCOtVlTl't.'t^N r-4 > -t in O O' « iO

X f— O4'0r-iCC40'C'4C  O' I- O' coomocM'-<f-0'0 m o - 1-4 mH (^N O' ^ O' o 4“'®
fj\ q_ tOOh -J- (f| if\ 20 O O iA «oo m m m (rc> m «-• « I O'
j f-cr-cC'-'4mcocMr-«{M in cm -—* •—* • •■-* cm 
< ................................................................. • •••••• ooooooooooo ooooooo

ooooooooooo ooooooo

no-i^^o;n(mnn(m
rNi0_(_4,-.0'-4fM'M'MCM H -I --I !M N (M N ooooooocooo O oio I
ooooooooooo ■o o o o o o o

LU UJUJ11 . ill III til I LI UJ LU UJ UJ LU UJ LU LU jLU LU LU LU LUII! lit 11 l ill H) LU UJ UJUJ LLJ UJ inmaooaoni|incoof-i3'
u

 r oiO' o r-
j

o - -•  o-'0'®iftO'4,r^--*Nu o <i r* ^ n -t » jvO >o c oo mfMmW'Oi'tHNW'O n e « <t
tx incopn^'ONiftOcO'O cnmocnr——‘CMr-cMO-r jin 0 -0 so kn c*v nr—i m © 4 r- oro <. r--»-aor—CMOr-U'-Jmcriru U» m i-4 CMi-f l«l N
X omin4r*4r-'-4CMrM'-4 n-h  Ocm'  n4  cmo  fco*'  m Hcm  j j
in ••••••••••• • •••••• ooooooooooo joojoooco

ooooooooooo C O CO o o o

I ,—I r—I r-t r—4 r—4 CJ H OOO-'NH L(CM  CM »—1 4 •—« rL—4 w—t
r-tOOO'-^njO'-*— o o o o o O jOOCOOOOOOOOC o o o O O O o it ! t o o o o

I I I I
II fill I I I I I I   ill  ill LUjUJ UJ UJ UJ UJ LU UJ UJ UJ UJ UJ UJ UJ Id uju j lu uj  iii iii iii UJ UJ LU uj uj u-1 oo -t> r- m o o ̂-i O' CO •- 4 ro cm C ® n Oo —1 in -o ao m c*> «o jo 4 cm m >o cr «n « 4 c r-

cor-cof-fM-©oinro cph >0 •-* cm cm O' m cm —4 ao ao O O 40 M
O' p pop-©©40f- <t (C| H H r<l -t -O H in m r-41 n © •—11  co - co © <7* * ' 4 —4 CM CM CM jCO 4© —I O' O'  <^ cm c   r- • CM 4 cmm © i/>

c• o•o•o•o•c•c• •o•o• • •••••• c o o c c o o c oo•c occcocc

HiHr4lr4 QEi
|LU UJ LU LU LU LL LL ID LU LU LU LL {IDj UJ 111 LL. UJ U.1 Uj I U, UJ LU UJ UJ UJ UJ jo f— .co O -O CO l CM CO m CM 0 m 

- tn 4 rO r-t > - CM c ■ m m r- in cm p- r- co in o3 (4 —* >o I— cn  o m 
i m cm © © m   4 O' cm 4

i a* p» o co --» co r cm cm
m O' f- O' f- 4 :o o r— o cn o m o o om   o 

) m o r* -f o h r > © o S4 >C\cc  ir e i r  cr *r
rr J cv 4 jr- 4 —* ur 4 fv cr cm cm M- 4

r r r-4 C"«-» cv  * j • •• •' • • IP.
• • • • * • • • j© o o ooclc o o ;o o o c O O o o o o

ooooooooooo

C O C OiOcc o c o o c o c

LU LU UJ LU UJ UJ UJ LL LL UJ 
ITi •— i ill m lu UJ UJ LU UJUJ UJ UJ O N -4 O' O*) 4 m cm ro © O' cm 4 4 4 o -4 r-4 co 4 n 4 

in cmnh  o i m o (O' *n -»I'*’
m □ « cc, ror^'TO'^oucc co ro in o  cr *©  r- o' p- in rM j4 cm or-cM»-ir- m ^ >o 4

jr-iirwoj-'-'NvO'J- in O' P (m cci jm >o cr CM CM CM CO CM4 CVJ in CM |CM CM CO CM CM CM
% cMinr-toamO'CMCM CM CM

c c o c c c: C C C O C iC O C C C C C C C C C |C o c c c

r—t |r_4 Q^-lr-l-llO O «—I »—I *—4 r—4 i—4 i-4 O O O c olo c e c o cjC c O C C C |Cc cccccccccc
i r i iI I _ U LL LL' j U-i LL LL IL LU LL UJ LL 

ILL LL LL LL LL UJ ILL1 ID UJ U- UJ (u LL U' LL UJ UI III
n r— o  co m ao •o -o O' r— CO O'

co»-*ooroj'ioocoix>mco KO (O O ® O H cm
c f- >c cc vj in 4 <-4 cm f- cc O OC* 

;cc r-> r it cc ff in c *-• ih r: c <r o -O o CM 4 0 4 o f- O' ao r-4 O CM 00
ro IM 4- © -4 O! o CM CM Is- o ivt r— m o in ro' co ■ r-iicc- —4jrsj n r-4 CO CD «C cr in r-4 CVice cu cm 4 m , cm © co 4 © • ; • »i • •

o c;ocjc c • • • •c c c o e c
c o c c o c c o c c c
I *

r-4 cn o o  ro * O M •t O) r-4 r- r-* CO CM -• O OjO cm
 '  (TO c ^ o c c c OOIOO roo  coo  S c o oic'  no  no  rc  cr joc c c c o o jo

I t lilt tE I I I I I I I

L XI UJ i LU LL | ID UJ U  LU LL LU LU LL VJ LL 
U. LL UJ ILL LULL LL LL LL ILL UJ :UJ UJ j J j

j U   P ro co in O' o  -4 0-0
cotncMiOOr-'-* O Is CM -4" 00 f" po cm ro r- o r- 

i r~ m m ro 

M -c !<- m cm vj- -o ^ O f~i-4 u r- O' in o 4 
- r- ^ c c «n im  o r~ 4 CM 

ro oo cm oiO m0'0«-*irorwroaor^ O' >0 CO CO J) [C r-4 4 O O ro4  O©  -Hinno  A i r~  |ro p~- cm •—< *-* ' r-t f> jr-4 4 )•—• ao -o >-• cm r-t 4 4S in cm •—< !•—< <n ro • •! • • O>ocojocooo joooooop o O io o o o o o jo o

F
O sO ro -o >o -o m co ao CO F— . ir— ro r~ o o m if- r- * |co co if— r- o o f

10-^0000 jo oc< io o o OOCIO o r4lO o c o o o C OO till' • it it i I I I

N till It I * III
lu UJ UJ L UJ UJ UJ UJ UJ LL UJ UJ UJ UJ UJ UJ

°.0,
30 p- ico r~|r- o m i« o hO'l-rorooniicMiM^-c 30 >0 -

itr-o»  Oc'o  -ino o in j O' cm c *-♦ r-4 m ooo c ro k  CO CD vOI ,^>MnOMC' -t o > M o r-t f- *-* m \p!»-l NOOONir4hm< in I'O CM 4 O O' O' CM ro O 
r-1 M" IT . |r—

cmo in cm f- -4 r- ao  4«  Io r-4  j<M (Mr4<t 0>OHfMini P- m

* oocjc pOjOOiOCOE jo O O O O O io o o o o (O 0:0 oio <

P
A r4W4 OH H O o '-I NiOH O' o o o o o o io O O O oS jOOOOOOIOOO* I LU UJ UJ UJ LU LU UJ UJ UJ KUjLU UJ UJ LU LU LU i LU LULU) UJ LUL <r ff' -«H 4 in CM CO oA iin o io 'J -t o o oro CM <M CM •—* ro O'  joi ® 

o ao o -o p

N orocorocMCMiOroo f— r- ir-4 m cc I-- ---- vj" f— cm cm m 4 o m ro cm  
o r- oo o <0 rJ- c  4O (M o O o co o O

I ,0 o co ororOO*— —■ >J- o o r-m4  co4p p  
 f-

p- CM CM O 

M sQ cm cm jro irinON 4© CM CM
|^-t CM (J' •—* -O CM 'O' •“* in ICM sT r~*

O ooooooooooo ooooooio o o c o o © O OO O O O

N

P- 30 o oi(Mro^inoir-^oo o « KM m o o o in ico —4 cm ro 4 m o > jo

r
 <

h in O' CT'jO

< <3 <1 <1 < <. \j> o wtO 
XJ O O O l_> O <JI— »— »— •— I— I— >— •— l-l—t—  

l/ll/ll/ll/ll/'l/ll/ll/ll/l </>LO a a a a a. clcl a l/)(/)l/;U)«OtOI/)l/l </>L0 LO o. a.  8l a. a a.

A14



NOho^iMhh^, NN--<r-*r-«^(MOO
©ooooooooc ► 000000-»0-*0 o o o o o 0o o 0II III o ooooo cI • I I I I I >0000000000
lu UJ UJ LU UJ 111 UJ LU LU l O o o o o

Ut UJ Ul LU UJ UJ uu UJ UJ  

O'OOOO'O'Ooorof < 111 111 M UJ UU LJ 111 UJ k_ UJ u UJ UJ U UJ'♦(M'tOcomMMO iocoo-*oin©o©© ^^  
UJ UJ UJ HI UJ LU LU UJ LU E5© o © m O' © © © -43 c noo

o
coo©0^04—coooo'ino' O 4 rd 00 

o oh 0©04) 1 m-<ooH(Mr •"•'O'tojvOO'oorvjo 4 Oc\i.-*-#orMfMin-4© > o 
o 

r- n
OOCMO4OO00 O d o 1coo c

n o
4> (M

—»O>0Oino©©—• 3cm rd
ooooooooooc •ooooooooo CCOOOOOOOOO 0

©OrurM—4—ilrMCMCMfMCM  

•cooooococoo 10

UJ
 
U
o
J
 
L
^
UU
o
JU
-
J
a
L
o
Ui
i
U
n
Jl
in
UU

o
JU
o
JU
-
J  

t Lu UJ LU UJ UJ UJ LU UJ UJ
4 UJ UJ UJUJUJUJUJUJUJLUUJ E©oo'0'mo©oo o o -• o -« o n cm m © M CM < ©©aoocooao43©4 —• I©OcooOfMcop-mn->o cm r- 
^ o  w m «o

<m 4> © o m © © © 4 id O o o to in C2Z O' C—•0©0^0'in©co 
m CO o CO <M r-C ©

—•cOfd0'4©cMfM4 O CO 4 CM rd O' O 4vO tM O CM O O CM —• X —iO4OOO4)OO'430'—*0—<—*inr\j<MCM4in4 O' > o0'-44C'inmm©fM —*  
m o

« CO O' 
-• O CM CM n o -

O -* < 0'C-HO4)CfM44m CMCM —I O' CM M rd r-4 4 in
IO O O C O C JO o o o o ooocoooco o © o o o © o © c c c o o o

OH lo OO—itNjrMcM—<—4
OOOOOOiOOO locooooooo —• o —<000-40000-40 0 0-40 o occoocoooo©I III I I I © c cI I I » • I I I 1UJlU'UJUJUiUJUJUJlU: Lu UJ UJ UJ UJ min in i.|
ls*OHinfTii-4rHlAin LU UJ

© co © —4 —« © m LULU UJ LU UJ LU UJ LU LU UJ LU UJ LU LU © o CM O —» O O' —< m CM t—» tn CO © in O O' Inc—lOfdOrsiOrd©—< CO 43 © ^N0'm0'')-0m>0 m o O' -H rdC4CinOrd©4rd© 4 0—4 43 © 4 —4 O' O  *M 43 in —4ao —4
O' (\i —4

40'~*—<—4©mmo O'
4 O ©4  (cm  —4 O'CO —» t'0<VrJIT0‘O(JvI-4(V  o in m0©0400rM0—•©4 o o ©© o CM CM CM CM 43 «M ^ rd in C fd C; ac C CM —< —< © —i sr, -4 ccO O O O C O |o O O O O o o O O oocoooooooo1 1 i o c o
ifd o CM CM —• —• rM CM (M CM CM •O—4—4fM(MfMifMrMCM

z> —4 C5 —4 —4 r—4 •—4 —4 —4 *—4 •—JIO OOOOOOOOC  © !© © O O C O © O © j oooooooocc© © © ©
kUUJIUJUJUJUJUJUJLUUJLU LU LU LU III III 111-| 1 1 uj |jj 1 UJ UJ UJ LU UJ LU LU LU LU LU UJ LU LU LU LU-o—i—io—<r~0 4>co oo' LU LU UJ «d 43n-4inr-4fMfd • 43 CM CM 4 ao© aocx> 43 0©rd©o^•CM CM o 4) O •—* cd 4 sO Id p- o o —c © fd co 4) cm 43 O' cc in n-fd INI O « © o o o © n<1  ©O' 4<M43©fMincO©©©fd —1—44)001 4 4f^-fM4 43 © © —‘com 0 rd —# —4 0 rd -H O © ©- o o 4- f*> © co© O 43 30 4) 4 400043 * 4 —* —4 4 —♦ <M CM 4 in 4  © CM 4tnininrdcM m 4 -* O' ©CM H psi © cord—4fMin—<fMrdm4CM —i 4 m
o o o o o o o o o c • • •••••••••0 © 0 © 0 0 c c © © 0 o o ooccoccooco o o o
i<M >0—4 0—4CM4—4<—In—1 —4fM-^CM—t—4f-tQO O 43 O O O —* O OOOO,c o o o o o io o o © o -• O O •0 0 © 0 © C © 0 C coocooccccc ccc• till |||Ul UU UJ LU UJ LLJ i LU LU LU LU UJ LU LU ILU LU |LU LULU LU LU LULU UJ Ut 111 LU in III 111 1 . i « : iO rd cm co 4 CM © 4 O O rd i—4in43 4<Min—4in4 O'c o o  in © in CM 4 f043fMfM—4JM©dJO©4 —* O CM ir- cv c c cm 1© IT, rd fd fd |n- tdo c tt. a oc  CM O' CM 4- 43 ©C4CdOCfMfd«C4CC 00-4—4 sO 4 rd O rd cm O' fM O' cc CP —r-4—404 fM4n-—4n- 4 < 

O'
o © m CO 4 > 4 EDn  CM OinCM©43©rM4 O © 4 ©  n ,4 4 -4-4 cv cm1—•  —1 © 1—4 4 in —4 —r © in —4 CM tM © —« in cc rd m rd rd 4 —■ cv ©, 4> —< ©i© © C © :©• C C C O'© c •C 0 C C C ©‘CO© o o o o O O o c c © c c c o c c o c © cj 11 1—1 CM —4 fM O U——-Uir-l 1-4 —4 —4 CM CM i hh

—1—4fM—4—4—4—4fM—4CMCM;0 c o c c c —* —* CMCO©© 0 p © !© © C c: i© o © o c occccoocccc c © o
Ul UJ'uj LU i Ul U jUj U> UJ Ul UJ -ILU LL‘ ILU

O'
|UJ Ul IU UI LU U LU UJ LU LU U, U U LU UJ IUCO o CM 4>|in i—1 O' O —* rd LL LU  Ui

T' O' -•
LL U LU 

O' ;0 —4 ao —4 —4 43• ico in ru -« ©4 rd m  IfM cd 00 43 ao>rin©4©4rMO Km  © o r- 43 4 O 43 O > ltd ^n 4 in cd tn in ■o © rd i © O' © —i

0
43 O' 5s C fMcd©4in4rao o —> cm 4 O' d^oocM© o rd © tn o 14 —4 m 0 in rd m in- cm O' 43 >4 —• rd i "d (V) n vO © o— <f tv 4'—- •- T> O O i—i ru m © © in fd ©© fM 434 43—44 © O' © 1— — CV 4 ir irjrv,  a — 4 m «n CM CM © cm IM CM © ©nircvcMCMO — © r- rr n ir —

o o c o c © 0 0 0 c3 !© 0 cCOCO■ O O 1© j o o o o co©© ©coo c ©c1 i 1 o o ccc1
^ hL n-4 n-t 4-4U ' i-4 r-t lr-4 —1© ©i© 0,0 o O C j© jj

o o
—4 —4 fM —4 ; —J —< —4 —4 —4 •—4 —-4O OlO C C c © © o c o c © © c C OOOO 0*0 c o cLU UJ 'UJ UJ!Ul UJ UJ LU UJ LL1 (Ul J LU LU jui r

O'
hi ui in hi :iu u LUU'UUJiU-ULUUUUjkuUJ UJCM 4)  -4 4 CO O —• —• co rd O rd cm rd in O' 4 4|in |  o CM O © id fd cm ico rd © © -04—4 ce eo m in cd —4 -♦ rd !4 c 43 m i" r- (cp cd o

O —i O in 4) 4) fM 0 O'
M CM jn- •4- CO fd©cdcol«vcM-4cdrdcoin  01—• rd 4 4 m  -• o n- rd 43 n- 4 cm in ccr-4 CD rd cmIcm inrd <©i—4fM©043—•© cd 14 m. © 4 —cm tn jfd h-■ I(d n 4 rd cm |cm rd 4 CM 4 rd cd cm © «M m cm © © IM 4) ©t ©i —• CM IfM CM fd, in CM 4 © © © IT.

c c c c c c C ©;C C: ;c C C C C j© © c c jc , o o o o o o O O CCCCCCCCCCiC ccc
0-40 0-4-4 O O -4 -J O O jo I1i|0 —*-40000 0—4 —• OlO o—l —4 O —* 1—4—40 00e c c c c c —•0—1C C C C ‘ |C © c jc © c c c C |C o o © © c c c c c c c c jc ccc
U U 

00
U! UJ U UJ UJ LU iu U U: u u iu lu III u LU. LL lu; LU Ul U U U U lu U U Ul u u lu0 in n- 4 14 m o in rd lo' O'

O' 
 n-i© © U U U © h

cc CM O oo >0C ce' (d. (\J CM C n 14) rr 4 —4 © 4 in O' O —* ©1 CO ©rd  0 4 43 00 —4 ©:4  cc ;r— CM I—I c ff »m i© X> CO cm © 4 c c c e <3- © cc ©O' O O nijfd 0 43 fMin rd o —4i rd|m r- o © 4 CM —IN 4 rd —# CM O 4 4 © 43 in CM 4 —•!© O o © in —i 43CM —1 *d CC [ —. —1 0 4© CM C (fd —- j^- CM —*|n- — lid 4' iir- cc 4 i, © 4 O' O' © —* cm © _ 4; ir —i — un —i,—i —t cc —C C j C © 10 © C C j© C c © © C C '© c o o cccIhE o o ccecc  c c ic ccc
CM fM —4 O -4 fd — —• fM —4 L 4 rd ifd Cd |CM O IO O O ii o o O fM O O i—4 fM O O —4 O O© -41© ©:© © C © © C o o CM —I oc o c o c c © © o c © —' c c Ic © c c c © ©III | III ccci k 1UJ UJ LU lUlUJ LL U U UJ LU UJ LU U LL‘ Ui ILL LL jui ll III 4 o UJ UJ UJ UJ u u u u !u U U U U U (LLco nijo —4 —4 0 co O' m co U U Ul •rd   m p^ O' p 4> jm fd O' n z Cd —• CO©IOO> O'JdCdOU'in co 143 4 rd cm 'O © © rsi occ rd —4 in ltd 4 in Kd Cd 43 cm (CO CO IfM !i L I© <i CO 4 CM©min|ec©cinc434

0
4 fM —4ao O O' rd cd  CO O CM CM cm4  4O'  inin co m 4 m ® o 4> rd 4 —• in cm 4 4 4 ©  © o co © o—4fM©iQOin43oininord 4 |n- -4 4 in O'

0
 4 CM © —i tn O' ao —i -• 4 © j © in © O'  fd —4 -4 © ©, j—4 cm cm 43 m © rd tn. 00 itn cm © 4:—1  .  rd -4

O O !© 0 C © o o ic |‘000 o c c o o‘o0 O  jo o • •
c c O o o o © cjc o o c o o o c c o

Is- rdii'- 4>|r*- m n- 'O 43 43 oo © co n r- 43 4) 43 In- o in © © © O |43 O ©O'© 43 ©0-^ 0 0 © c © © 430000 O ©©OOOO o o oi 11 i i » i o o C —1O  CO o c©oo© III 1 1 1 • ilk o © ©L5 1 1 i1 ‘ I 1 t L 1 j 1 1 1 1 1 1 tUJ UJ {LU U UJ Ul 1 1 1UJ LU UJ UJ llj tii in i in ii 11 111 LU UJ |uj 11 u UJ UJ UJ UJ LU LUlUJ  LU LU UJ UJ UJ LU0 4 td co O' 0 -4 in rd -4 O' LU LU UJ> 43 4 4 4 fd -4 —4 kn i 4> —* o o © 4in  tM xi   © O'—» 4) |r- r- tm 0 4 -* O CM o n43 43 O fM jfd rM n —*—i cc oo oo rd rd rd 4 j—t 4- O •ooo  4o  in . 
cm cm • 4  43'C©lO—*fM'Of> O CM  rd 0  O —* © 43 4 co O' vO rd cm 43 'O rd m O' 4 O' Oin rd oo © o O (<l '  © rd o—«f>'OiOao©0(M43© rd —1 —1 fd r- co rM co in co (O' —4 CM CD4 © cm cm cd rd 'in in fd CM P-1 ©cm—*in|4—imin4 4—4 43 CM in.
O 0 O ©CO' jo o o jo o jo ©O © 0 0 c ojc O O © C ic O COCO iOO O O I c c c1 1iO -• !0 -»0 4) 10 —4 r-4 CM 1 —1 tM —< —4 0 0—4 O 43 O —< !—• —« O —i 0-4 0o © jo© 0 !© C C 0 1OOOO —* CJ> —*O 4©OOOO© o o o o o o c o o c ot : © o ©1UJ LU UJ U! UJ Ul LULL! LU UilLU 1U LU LU LU UJ LU JJ LU UJ UJ UJ UJ UJ UJ I LULU LU UJ III U UJ UJ UJ UJ LJ43 <VJ O' 4 fd O 1o in m m UJ LU UJ 0 (

O' (
j' m cm o co in > —IfM CO O < 4- O tM I CM fM 43 © O ©  CO 43 m O 33CO —• 43 cm M 43 43 —c O 4D © 43 —4 —« o O' O' O'4" © 43 4- in i co 4> r 443 OO—1 © if, id O' —tin O' —4 r- r- m rd r'00)0 CO 43 ©O

O'
^ n- © o © rd > 43 •—• t\i|0' —1 43 fM (> -4 in —■ o © © < OO © tM r in -< aooi©40infM©0' 43 —• JO—4 Co —< 4 -4 o CM Ifm rd 4 cm in c O' CM 33 —» © 43 CC —1 in —1 CO CC 43 —<

O O O © O O 1D 0 0 0 O <© o o o o o <O © !© o o c o o c OOOO'COOOCOO c © ©
—4 cm cd 4 0 0 r" X> O' 0 1' -« cm n o o oiln oo © O O O c —• 'M © 4 in 43 ©COO' 0—4 o o o—4 1. —• in © jc- [ > © © —1 IT, c
>- I— !*— I— |H- H* - '1- n- i<<<<<<<<S < <t <3 < - Hn n n n >- © k- c 4 <r <i <<<<!<[<<<<<<£•1— 1— ►— I— *— ►— *>~ 4— 1— 1— :|1— ki

in in in in in i
-> O L_> O O O LJ oo t~ b- I—“  l•—— i— ►— i— >— *— I—  >-»—cocoiniin ouotototococotn CLfl.aaa.aQ.aa h- h- t—

tn tn tnn  knkn ir in in in in in in on tnmmin

A15



r-4000—CCMO—•  —4 r-C —4 -4 -4 o-HOOOO^OO.-* -1—i -U _«  —*r-4 —4 O—•OOO—4—«00—«—4—« ooooooooooo oooooooo OOOOOOOO OOOOOoco oooooooo I 'till tillI III tillI III LUUIUJLULUUJLUUJUJUJLU LU LU UJ Ui LUUJ UJ UJ UJ UJ UJ UJ UJ UJ UJ UJ III III 111 111 111UJUJUJLUUJUJLULUUJLUIJJ r-4 mo n m cm n xO O' —• -4cm O' n no «
m o mininor-of^mm ^oojf'-mcor'-—'cooo  CO 4 in xO cc o-—* o o o m m xj- xO o vO h 4 4 -•oo-^or-mmo)—tvf-xo x» O' r4 ^ O « O® 0 04 ifiN OO(M'0'0NCM-0-4C0'0 N O N4ldl(()0<M'l«4HN40fD O '-f N O' i-*hO^NIM® 'OWHOm 4 4 r- h- o id on (vir4H<40'id4'0 mmx40'<—•m o -< fM o r- —» —• m xo r- wm4o^WOW'I’H® r-!H14 hO1 4 m in h r-t • • • • • o• o••••••••••• •••••••••• ooooooooo  o•o•o•o•o•OOOOOOOOOCO OOOOOooo oooooooo ooooo

NOr4,4Hr4r4(MN CM (MN OWrJHMHHIM CM CM H r4 (M (M (M oooooooooooOOO OOOOOOOO OOOOOoooooooo©©©
LULUUJUJUJUJLUUJUJUJ UJ UJ UJ UJ UJ UJUJUJUJUJUJLUUiUJUJUJ'UJ Ui LD UJ LU UJ <1 0O O N CO CM 4 xOCOCM -4r~ 0 0x0 n x4 < tnor-0(M(Mvfr-—'r-o « m n incom 0<r 4>W ff> O -*M -4-4 O (M f\l 4 I- o x mo «ocxjN(dxCMno m >4 fx~ x£> Cxi O X OC'-'*-<wO>,,*'4)iOO'4 O >c m xO <mO X OO^^N^OfnH^H m O 4 h r-1 3Z Hi x40omco«om-4r>- ruin |x- r- xO >4 fM 00®rO^(MMMf1®N N n 4- -4 (MCO-tvOM  ̂lAO rHOHNW-«x aO-^lM <i momom—4C0-4—» —» -4 m -4 CM CM<; me 4 xC m ■—* rx o —< m •—«  cmcm cm< o •••••»••••• ••••• o •••••••••••13 • •••••••••• • • • • • oooooooo ooo oooooOOOOOCOOOOO oooooooooooooOOO ooooo

^ o o o :o O o _ _4 4 r-4 r-4 —I—1 OOOOOO O r
ooooo ooooo I I I• IIII I I UJ UI Ui Ui LU LU UJ Ui UJ Ui LU i UJ UJUIIUUUUIUIUUIUJUJUJUJ UJ UJ LU UJ UJm m ill III Ln UJ LUUJ (MOOxOcocMcoxTOmin > >4 m cm in < (ClO4(0OHiftOM>'0 O O' CM QO —»co o oo -o m oo m —• m xO xO o <  m «n cc—4-4-4 mm )4H >4 xO 
o o mm k> x r~ofx-m»-*cMmomm<o *-• o  >o mnm cr O' xfoo—cmm—cmao cm m 4 m o Q. 000-4 4-1^00 h 4 m O CM 0^ WN  
IO O 'O'O w <M O o r- 4 o »o 4 O -4 « H (O xC 4 N CM rn <M fMM4 4 —4 m (M fMjf\l © r* rn m m tnt\s -4- 4 ft #••••••••••• • • • • O< OOOO•••••••••••OCOOOOO  ooooooooooo OOOO Oo •••••OOOOoooo

N04Hr4r4rC(M(M <M CM(MO-4-4^^^N(M CM cm i—I H CM N fM N Mr* oooooooooooOOOOOCOOOOO OOOOOO O O O O O p
LUUJUJUJUiUiUJUJUJUJIaJ UJ LU UJ LU UJUJ LU UJ LU |LU UJ UJ UJ UJ UJ LU in hi (ii in

-• m i- 4 UJ aid O ffliciff'h -O N r^O o 0 moo ui momox4-*mnxOxom O —4 C- —4 r4
a. n>04'0|xC40'Ninin O' C® ah

o O CL ^ fx rl(C)‘4 >4^ O ff1 ®-f ■co in m cd *c 4 o *m  co <t xj-—i — o m o m —*
O'

xOOOcm- c——»inco<t «o m cm m —»m —*omr*-m N4 4 O *M  r*- h« rj m (dr*x4xOld-4hr4H(MH H4HCMNI (M4 4 >0 4 hC-- * —* -*—* HnniMiN0-4 r-4 -4 -4 in ooooooooooo ooooo30000000000 OOOOO

—4x000—4CMO-4—* —4 r-4 HHrlHO—I xO O O r*t —C o O —< -4-4 ooooooooooo OOOOOOOOOOCOOOOO II I I I tillII III I
ujujuiujiuiluujujujujLu ■ I • 11 i ii I 111 LUUJ UJ UJ UJ |UJ UJ UJ UJ UJ UJ LU 111 III III HI 'UJHI LU UJ UJ UJ UJ UJ UJ UJ UI r44 00NMd44 —4 <M (din440 

•£> uj <Mmrx-r-po*-»0'Ox-f®'^ O' o m n o cm m r- in   o CO in h* O fM t*\ <d h « « mxO co  **> (fU _I 4 0iHriCir 4-*N® ff_j  4 oo —•;»-* m «r. c m *v 4 f-*c ® r cc 4 C-<I OO'4r^OC-x4'4(M0'4 CD xO (M cd r-C -40'-4CMj(Mf,‘(MCM<(l-tlft co CM r~ o —•r-i o « >o o o mmNNfM-c-camnxo NN<f ff -O (d 4 N N O' I-1 n (O -C hin o «r —• int/> •••• OOOOOCOOOOO oooooccoco•c•o•c•c•c••o o o c o c

r^r^CM<M|fMnJfM-4-4 r-4|-»rj -4 N fM <M CM i -*4 —• cm cm —t —•CM CM (M —4 CM CM <M 0 0 0 0)0 oooojcooocoio oooooOOOOjOOOOCOOOOOOO LU UI 'UJ LU illf LU LU Ui LU UJ UJ LL UJ LLUj UJ UJ UJ IIU Ui Uj UJ UJ U III1 UJ UJ UJ UJ111 111 111 11 r uj UJ UJ O' <* xO <> -• inrn ---O--- xO-- O'--- x4- 4-1 xO n oo  ® coX -i® in4i(M-•-j a o >o O'  r-4 CO O'
xo m m m m rc<r®®®hCD fM xO in >4 4- «D m <4t— Ctf' (MM 4 -4 c CM C Hp4 © in |h- tn a ffi cm cxO u. m m-4 oir-o —• x4-p m co o fx- _ m cm —* —» oo h- r- m O' r*- m o xo xO in O' —• jr- —«m m m o CM T' i\ xj  -44^ ►< ^ ST -J -4 !rr xf >£ CMJ IT ^xt -4 tv rr x£ Jrr CM ml-4 r- r r ^Mf

—I !w~ m-4 <M — CM (Vi • ••••••U. •••• ••••••!• o c c o o o p o o o c oO O O O O 0,0 O C C p o o o o

O O o c c o p o o io o 0 0 0 0:00 p O O O O Pooo©C 0:0 O
o in in LU LU UJ Ui |UJ Ui ILL UI UJuj uj uj ii i ill ui LU LU Ui UJ UiO' UJ LU l — UIUJ  LU UJm •—    u'UJ UJ jUJ O' «m  m mk ■Is- m  in < c  —4 m 'Om(M  ao oo o xo m cm -4 nco to r-«  (M O in *-» o >4- -4- m

co O' m o «o xt- m m - o k v Cj mX©  r* m B (C)4 » C KM *x- 4 O' «4 mo- '«© m p -r 4
*- O' O' m o i>4 m m 4 fx- fMf^ p I— o— 4 CM CMN  CO xO CM rxj O n 4 O  -4  >o -(M o ma !CD (M Id 4 jfM m rj i(d fd im

lu ot !m fM >rx» OC fMCM  <y -4m m rM m <r r* N (dpi<5 cn iri ro cvj
rM c> • •: • • 3 • • • • C P

o o c c OlO c c o c o c c occcc©cco ic ~ y c C c c c c ,c C o
m

—4 o o o o lo -i,o oio lu -^1-4 0 0 0•-4 r-l 1-i OOO jo c o c !© -* o c c o c o C O O C |Cc c c © c c CL LU uj !UI UJ !uj LL UJ ilLr U ,U X UI LU 'UJ UJ UJ LL 'LL u jLU UjU UJ UUJ UJ u. j U U  UJ LU UJ |LL' U'  n-44H >o o <o m o O' xO  m o r-4 O cm m  (d -4 jxO < 3z idN no 4 r- O' o m o -4 ft XC P o a or r^ im m « -'Uj (d, N O- N in e r a 4 —i r- Ch-CiCIf fM in cl cc ir x4 m m cojo jc: in mi o o MdanOh fx- o m m j-4 O O CM fx- 4no in -o a  o o -o — 4 xcjir —* «m i—x ft. 4 r-in Nh O m -4 xC (xCxC ^4 *-4 1^ J uuv fx 
• • • • c c c e jc o c CCO jc C C C ICOOO c c c c c o cc o c o c c

II —t CM O O
CM NH O O

r+ N —< CM O Omoo-4^WlOO^-f CM CM  O in C -4 C cin o -4 0 cOC|OC;0 0 c c o o o < octoco» i tI II Ui ui I Iuj ui l»; I:• » ILL U Ui l U U- LL- U- u_J (J Ui Ui !uj u_ •UJ U ILL UJ _l o 'Ui ID !LU U U u u U UJ Ui i UJ UJ UJ UJ UJ Ql O'  2 4 JO O' O ^ |r- o 4 ' rd oo co > 4o  a, 2T CM  n   m  -4N n • ncvi n m 4 -4 O' xj- in -• ao r 
ri 4 ® id « 3« lOjO ' Cfx «o ® n x m < 4 m o inI rd< ^4 vf -4 r-i 4 4 id d* co x Irv 4 4 x© fM x# <tm CM ® 0;<M O  <t X-. xf o O CM  —• OJ -4 if* 4 n fx 4 o m xO O  r4 4 ^4 4 'M o r^ -4 cm r cmr-c id iido  (vj Pfd

<G *-4 m m fM (M in oc m «—»fM 4 i/> oc m -4 i<m m OHrf-4-M —< *—• rM cm co < •i< • •; • • ooooo • • • •
U. > O OlO o o c o o o o lo p o o o UL > c o o o o o o o

' i a
«OxO^->or~rx-|co o> hih o • xO m xo -o xo m xo o ro fx ffl -OMdrxxOxO m o xO oo o r~ O -4|0 o©ooo o o o c .o o o p coco O 0-410 o o o o o

t I otill OO o
tilt! Ill 2 111• III.111 LU LU 'LU UJ LL) LU LU UJUJ UJ [LU LU LU UJ |LU LU LU Ui UI LU Uj 1U UJ UJ UJ UIfll 

&>
III III III III lc m n o -o n ni co -4 CM -4 4

<£\
V |x> cm cm♦  jO m O 4 0'ldn«0' M xO ON o xO C x4 4 *1 

-* o O CM O fx- OlfiNIdN NO1 c>incoo -4 o Is- 4 -4 cx>
  co in O' O' —  moonbo

i*
4 fM iOx ■—* 

o j lu <jv xO —• m -4  >0 -O CO p- -4 r-4 CO -r** o cm lu
 r-  (M im -* x 4 m xo <M 4 OC -4X -4 10-4 4 o <j- m r- >4  com inor\i m cm o 4 ° O O O o

o o e o o o o o p o

—4x0—»r-4k-ffM*-4^ o —fM
o 

0x00-4—*<M0-40 1 -4 0 0-4 OOOOO 0 0 000(0rM oooooooooc 0 o o oo o o 0|0 1
UJUIUJUiUlUIUlUiUJ uj UJ UI LU LU UI LL) Ui Ui UI Ui UJ P-U 111 LU UJ UJ UI LU LU LU ■ 11 III 111 111 *11 O 

oc <r
N1 1H nlft r4|r4 in 4 n xO —• 4 O h omo xO po m co cm O'  m a op  O xO cm co m -4 <M CO OO 0X x04(M4in«-tmfMOOO in in O' 44<t 4r4Oin4C0CM-4(d -4 rM Md innCO r- co CM -4- o 1-4H (dOco 0'-4(M4|0 40N(d xO -4 fx- —4 co 4 o r-f 4 —4 m r—4  r4 —41*0 n) —4 —4 mO OJ m cm in o o m—4 o o cm — — o o m —4 ir- im imx (f.N(iH|n-4 0'Hiri -4ia m —• xO <m«ON N4 O' —• in

oocojoooco op OOOOIO 2 oooojooooooooooo

—«rgm4inxOfx-aoooi-4

- jl— *— *

I ;< < - |— ►— i— I— ♦— >— ►— f— I— d— f—
Lnininmininmininininininm minmintninininic in cn i/urun n n n in in

A16



o o f

i o o o o o f c
UJ UJ UJ UJ > O tail'll 8

A O 4  45 
A-
45 >4 rA UJ UJ UJ UJrA O  

-

 
> O  fa rA a-  o |

4 p~ n*
a> - m o a- »A o

30 a
ca co <m pa O r* r-» r-l45 A  Ta pa in o

o c o o o c o c o c O O C O C c o »h

AJ C r-t r- —i A A A Ac o o _ A Ao co c o c o c O o c O C o o rvi -<n

uj a uj a UJ LU LL UJ u r

u UJ UJ u LU LL UJ UJc o c ao O o <r —* A xO ac A-  A uj hi m lu hi in tn in <ii 111 m 00 UJ UJ UJ UJ H: o c -O CO •-* a. r~ h4 CC >4 O pp A- C A O >fmcOf<Mn\JW O®O «O (\JA- C PA o 

i

in O IT A- O A ox «o o tx) <r o —» «o m iAj tnNW rv m a s»- a
a a O' m o* irPA C n co n — O' r-j A A ~t A PC 00-4 r-i

-« X  O A A rA »

 A co m o ro » h
.—I •4 o r- r- ^ w nh ■n nO O ao o o c o c O c O 6 c o b o c ooo oooooobo .y

<-> o  c r-t —t
r  r-o ~4  rO-4 o -

r-« o o fo O o c o o o c

r

o o o c-4 o o o o
ooooo g

UJ UJ UJ UJ UJ LL UJ UJ UJ UJ4 UJ LU LU »UJ U
1 1

> o rA o a jn n fA >4 O' A CO O' «-< UJ UJ UJ UJ UJ {UJ u.
fA O O PA PA fP —* m xO <

J 
ao A* O fA x  A 4> *n UJ UJ

fA O X> AJ O A- fA  O' ao m CO 
-4
O in

4
> faA O A PA O' <» AJ

U 6E
-

ao >4 fA   o ai 45 i

-» O —* A ir Ai A — A A  o
—t A A O' O    

A A
4 l o o o

O A* A- 2»c o c o o C o o o o o o o O O O O C 0.

AJ O H H —• A A A A A AO o o o o o O O o C O

 

o o O O O O C bA 2 oA 0

UJ UJ UJ LU UJ UJ UJ UJ UJ LU UJ-« o  A- fA O'

 

pa n O' ao ^AJ O' sO
00 LU LU UJ UJx4 A- A- uj uj ilu uj UJ UJ UJ UJ UJ00 O' A O A- A O' fA —• A m  p o m vO co O O' O A* co m45 o (M-t n aa -4- A o v44 -*P— r-« r- r- fA '}' r-l CO f^ AJ A AJ O -4 

fA x >r a~ fA —* A o* 7 —» A A A fA ^  f*VA- o A Al IA A GO 00 AJ Al ■  Al 1

o OjO o ao o O o O O o o o O O © o c .

jo o jo o 0

-« o o o A O -«  Ho © o o c o

 

o o 8-4O o o 9 
^-4
9

1-4
o o o o c ^'OOOHNWrJH 0ooooiooooo 0

UJ UJ LU LLl UJ UJ LU UJ! LU UJ UJ UJ LU i i
aj n CO fA CT' O' -o  O -4

 

O A- > A- x  fA ff UJ UJ UJ UJ )UJ UJ UJ UJ :uj juj UJ
fA

*-4 1O AJ ^ ^ c c r-
<4
 A- A- IT

4 J1 a
4

t >4 ■4- o p- caC <C    fcoH  rA a
Al h O' o   r- A a 

r- -•  O fA O O' A- fA " fA A- ao ^ Al |AJ 0

aj in AJ AJ ar-4 CC A x
44 in A A fA O' r- < o o nco omm in U

• • aj in ;*-« im (—* [f- r- ai Z0 0 0 0 0 0 f* —* |A fAc c o c

-

o o O C C c © c

~4 AJ Ali A A A  AJ 0{0 A A —I AC   o c o c 
—
c

1 8
c
“4
 

*
o
—4

c C O CO c c c AJ Al 
O OUJ UJ| LL UJ LU LL- UJ UJ UJ Uj LU UJ UJO A| CO All O' PA ao O ^ A- O' O' A- -4 O C UJ Uj Uj m LLmm UJ  Uinj  ioUJ

CO Ol fA o 00 O' -4 fA O' A fA —• CC x  A fA  

Al
>4 

 Al| AJOlAI -• ao ao r- a n O x 44 00 x4 m r- m O' O' iin a- aj 
— a o4 AJ — m r- o 't'tjiooin 1 A A 4 - m ir| A ff — x4 >4 a a m < ir
OOO o o o O C; O O o o c C O o o c

l—4 r 1 _o c— o o o o
-1

c o o o o ro—4  *o—4 o o o o c
>4 •-> LU LU LU Uj LU UJ UJ UJ UJ LU LU UJ UJ UJ LUi/l AJ —• in coi >o  -io o -< a n A45 xO n A- CO m ) xO UJ Ulm c, O PA AJO'j O 00 n aoaj O fA x4 x4 « 

4
  4

r-t O' n O' O' x  P- 
4 •a raAmioa ^ A-in Aj >o >f i A CC

1
in fA Al A -445 xj- fp| m

4 00
pa AJ AJ AN >t m mc c c cj c o o c c c o o c c c o © c

O *“"• F-# r—1*  r-J -* o o o o o o oooc c o C| -1c c o c o c c o c C C] c c c
Uj uj! LLI Ujj JU u U Uj LL LU LU Uj LUO AJ( omj-i <o •-< n -• n oa —* ao ca n ao O O Ul |U
 9 pc. A •-« •-* ■C PA

4- U
IT x4 CC x4 o 

O - 4 O' 
j

-• o A- -»lat •—*j  r-*| \i A
4- pa in O A

<->
o x4 O co in co  xO O' 

~ «c - x4 ur O' O' 
454 45 CD ac <r 

0180
o m

 
 r- c o| C c| m

£ C c o C C o c c c c © c c

r-f AJ D Oir^ CA o o  H -• A A -t oO —• D | D C- c o -40 z> o o1 c o D C o c © n pa1    i i 1  u_ UJ ±J U-| uj U’
1

LL UJ a 1 U UJ LU LU'
1
 LL

1
>j"  r- . U.<r ao  j a n -« rA A - fA 4̂  r- UL U

o o > m a o A PA 0 xO O SO —* V Ar- oj<D O l ao A O O rv O A  GO xO AJ ONOOI\J« Al Al
PM —* AlpAjA- A —4 o o n o o-• >4 in -4 A M A 4 4) O -• 
OOjoCiOO

pam  A-pa 
o ole3 o o D C D O ooo

Am a o «o in *» sO '  xOo   0
O N>£> io r- - > x0  —*o o o o  o  D O D O4 ooo

0 0
o hOlAM)1 ( r i  3 l!   • II ©ooo

UJ LU LU UJUJ
1  • 1 
 UJ

1 1
U
1
 LU UJ LU tJJ JJ

1
 UJ

1
U
1
 UJ

1 I II Iu LU LUO sO rn »Ti j -« i N O O CO AN VI A ( ' A UJ UJ ill Ul UJ UJ
O O n- >C  >C   ~ A- D O' A xO >n —• O vf GO rA '

3
 m 
4
a m
4
 
4
m o r- O PA 00 A 4

'Oj«~i  ■£) 4 A T- xO in -« x4 -t x4 - ao co in aj
O ojo O O o 3 OjO Oj<D ~ o|<D OjfD O O» : | 1

\
O >0! O Al O O -“• <D  o CD Ir-
o OIO O O O r-t

D 
 ■40:0 O D D CC3 OiCOOO

uj UJ UJ UJUJ UJ U LU LU LU U JJ UJ LU UJ Lini' o o pa in cvi o n ao o 34rA A* li\  UJ UJ O' co CO —l AJ >*• d n 4 4
4

a o CO fA
CO O; - " in PA Or <-

4
>
 A- <D -44  A -■4 o : a  xO 45 fA 
 O n D O a O CO O <f 

O' aj O' —* in '-i cAr x>   V  in—»ir r-4 £4 uA • |x43 A A fA PA DO o
0 0|0000 o o o ooo

^ mo mim m

—• (M| fa «4- m 4> o o»-• jinoooiiftto
-* -* -• in o o> O' n no cm in

< < < < < •<!< < < <r < 
f- »- a- a- ►- >- a- a- a- »— 4- : <£ <t < a- •- a- i- i- •- ►- 
i/5 co to / u uuub i ni/ uni/nl/ni/ni/ncolo to toi in i/i in in I-in  8i/i-  *-id a ac-uauu

A17



r-t O oOi"-*— 
4 -4 H r-1 -<4 r-4 r--1 r-l —* r—4 C5 O oooooococoo 4 o C5 0-  CM -

> o crocroc5 o DOCr crocD O : o c5 O I I I I I Ic
1 l I 1 i i i 1 1 i i UJLULU UJ LU 4JLf UJ LU LU UJ LLI 

in ao  m   roU LU LU LU LU UJ 1 JJ UJ 1 LI L J LU U LU JJ UJ LU LU < 0*0'OiAD"t NO cm ini •-*
D 4 PM CM ns o 45 4) 45 r- 0MDcO 4 CPrJC- m , r> m V L I r-4 r-4 00

n o <5 45 n —i cP 4 i CM Cn u■v r~ M O' 1 ■>- O' urv in 4 uj (MON-0 0 0"Jf»'l<'0 0 sf fNJ o >o « o
03 CMOr-4— 045m—tfVJM-c2 O «> r-4 t»-tC<\ -* cVj r-4 —4 4 h 5 o -t O' cor- r-

si 6c -• r-t e0 CD tM cn t -4 CM M CM *>-1 r-l
• • ooooooooooo ooocooo• « • •

D O O O D O r o o o D D O D C D O D O

pjQ^r-tV-tr-tcMCMCMPMCM
M CM ooooooooooo-4 rHI r-  —4 4 M CM ru cm VJ ■4 r-t -l CM -M CM
D OD O O O D O y o o o D D O o o O O

uj UJ UJ LLI *JL1 LU UJ UJ UU UU UJ
Li LU OO (VI ^ o H N ff»JJ UJ JJ UJ JJ UJ JJ LU UJ UJ JJ JJ LU JJ UJ LL UJ <5

r-4 m in 4 4 > CM o o —1 r-t O PM 02: iAO vf cmc C w-t <t (DO1 O O' ^ o -4 
•" o O' 4 ^ 1- c in 4 m O n co X> 00 m 4 ^2 (\lOO'-'MOWH--ifvl C<\ O O' in ir\ O in

cm ■o r- ■4 43 O M -# O' r- —• DO O' > O' <j >*'Or-0'inrM<-tCM4incM r-1 m vO N M M N30 O  m  m
4 O r- r- 4 r-4 cm m M 4 CM CM CM “t '■*

ooooooooooo ooocooo
D O o o o o D O o o O D O o o O o D O

r-tOr-4r-l,-lO'-'r-4r-irMr-t
-4 O o o __ r-4 r-4 —4 y o O r-l -4 r-4 ooooooooooo

I I I I Io o o o o o r o o o C3 D O o o O O D O I III I I I I I
1 1 1 1 i 1 1 1 1 1 UJ UJ UJ LUlUUlUiUJUJUJUJ in UJ LU U1 UJ UJ UJ1 I 1

jj JJ UJ (j>0'ONHin004,(D'0 M<un on -j- >o LU UJ JJ UJ 1 JJ UJ JJ UJ JJ UJ JJ LU UJ UJ
f-~ ro m >o o m m > o 4 in «*> -4 D O o r- m -4 CO PM O h» O' v- r- P-O'OCOOMC'IN'J’®
r- m oo O' <x> o o-4 4) OO CO n m O 4 ao 4 m CO —• P" O 4 4 ^o<Min'Oin>o^!Min

Oh-inp'NffiN^P'N m -« r- .o o O O' -4 o ■n r- O 4> CM > r~ o m n- r- n m
-• o P" 45 4 PO r4 r—# CM 4 CM r-4' CM rM cm

ooooooooooo ooocooo
O Oo o O O o o o o o o o O O o o o o

(MO^^H>-iN(MN PM ru 
r—I r—I CM CM CM CM CM r-4 —• r-t CM CM CM M CM OOOOjOCCOOOO

o o o o o o o o c o O O O o o O O O O
LU UJ UJ ujUj uj uj LU LU luuj Lu UJ LU uj UJ UJ UJ

LU UJ LU LU UJ LU UJ LU UJ LU LU uj oO'00't®0'®C'n^ r- oo nm o 45LU LU LU UJ LU UJ
4 O m m 45 — n r-4 <r co co 45 4>{ *x ®'t o iO m ® ^ co r- Pi CM O' —•  in cp >o >C O' H >1 o

cm
CM CM O' CM O n or C~ O' o o! a><t (tlOOOJM'tfflOO^'* r-* m in oo -O o 4) O 43 in cr- O 45

r- cm CO CM -n cm r-t CM co 4> r-» O m o CO O' ao do j 4 c^v Is- o *4 • ihn >i in cm r-i 4- 4) cm r\t cm cm
4 rn 45 r- m *-i r-4 CM CM CM r4 CM nS- (M CM CM on o  o o OOOOOOOOOOO  o o  o oo cl
O o o o o o o o o O O o o o c c o

2 2 O C o O C Io o —4 CM r-t r-4 r4 r—4
o o o o c o o o o o o o o o o o o o i i  o t  i t i i

1 1 1 1 > 1 1 I 1 1 1 1 1 _____I UJ LULL! UJ LU UJ LU l UJ LU
UJ UJ UJ UJ LU LU UJ UJ LL LU LU UJ LL UJ UJ LU UJi 4iftO>oninNmM^r' > 45 O m 45 rr v O 

r-t r-4 r- O' 4) o o! rnO'in^-flmucCCmcO' 5 cc c c 4 f-r~ m O CM m cn CM  45
j o *n r- *oo CM O' CM CV IT. 4 4 00 45 C 4 in «n *C CM CM CM ojo NMn n 4 m m o co

cv ¥*-O 4 4 -* r~ o r- 4- o O' 4 O C*5 r-4 ao O' O O' r-t (V rr
(VI in —• CM cr ac cm m 4 r-4 (V cm m cc

ooooococcoo ococccc
O ol

O O c e o c o c c o o O o o c o O

■—« —4 ii—I r—I |f\J CM r—4 -“t r—* O
—• CM CM r-t CM r-4 r-4 r-t PM PM o O O O C O C C O o o(-4 r-4 r-4 r-4 CM CM CM CM

O O o o o o o c c c O o o o o CC c o;
uj illuj ui Ill u u id uj ui mu LL ; U. U_ UJ 'LL U_ UJ UJ ujj

LL LL n no mim ^ >o n -o o O' rev—• 4 co r- O'UJ UJ UJ UJ Uj LL LL- LL LL UJ LL U Ur
m O' !f^ -t r-4 4!r~r“i4f^mr^rsiorsJ o m o c >4 —t O'O' O O' r- oo cm r- 0 r~ 4 r- 4

!© CM in in ofl OrJNO1^ 4 P*- 4 d5 <Mo h N N rn 4^ o m cc nr O rr 4 45 r- 45 CO f«5
45 r-t 4 r4 ' r—4 O' 4 4 j ^ it. 4 •£ in. f *v fp •-» cv ;45 a •— *r 4 *v cr —4) m O' oo cm r- o m m 43  r~-

f 4: CC 4- CV ff rH r— 4 4 cv a r- r !,rHr- — —
|c- o o o jo o Ic c o c o * c o c

c cl
o e o o o o c o o o O O O c o

1
r-t -ifr—4 r— r-t r—4 4 r-4 c o o o jo C C O O OjO > io CO o cr-t CM
o oO O o o o o o o c o o O O c c c o k

UJ UJ |lu lu|uj UJ LU LU UJ l
UJ LU LU UJ r-t PM 4 30 - m »n ao ^ o o UJ UJ UJ LL UJ ux Uj LL Ui LL UJ UJ UJ UJ LL m o o m so 

4) r- 4 in 43 4 ao r-t O' O 4 CO p- 4 4 in r- Io rs so .-4 4  O'  m iO cr O' C 1*5 4 ao m r- cm 0
cm r- - CM —♦ 1- t" ® ^ O O O n -i in io r- m r- 4 m 4 eo 4 «-• m O' 4 4 m r- r4 CO m 

r- 4 CM O' o o 4 in oo O' r- i4 O' cn ru m cn ?4. a N N N N iN m cv ,cn pr, *o O' 45 m pm cc
| CM CM • • • • ‘ c rci cn cfi m 45 O' 4 4 cn — cr 4) ff 4 fa jcccc.ccb c c c c c c c

> c oo c
c O c o c o c c c c c C o c c c iC C O c

r-4 O O O 0|-t 
>jo o

r-4 -4 o r-4 r-4 r-4 C ^ r4! coic c jc C C C C CjCO o o o -
c- c c c c c o c c o c IO c O C* |o c c c LL' LU U- U lu. It! IL LU UJ UJ |uj U' LL !LL LL jLU LL! LL 

uu u LL U LL U LL IL UJ LL! o m O 45 |4 m —* o m 4 io —t o —* r-^ —t r"- ■—* UJ u Ui u LL U
O 4 o o O' in m 4 m m O' co 45 <>|0 c> PM CM (V 45 CC' O' f* 4 if ec if a ,cc cv c a c if cr 

(*- if m 4 a ir 4 if 4 < cc 45 cv CM C a 45 4 4 i"- o c*s o ir-~ m 4) -• r- p-Ipm r\l m m O O ao co 
u n  if ir^ -—i cv

c f-4 (V r«5 cc r- m 00 C> O' a 00 f------- CM IfSi 4) O' CM —* 45 4. (•— (v. re ir cm re ! r* 4
r— r-4|l/J IT. •- o r- r-t CV CC r- «r, r- 4 r-t r- H h r-t --

•jcc c C C C ic C C C C OJO C C t C fC c c

c c o c c c c c C C c c c c c c c
1

o c cm r-4 m or-4 r-H m  o m   CM *—tio o c — O c c c c c o <r—4 »—
c c e c cc O ©j II [ III I I I Ic - o c c c c c o C c LU III

1 1 1 1 1 1 i i t UJ LL 'Uj LL Lu LL ID LL UJ 'LL LL IlD LL 'UJ U- U- 
j UJ LL U LL- U LL LL UJ LL; 45 4 O CM O' O' n N r (Vi i PO O O 45 O fO x> m LU UJj LL LL [U  U UJ u coin 45 C  c O' CV 1 O - o c 4 *— p- r- j pm in jp*- C O' m pm O |4 (M i45 in I—» P- 45 

2 45 G -1
r-» C 4 C CO 4 n- 4) O' CO If 45 CO u ro u o [in 4 45 co m oj 145 co O' 45 do in* to m CO cc

CO M O (\ 4 4D|—• - nj c* m c5 r- pp O 4> (M O' *-* n- h- N in o ^ HHivirnO if
 CV 45 45a: r-4CM O r-4 ?r r-4 m CO 0 |-« d 4 cn cc cm n o o o o ic o o o o 0 0 0 0(00'O jo

o c50 C O Oj> O c O C o c c c5 0 C5jO o c
r- m h o lo 4 p~ • ■ r~ jr- 

 11—oo 4 4) -4  454“ >£>r- «  4- o o r- r- 45 c 45 45 o —• O O IC' C O < ) oloO O’ ,i * I I I I I I IO *-4 O C o c C C5 0 C51 O r-t C c o o c ■ » * i • L-.IUU_U.LULU  1 1 1 1 1 • 1 1 1 i 11 1 1 J 'UJ Ui LU L J LU (LU lu
v O' O' !o cUJ LIJUJU Ui LU LU U uu LU u UJ UJ; UJ u LU LU r- n ic _ . - I O' M n 0 45 ao O JM

• M iO <o c “«> >J O' CV r— r*s 4) a >4) n c> O' co O' n cn rf\ r4 n O' a 14 Mj' r m (vj 4 r- ,o r~ O' 
< r~ CM O CM CO O' cv o o lAinofnjNm njcO' 4 m m cv 4 O' CM - » -i 'O' 4 r- o m jr^ o ro 4 ■ k-» ^ i-* t O o i irn m tn m  o co4 *-4 r-4 r-4 4 CVj O' m -■4 m r- v  O' Ilf > [4

T r-# O r~ r r- r- 4 4 m a m C*> r—4 m r-4 43 r>
* • o o c cbcocoop o o oo o oor jo C OjC c o oO Crio croc 0 0 0 o c

i OOO-^HNO^ O' lO5i O - 4 0-4 0-clO r-tH|0 OM" r-l r-t OOOOIOOOOO '-4—4 0 r!o 5 0 0 I I  o cro rroc C OjO c O O O Op c I EUJ LU UJ LLllLU lu uj uj uj LU LU LU UJ UJ LLI 8

U LU uJ LU UJ UJ L JJ LU UJ UJ LU LL Uj UJ LU 4(*>oo»nin04co l!— r~- evi O' m  LI UJ 4 O' Aa 45 n m i r 4> p- «~-t i 4 f' 45 4 P* P 45 14 f- 4 4 4 O' ma: m uV O' aJOC cc r- *-< 4 «ci r- cr o 4 Q0:r<5 aooao»-»r~< r in a3 m r in o n- > r O' r-t O r-4 r^.O'0'inO(x>aO'-«in 4 3

d O' r-t o m CM 45 4 4 (J\r-ICC^If'-ICO--tin u 4 H 4 N !MO' r CO 0v 4) rt f'  r- .

X O' >--• O' --• in -4 O' r-• O' r-t 4 r-4 45 CM CS m rfs—lim 0o o o o o o 
y rocr o DO D O O O o DOC3 0 0 oocoiooooooo

o  o

rsl CT» 4 jn o r- tX> O OML 9 6

D r-t CM uVO D O «V ao O'4 m 4
-t r-» r-t m O' 0 O' O' i

 i— *— ♦— ►— n— — !►—:
- »— p <<!!< T-1- - H- C<2 4 d: <J «i <t <r < d 4 1- 1 - i- *■- P- v- (— l— ♦- *- v- •— ►— i— ♦— >— < - W P

- ♦— r- *- - t- L-» DO D L_> LJ uu i/ii/)i/iinv)inini/M/ii/>i/i*— I—— P— f t— r— r~ r- r- w— r— 
io ifl in in in vun m wl w in

A18



* CM —4 r
> O O ( o o o o o o c rg rg

I • i t i » i i
UJ Ui L UJ UJ UJ LU LU UJ LU UJ UJ LU Ujluj LUiUJ UJ UJ LU4 O in o ■3 o O' O' 3 1^ UJ UJ !UJ(VJ fO o eg r— o n 

j o n •4- <M O O' O'r-« 3 ce CD CD i\j o fv —• O' cc r^ CO vC o o co -4 O' ) O CO  o>3 >3 3  rH fO 00 O  in m gi eg o o ce <0 in re no 0 0 o!>o _ cm
4 O 00 —* in 3 —» *-4 1 3 *n O' oir~ —4 cd r-

•H f\l *H  ,-4 -« „
00000000000 oooooooc

000

(MOrvlfM—»r-«<\4ojf\j<\jf\j —• —• —4 —4 K, eg cm c    eg leg OOOOOOOOOOO OOOOOOOC
cm cm cm —* r-« CM I'M CM
O O O OiO O CIO OIO c

UJ UJ UJ UJ UJ UJ UJ 1O'OoeHinmcoooN 3 LU LU UJ UJ ! LU UJ UJ UJ<0 o ce m o o K > O' egO X eO'tDOD'tOOBOCl in O' o> h- n O'm f\i o st in »-i.
-* X r^O —*eg CM —•N'tNIO’O CM 'C CM O'O ao rsj 00 o —• —1 r n in in O'< O' O m n •-« eg 3 in ie —» —* eg re o cmP m inr - 3 in m > cm re in

OOOOOOOOOOO OOOOOOOC

CM O —4 -4 —« O —4 «h eg —4 hhhnnhhOOOOOOOOOOO OO
OOOOOOOOO

I III I I I I I I I I I I I I
UJ UJ UJ UJUJ LU 111 UJ UJ liJ |UJ UJ UJ UJ 

< -ooconjcoin^NOcnin^ UJ UJin O O' CM O © 3 UJ UJ UJ LU3 oX -4©-4uvin-*o-4r--4ir- 'O o r- o 3 3 c >0 co a. HO-r>MncooHHn >n cmre o co 3 rg n- -4 O  <3 'O CMni^o a cm

OOOOOOOOOOO 0000000

(MO (Vinj,H H(VJ MM (Mfj
OOOOOOOOOOO CM CM CM CM | CM

© CIOC o o c
UJ UJ UJ UJ UJ III i 11 III HI HI n I LUUJLULJUJUJUJUJlii

u« ©003mineg—imi^co oe-Ha03p3rg>00' LU UJ UJ UJ LU LU 
a. o ce o o re cc re 3 n om cm eg re 000(MMin|M\jinO' 00 O' e-

a# <t ® 0 ^ o <-1 0 in ccinlin ecm ^ r» ONnicoomwrii^ eg in t- -g- re op
of m —ir-gce—«,.H<M3inre —1 ,h in r- 3 men 3 re <3 CM CM CM
o 00 00000 o 00 OOOOOOOOO

—• 'O —• O I*-C\l —4 »H »H «—4 r—*
000 00000000 eg eg -4 eg
ill trill 0 OIO 0!0 O

1 lit II 1UJ UJ UJ UJ UJ LU LU LU uj IUJ 3 O' —•CM vOcocnin^Mn lu UJ UJ ILLm ■j’ r- m jo ^ re O' jn 
_i c«mh 'O oir- c cm «m h—4 3 -g-  p  <e —4 3 ® g <t o 3 ce o o in —• o ce o' -o n Nn o  vO«\ cm i c n '# c j O -O re co O iO —•3 0 •~«i<\>c\j'03—*--irM m O' 'J- o eg m reo 't e- —4 0s so n

o o o o30000 < 000 O O O O

g|egreeg—ihho CM CM —4 r-43 0 op c c 00 0 CO c 0000

ii LU LU UJ UJ uj LU !UJ LU LU ,UJ UeegocMOcoreieg LU; LU LL U. ;UJ O'  U U 'LL! U  0 re to U
-• O O' O' 

j j j

3 p «o cm n O' n in -one- 00 
m m h O' ao re —1 1 oc F"- O CM O O g-oreoHcemo cc —1 0 n h- <- n v  cc ao >0 ao ao —* o co m O'

< CM h r4 - g ^ IC H re >0 in 'peg  —~ ir ir p re eg >0 1 ■3 M h — —' r-~ ic m-4 >r
o 00 o o oc 0 0 ok

UJ UJ UJ Ui | LU LU j UJ LU3 0,3 _ UL LU UJ LU mm O' 00 in LU LU LLi UJ|UJ LU [LU LUiUJ oo cm |m vo oo -O ce co -o O' m p r- , —*cm cm >3 O' ao O h m O' o >r O' g> In nn 0 te '0 0-4 OC CD |CM O »M 
00 O' 1 c ;-4 O' O C O' CM *n eg ' n n c|r^ cm  o 3 ao O H cmm  o  e~oc  (cm0  cmO'  CM —•I  cc «eeino 'O'g-n^4ifwooi-*or- 3 CM p re eg rg n CM i<M CM |DJ re reiev. celre-1 re n 1 n cejcvi n |re cm re eg! re »r.O O O © O oojoco cc cc ccccccc O• C• O•  •C•  c•  j c•0   0• 0•1

0 0 0 0-4^-4
O C'1 C 01 o c 

LU UJ lUJ U. UL U. JUL. UJ |Uj UJ II u. 11 Ui re eg ;o  LL LU L. IL UJ
o co 00 o* m m o UJ

m O' oo CM J LL Li. LL lu.'
 H -*«c in r- O' ao re r- o'mn O' rim? 

-TOO
O-C If «c O Iff1. O' n O' o>0 in tr -g- CM CC ’ O j -g- IT or» 

o O' r- >0 r~ x> <mi o m —4 cm cm • re ac m  o >0 CD,00 O' CM 0 3 o iei o mm •«£>iOv —• CM n —• ce 'rg 3 00 O' O egi O' -g- ^ 
CM H ^ ^5 -4 cm  O' ' ir >-< 4 O gjjroMr. eg:r-« —• o j r~~ n -* ©O

c c c © c c c c c c c c !o c c c c c c c c
I c c

fVJ rO r-« r-« og m n n cm -•^looio CM CM -4 O -4 rec o C © O O O O coco g ie re re  *-*OCCOiC C -4 OOOO 1—4
1 • lit I 000 C ic o,1111  I IUJ LU UJ LU LU LU UJ UJ LL _ JJ LU UJ UJ Lu 1 I j I I I III II ll U.1 LU UJ UJ UilU u.3 in co in rgrer^-Hinr-  uu III  '  CM m O ao Ntn^n lu ll uj iuoh  Mn g 0 00 UU UJ U.

o r- cm cd re egm in eg rg co co in cd g- > n O' In O' in F- f'- CM F" cm co gf O' O' F- M O O' H g
m o in h- cm cm g> o p o m -nn'OHh  r~ O' co p re F^ re O' ao  rg cm Ol O' 
O' re o g h cm ao reir- OIO O' H cm ,m -• -« O' h* n kn O' >-4 e- r4jO CM >0 O' 

n —11 jg- r- i«h O' -g- >0
o o o o o o p o o o o o 0 c 10 > OOOOOO O•  O•i.O •  0• 0•  o• 000

gt'tj'O'O f- o ® co N 0 'O 'O re x> -oso  n co o 1-> —• p o 0000 o 0   -4 o 0 0 o p O O 1 -J co O' F-IF^ >0 o >0 0
lilt ilia OOO 0 c ol 0 0 0 Op c: fi 000• I 1 it • I I • I I I IU LU UJ UJ UJ UJ UJ UJ LU UJ 1 II II tUJ UJ UJ Li UJ Ll UJ UJ LU uu LU ku LU LU I 1 1 »
4 m o'  uu UJ LU UJ !lu UJn iMflktjuo 2 c j sCM CM CM ce O O <r UJ UJ UJ"4 H P ~«nn—• reb' o g r CM CM p Mr K-» CO h- r~ <© n CM M o 1C N m co o cotg cf :h i •o

O O O' CM Ift rg O CM —4 d co  |Fô  re—4  |fp̂ n
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Appendix B Gamstat Program

FORTRAN IVL27 SOURCE PROGRAM 08/28/77
1 PROGRAM GAMTST

DIMENSION V(1000>*ST(1000/ll),PCT(1000#12)#P(it)#KP(12)/ANSIUJ
3 DATA STLT/'STAT'/,SAMP/isAmP'/,PCTA/'PCT'/
A REWIND 2
5 REWIND A

6 7 C REWINDPARAMETER  6CARO FORM8 COLS 1- 5 EXPECTFO SHAPE PARAMETER (NS)9 COLS 6-10 NUMBER OF SAMPLES REQUESTED (MAX 1000) (NM)10 COLS 11-15 SAMPLE SIZE REQUESTED (MAX 1000) (NN)11 COLS 16-20 FIRST PERCENTILE REQUESTED ( P (1) )1? COLS 21-25 SECOND PERCENTILE REQUESTED (P < 2 ))13 C - - - (UP TO 12 PERCENTILES may BE REQUESTED)
14 COLS 71-75 TlmFLTH PERCENTILE REQUESTED
15 C
16 10 READ(1,11,END-999) NS,NM,NN,(P(1),I*1,12) (P(12 ) >
17 # U FORMAT (3I5/12F5.0)
i« LNCT ■ 100
13 IF (NM.GT.10O0) NM ■ 1000
2D IF (NN.GT.10D0) NN ■ 1000

CQMPUTF POSITION * OF PERCENTILES
22 NP ■ 0 
23 20 DO 23 I ■ 1,12

IF ( P( I ) .EO.O.O) GO TO 30 
K ■ (P(I)*NN*,5)/100.
IF (K.GE.l) GO Tn 24 

27 DO 23 J ■ 1,9 
28 P(J) • P(J*1)

CONTINUE 
P(10) ■ 0,0 

31 GO TD 20 
32 KP(I)
33 Np NP*1

CONTINUE 
CALL EJECT (NS, NM, >'N, LNCT)

DO FOR EACH SAMPLE DO 80 IM ■ 1,NM
DO FQR SAMPLE SIZEDO 50 IN ■ 1,NN 

SHAPE - 0,

FORTRAN IVL27 SOURCE PROGRAM FJfCT SUBROUTINE OB/28/77
SUBROUTINE EJECT (US,NM,NN,'LNCT)

97 LNCT ■ LNCT+1
98 IF (LNCT,LT.50) GO TO 10
99 WRITE (3,1000) NS,nm,Nn

100 1000 FORMAT (* 1•,lox,INOMINAL Shape*i,I3,' NO. OF S ,MPLES-',I4,
101 C' SAMPLE SIZE-',14)
102 WRITE (3,999)
103 999 FORMAT (l5X,'li,l0X,t2',l2X,»3',HX,'4',llX,'5i ,10X,*6',11X,'7',104 XIIX, • 8 • , 1 IX, '9',11X, H0',10X, lip )
105 WRITE (3,1001)
106 1001 FORMAT (13X,'XBAR',7X,'CHECK',6X,'VARIANCE',6Xi 'Skewi,6x,107 X'KURT0S1S»,5X, 'FIFTH',7X, » SCALE',7X, 'SHAPE',7X,' 'ALPHA',7X,10B X'GAMMA',8X,'BETA')
109 LNCT - 2 
110 10 RETURN
111 END

fqrtrai IVL27 SOURCE PROGRAM STAT SUBROUTINE 08/28/77
112 SUBROUTINE STATC IM,N,V,ANS) 
113 DIMENSION V(1Q00 ) ,*N5( 1 1 )
114 R£AL*8 SXi,SX2,SX3,SX4,SX5;SX6,'X2 
115 SX1 * 0.
116 I S w . 0
117 DO 10 IN ■ 1,N 
118 2 ■ V(IN)
119 sxi - sxu-z120 IF (Z.LE.O) ISW * 1 
121 i CONTINUE 
122 XB * SX1/N 
123 SXI • 0,
124 5X2 - 0.
125 SX3 . 0.
126 SX4 . o,
127 SX5 . 0,
128 SX6 • 0,
129 00 20 IN ■ 1,N 
130 XI - V(IN )-XB 
131 SXI ■ SX1+X1 
132 X2 ■ X1*X1 
133 SX2 * SX2*X2 

DO 40 IS ■ 1,NS 
U ■ UN 1(0)
IF (U.LE.O) GO TO 35 
SHAPE ■ SHAPP.ALnG(U)
continue

V(IN) • SHAPE 
CONTINUE

SORT ELEMENTS WITHIN SAMPLECALL I SORT ( 1,NN,v/,o)

FORTRAN IVL27 SOURCE PROGRAM GAMTST PROGRAM 08/28/77
51 C WRITE SAMPLE to tape UNFORMATTED 
52 "RITE(2 ) NS,NM,NN,IM,(V(I),I»l,NN)
53 C COMPUTE STATISTICS FOR each SAMP

CALL STAT(IM,NN,V(l)JANS(l))
WRITE (4) NS,NM,nn,SAMP,IM,(ANS(I),I"1,11)

DO 65 I • 1,11
ST( IM, I ) > ANS(I>
CONTINUE

SELECT ELEMENTS at PERCENTILES

134 SX3 ■ SX3+X2*X1 
135 SXA ■ SX4*X2*X2 
136 SX5 ■ SX5*X2*X2**1 
137 IF ( ISW.NE.O) GO TO 20 
138 SX6 ■ SX6*AL0G(V(IN))
139 CONTINUE 
140 ANS(1) * XB 
141 ANS(2 ) . SX1/N 
142 SX2-SX2/N
143 IF (SX2.GT.0.) GO TO 2?
144 ANS(3 ) ■ 0.
145 ANS(4 ) - 0.
146 ANS(5 ) ■ 0.
147 ANS(6 ) - 0.
148 ANS(7) - 0.
149 ANS(8 ) ■ 0.
150 GO TO 24 
151 ANS(3) ■ SX2 
152 SXI ■ SQRT(SX2)
153 ANS(A) - SX3/(N*SX?*SX1)
154 SX3 • SX2*SX2

DO 70 I ■ 1,NP 
KP( I)

PCTd V(K)
CONTINUE 
CONTINUEI)

COMPUTE STATISTICS OF STATISTICS
DO 90 I ■ 1,11

CALL STAT (1,NM,ST(1,I),ANS(1)>
WRITE (4) NS,NM,NN,STLT,I, (ANS( J),J»1,1D 
WRITE (3,ln20) I,(ANS(J),J.l,ll)

FORMAT (• STAT',I4,11(1X,E11.4>)
CALL EJECT (NS,NM,nn,LNCT)
CONTINUE 

WRITE (3,1011)
FORMAT (IX)
CALL EJECT(NS,NM,NN,LNCT)

76 C Compute STATISTICS FOR PERCENTILES 
77 DO 100 I ■ 1>NP 

IP - P( I )*10,*.5
FIRST WRITE PERCENTILES TO TAPE 

155 ANS(5 ) • SX4/(N*SX3)
156 ANS(6) ■ SX5/(N*SX3*SX1)
157 ANS(7) ■ SX2/XB135 ANS(8 ) ■ (XB-X8J/SX2159 IF (ISW.NE.O) GO TO 10
160 SX2 ■ AL0G(XB)-SX6/N
161 IF (SX2.LE.0,) GO IQ 30
162 ANS(9) ■ SX2
163 SX2 > A*SX2164 SX3 • (1.7SQRT«1.*5x2/3,))/SX2 
165 ANS( 10 ) ■ SX3 
166 ANS(11) ■ XB/SX3
167 return
168 ANS ( 9 ) * 0.
16° ANS(10) ■ 0.
170 ANS(11) ■ o,
171 RETURN
172 END

81
82

WRITE (6) ns,nm,nn,IP,(PCTIJ,J),J«1,NM>
CALL STAT (l,NM,PCT(i,I),ANS(D)
WRITE «4) ns,NM,Nn,PCTA,IP,(AnS(J),J-1,11) 
WRITE (3,1030) P(I),<ANS(J),J-l,11>

FORMAT (' PCTI,F5.1,11(1X,E11.4))
CALL EJECT <NS,NM,nn,LNCT)
CONTINUE ASSEMBLER ASSMBL U22U25

GO TO 10 
FNDFILF FLAGS LOCTN OBJECT COOF AOQR1 AODR2 STMNT M SOURCE STATEMENT
REWIND 2 ENDFILE 
REWIND 4 
ENDFILE REWINDSTOP  6 END

ODOOl
00002 
00003 
00004 
00063 
00092 
00093 

10

* 

START 0
PRINT NOGEN
OATAD 0$REF-1,DEVADOR-SYSIPT,OEVICE-READER,RIC5 IZE-80

MNOTE 0,VER004
OATAD 0SREF«2,nEVADDR-SYS191,DEVICE-TAPE,BLKSIZE-1000
OATAD DSREF*3,HEVAOQR-SYSLST,OEVICE-PR INTER,RECS IZE-160,

CONTROL-SVSTEM
00122 
00151 
00180 

OATAD OSREF-4,DEVADOR-SYS 192,DEVICE-TAPE,BLKS IZE-68
OATAD 0SREF-6,0EVADDR-SYS193,DEVICE-TAPE,BLKSIZE-4024

OATAD
END CARD * IS 0044, 01147 INO

FLAGS IN 000001 STMNTS, VERS j nN NUMBER IS V021. (TDOS) i- ASSEMBLER CODE ISI U22U23,

// lnkfdt
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The National Oceanic and Atmospheric Administration was established as part of the Department of 

Commerce on October 3 1970. The mission responsibilities of NOAA are to assess the socioeconomic impac 
2=3technological changes in the environment and to monitor and predict the state of the solid Earth, 

the oceans and their living resources, the atmosphere, and the space environment of the Earth.

The major components of NOAA regularly produce various types of scientific and technical informa­

tion in the following kinds of publications:

PROFESSIONAL PAPERS — Important definitive 
research results, major techniques, and special inves­

tigations.

CONTRACT AND GRANT REPORTS — Reports 
prepared by contractors or grantees under NOAA 

sponsorship.

ATLAS — Presentation of analyzed data generally 
in the form of maps showing distribution of rainfall, 
chemical and physical conditions of oceans and at­
mosphere, distribution of fishes and marine mam­
mals, ionospheric conditions, etc.

TECHNICAL SERVICE PUBLICATIONS — Re­
ports containing data, observations, instructions, etc. 
A partial listing includes data serials; prediction and 
outlook periodicals; technical manuals, training pa­
pers, planning reports, and information serials, and 
miscellaneous technical publications.

TECHNICAL REPORTS — Journal quality with 
extensive details, mathematical developments, or data 

listings.
TECHNICAL MEMORANDUMS — Reports of 
preliminary, partial, or negative research or technol­
ogy results, interim instructions, and the like.
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