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ABSTRACT

The adequacy of the hydrostatic assumption in mesoscale-subsynoptic
models is examined for various horizontal grid intervals, heat inputs and
thermal stabilities. To accomplish this, a hydrostatic and an anelastic
two dimensional, dry, shallow primitive equation model are developed co-
incidentally and compared for the same initial and boundary conditions.
A simplified technique to compute the pressure in the anelastic model is
introduced.

The models have 13 vertical and 21 horizontal grid points. Heat is
introduced into the models over seven horizontal grid points at the bottom
two levels. The vertical grid interval is fixed and the horizontal grid
interval varied. A sinusoidal heating function is prescribed. The large
scale advective velocity is | m/sec.

The study, while not exhaustive, suggests that the hydrostatic
assumption may be adequate, particularly for dry models, with horizontal

grid intervals as small as | km. Smaller heat inputs and more stable
thermal stratifications improve the accuracy of the hydrostatic assumption
for a given horizontal grid interval. The horizontal grid interval is

more important than the magnitude of wvertical motion in determining the
adequacy of the hydrostatic assumption.

For wvertical and horizontal grid intervals of 300m, the convergence
zones have a larger amplitude and the upwind convergence zone propagates
downstream more rapidly in the hydrostatic model than in the anelastic
model. The effect of the nonhydrostatic pressure is to create a relative
low pressure aloft and relative high pressure below. The nonhydrostatic
pressure gradient is then counter to the hydrostatic pressure gradient.



COMPARISON OF A HYDROSTATIC AND AN ANELASTIC DRY
SHALLOW PRIMITIVE EQUATION MODEL

Roger Pielke
1. INTRODUCTION

Many mesoscale-subsynoptic models use the hydrostatic assumption
to determine the pressure field. The justification is based on scale
arguements similar to that given by Haltiner (1968): if

D2

ur << ' O)
then the hydrostatic assumption is valid where D and L are characteristic
vertical and horizontal scales and correspond roughly to 1A wavelength
of the disturbance. Hovermale (1965) obtained the same result by con-
sidering the effect of neglect of vertical accelerations on gravity wave
oscillations. Estoque (1961, 1962), Moroz (1967), McPherson (1970),
Delage and Taylor (1970) and Estoque and Bhumralkar (1968) justify the
use of the hydrostatic assumption through scale arguements. Delage and
Taylor have a horizontal grid of .5 km in some of their calculations,
whereas Estoque's minimum horizontal grid is 2 km.

In contrast, Neumann and Mahyer (1971) argue that scale analysis
shows the hydrostatic assumption cannot be used to model land and sea
breeze scale circulations.

Indeed, scale arguements alone only define the limiting case in
which a hydrostatic model can be used. It fails to describe the magni-
tude and significance of errors induced in a hydrostatic model if critei—
ion (1) is not adequately fulfilled.

Laboratory results by Hide (1958), in fact, suggest that hydro-

static balance may be maintained even if D/L approaches unity provided



that geostrophic flow with a '"stable enough" density stratification
exists.

The purpose of this paper will be to delineate the horizontal
scales for which a hydrostatic model can be used accurately. The vertical
scales are limited by the stable stratification and the depth of the
atmosphere.

A hydrostatic and an anelastic, dry, shallow, primitive equation
model are developed coincidentally and tested with the same initial and
boundary conditions. The basic hypothesis is that the hydrostatic and
anelastic models will yield identical solutions when the horizontal grid
interval is large compared to the vertical grid interval. As the models
are refined by decreasing the horizontal grid interval, the solutions are
examined to see if and by how much they diverge from one another. The
heat which drives the circulation is introduced over a constant number of
grid points. The effect of varying thermal stratification and different
heat input is examined. A simplified technique to compute the anelastic
pressure is developed.

2. EQUATIONS

The equation of motion for inviscid, non-electromagnetic fluid flow

in a rotating coordinate system is (symbols are defined in the Appendix).

- UMy b 3 g 53 t2£idk Bl )

If the fluid is an ideal gas, then

|
p 3Xj 3Xj )

The first law of thermodynamics for an ideal gas under adiabatic



conditions is

30 = -Uj30

3t 3%, M
The continuity equation for incompressible flow is

3U;

Dutton and Fichtl (1969) have demonstrated that the continuity

equation (5) is adequate to describe shallow motion or motion which
occurs over a depth much less than the scale depth of the atmosphere.

In relation to the real atmosphere, the following assumptions have
been incorporated into the equations:

1. molecular viscosity and conduction are neglected.

2. radiation effects are neglected.

3. moisture effects are neglected.

A. the motions to be described by the equations are confined to the

lowest few Kkilometers.

The dependent variables A; (i.e. Uj or 0 or Il) are decomposed into

Aj + Aj + A where (6)

A;

///7 A; dx dx dx
1 2 3

Al = FFF dx dx dx )
n 1= 3

/I11(Aj-A;)dx dx dx
d az= 3

Al = 777 dx dx dx (8)
i 12 3
A, = Al-(A] + A)) . 9)

N . . .
and Aj is an average value of Aj over the entire model domain D. The var-

iable A; is the deviation of Aj from Aj averaged over a grid domain d.



An averaging operator is defined by

///7 A; dx dx dx
A 1= 3

a. =
f dx dx dx ~ (10)
d 123
It follows directly that
A=A - A+ A) 01)

(A - A) " A

= 0.

The domain averaged variables of the model are assumed governed by

QUi = -Uj9UIl , g an =« i3 "2eiikfiiUk

ot ox 9% 9 613 eijkfijUk» (12)
P - "Y59%f . and (13)
5Uj _

3x; O 14)

Substituting expression (6) into (2), (4) and (5) and averaging as

defined by (10) vyields



u . yL=-5jla- Uj* 9U
t—+ % 3x; (15)

.0 3fi _ (eM-0)9I_ _ 09fi_ _ 0911*

ox: ox: ox: 3x
ijk™NjUK “ i ur-g 6 .
90 90 U190 U I+U 90 . “U:9 I/: 90"
3IT+3F-- /<’ ( alj- JsS7° N7 -ad (16)
1Ul.+ 1UL. O.
9x; 9x; 17)

The equations for the grid-interval averaged variables are obtained

by substracting (12), (13) and (Jh) from (15), (16) and (17), respectively.

Thus ,
9Uj_ = - (Uj+Uj)9uj _ UjoUj_ -U-9UI _ (9+0)911 _69ll
ot 3x Oxj  3x] oxj oxj (18

- 2Euknjuk.

99 - (1+U:) 39 5 i/ and
RO, 3x7 — J377 ' and (19)
30; _
3x; © (20)

Equation (18) is simplified by assuming the deviation of the
grid-interval averaged potential temperature from the model domain averaged

potential temperature is small. The fourth term on the right of (18)

reduces to

(0+0)|i= O(i+8)|£. * for 0/0 «< 1. (21)
oX| ~ooXj



Further, if the model domain-averaged pressure is assumed hydro-

static, then

(22)
With these assumptions, (18) reduces to

(U;+U;)3U 0-5: .3 A, (23)

ijig + a9

This system of equations (19), (20) and (23) involves the
dependent variables U;, 0 and Il as a function of x; and t. The equations,
however, cannot be closed without knowledge of the last term on the right
of (23). Typically, the second part of this term is neglected because
pressure has little energy at high wave numbers (Lumley and Panofsky,

1966 ). The first part of the term, (the Reynolds stress), is approxi-

mated in analogy to molecular viscosity, by an eddy viscosity formulation.

(20

Although such an eddy coefficient formulation is, at best, first
order turbulence theory, it has been used satisfactorily in many mesoscale-
subsynoptic models. The eddy coefficient is either assumed constant or

a function of the grid domain averaged variable.

Similarly, the Reynolds flux term in (19) is estimated.



3. HYDROSTATIC MODEL

IT the vertical acceleration and Reynold stress terms are neglected

relative to the vertical pressure gradient and gravitational

terms in (23), the pressure can then be computed from

The remaining equations are given by

ueo-

o 1/ (m)3(Ul+Ui)
3xj IN\i . 3¥j

90 = -(Uj+U.)90_ U; 90
ot J 9. " 9x;
J J

and

To simplify the problem, the following

BB~ “2eljkii juk

assumptions are made:

acceleration

(26)

(27)

(28)

(29)



K ,f>- KIO)

1.2.3

1,2,3

Equations (26), (27), (28) and (29) in component form then

reduce to
Q_g, (30)
Oz g*
3U - (0+U) 3U ri30  ~3nH (31)
37 = 37 » 7’57 "033T *
90 -(U+U)30 -/30 30\
3t = 37 " W7z + 37/ (32)
and
W = U
3z 3x (33)

The boundary conditions are

ffH=U=W=0=0. lateral (3k)
NH=u=0=20 top
u=w=2~0 )
= A() sin J bottom
At the initial time
¥- + +lg-o (35)

The hydrostatic model consists of two prognostic equations ((3D

and (32)) for U and 0 and two diagnostic equations, ((30) and (33))

for 11* and W.



4. ANELASTIC MODEL
When the magnitude of the wvertical acceleration is comparable to
the pressure gradient and gravitational acceleration terms in
(23), an equation for pressure can be obtained by taking the three dimen-

sional divergence of (23) and solving for the Laplacian of pressure:

82nA = J 3 <€ 1! 3U_ 38  _ 3 (Uj+Uj)p) 3u;
3X| g Jtixj + g™ 3t 3xj 3Xj g 3Xj (36)
3 Ul 3UL_ 0 sn_

i 0030
axt g 3xj O MHaax: g gq $8133% g2

e 3 . 1/ gui+u.:
ijk 3x; J§ 3x 9%xj I\ij ox:
The first term on the right side of (36) is identically zero by
virtue of the continuity equation (20). (36) is of the form
Ogura and Charney (1961), Neumann and Mahyer (1971) and Brundidge, et al.
(1971) used to compute the pressure. However, pressure can be obtained
by a somewhat simpler approach.
The Laplacian of the hydrostatic pressure is obtained by the addi-
tion of the horizontal divergence of the horizontal component of the
equation of motion (23) and the derivative of the hydrostatic relation

(26) with respect to height. .Thus,

iJk = =13 9Uj. + i_91_9°L - JiUj+OjMi. (37)
3x%j2 g 3xj 3t g2 3x~ 3t 3Xj g 3Xj
3 ISm- (1-6,.) 0 21L -2e | k'33
3x] 3x 3xi § 3x] X
3 1 3 L/(m) 3 (Ul+U1) « 30
3*i @ 3xj- NI,j 3m o°is 3X (2
1 = 1,2 | = 3>2>3)>



where Uj is a hydrostatic velocity forced by a hydrostatic pressure grad-

ient.

Subtracting (37) from (36) yields

--------- 2i-<na-n,) = +i3_ 1Uj.
3xj2 3x,2 A H § 3x,3t (38)
JU
foU; 80 3UL 901 F 3 (O:+Uj)3U; _ 3 (Uj+Uj)3Ui"|

. Ot 3x; " 3t 3xiJ“ [B8x7 0 ~X] oxI 0 9xjJ

r 3 0\

3x: " 3xi A 3x:

which reduces to
32R 1 3 3U 1

Xr 0O Ot e

3 (Dt+ﬁ_:) au; 3 Uj 3)i
" -ghT- JgJ 3xj 6i3 - 3xj 4T 3xj 13

- 3 o a . 3 1 3 | /Z(m) 3U; *

ijk 3x]| 8 13 Oxi Q 9%xj Nu_j 9xj 13

G- <2 )

Vi = 1,2,3/
The total anelastic pressure is obtained by integrating (26) for
nH and solving the elliptic differential equation (39) f°r R and adding

nNA - nH + R

10



The remaining equations are given by
o11i = " (Uj+Uj)9Uj_ - UjOUj_ _ & _ -

jknj |
ot 9x ox; ox| oxi 2eljknjuk  (*<!)

» I/ (m) 9 (U)+U,)

8xj I\,]
90 _ —(U j+u_-)§@ - Uu9o_  _J)_[/(0) _1 (0+0)
ot J 9 Jox; + 9x. l\. 9x.
J J J I\ J
ouU; _
oxj - 0 , and (43)
9Uj -(Uj+up™ - u.guj, ~
ot S J@?x; 97 ~7  2eljkQjUk (44)

M o (i+o])

9xj ij 3*i
The following assumptions, consistent with the hydrostatic model

given in section 3, are made:

ox2 ~ ov = O 7 =0
%L I=- O;
OXj
o-
9X, " 1
35_= o-
99X, ’
5. U=\I=0; U =W=0;U=V =0 i s
= 1,2,3
(m) () 1 =12
6. =0

11



Equations (39), (40), (26), (41), (42), (43), anx* (™)

reduce to
[Hh - — gt (45)
92 e
on = B9 H 1 3W 90 3 (0+0) 3W _ 3_W 3w (46)
q ox 91 g23t 3z 3z g 3x 3zg9 3z°

NA - nH + R, (47)
3U -(0+0)3U -W3U _A sL
3t= 37 31 O™r m
30 = -(0+0)30 (49)
3t 3x '
3w = -3U (50)
3z 3x

and
3U = -(0+0)3U g3u g B3i .

1

3t- 3x 37 3x (1)

The boundary conditions are
R=nNH=NA=U=W=0=0 lateral (52)
r=nH=nA=0=0=0 top ,
u=w=20; 0=A(KX sin 3frI521; [R_= 0 bottom .

T dz

At the initial time

R=U=W=0=nH = 0. (53)

The anelastic model consists of three prognostic equations ((48),
J

(49) and (51)) for O, 0 and 0 and three diagnostic equations ((45), (46)

and (50))for 0”, R and W.

12



With the assumptions given in this section (36) reduces to

V2il =1 jw I® 9(0+0)9U 9 _(U+0)9W 9 WO o,
VoA @2 9t 9z 9x § 9x 9z 9x 9x § 9x

9 W 9w + 9 0
9799 ~97Zg7

Model calculations in which (54) is used to evaluate the total
pressure will be compared with identical runs in which (45)and (46)
are used to calculate the total pressure.

5. NUMERICAL SCHEME

The prognostic differential equations in both models will be approx-
imated by a semi-implicit forward upstream differencing scheme. In this
scheme time derivatives are extrapolated forward in time, while advective
terms are differenced one spatial grid point upstream and advected by the
wind at the point. The remainder of the terms in both models will be

approximated by a centered difference scheme.

Molenkamp (1968) has been very critical of forward-upstream differ-
encing. He claims the pseudo-diffusive effect of the difference scheme is
almost as large as the explicit eddy diffusion for small scale atmospheric

circulations. He concludes that turbulent diffusion cannot be accurately

modeled using this scheme.

Rosenthal (1969) disagrees with this conclusion. He claims many
realistic results (i.e.jOgura, 1963 and Orville”™ 1964 ) have been obtain-
ed using this difference scheme. Indeed Rosenthal quotes Richtymer (1962)
as finding computational damping desirable in controlling nonlinear com-

putational instabilities.

13



As shown by Molenkamp, the difference equations for the prognostic
variables can be written as a differential equation by expanding the prog-
nostic variable in a second order power series in At and Ax. The result-

ing approximate expression for the computational pseudo'viscosity is

Vs @ - 171 ) AX

The implicit numerical diffusion is quite useful as a sink of
energy in the two models without specifying an explicit numerical diffus-
ion. This simplifies the finite difference form of the equations. In
fact, a source of difference between the two models caused solely by fin-
ite difference techniques is eliminated. No third order derivatives
appear in the elliptic differential equation for R.

The variables U, W, nA, nH and R are defined at the same grid point.
0 is defined midway between the vertical grid points of the other wvari-
ables. The grid is sketched in figure 1. At the top the variables are

defined to be coincident.

e u, w, nA r

X 0

Figure 1

14



The finite difference form and order of calculation of the equa-

tions in the hydrostatic model are

P G+U) VrUiT*—r + W /VyU~p--T
AAUESTIRYIS )x(i)r-xl(i-l) z(j))/—|28—i) (56)
h) i+i -ITu) i-i .
x(i+i)x(i-1) (from (31))
Pe+i J mT+i J / \
WT+l = y1e1 . Uj+l  -Uj-1 ° (z@G)-zG-D), (57)
J1 XU+L)"XU=1) \ /
where UT+1 J = (Uj+1 + u]';)72 (from (33)).
(u =\ [
T+l = 5
BT+l =p - At xd)-x(i-i) (58)
i . §-§t-V2 \
W (-, 99952 i-ir2) + 21
where
I~T+i =T+ =T
u = (UJ)_E:I_+ Lj )/2»
W = Wi+ wTw1)/2  (from (32)),
J+1 ]
and
\/+l - nH)x+1 - 9 & (z(G+D-z(F))  (from (30)). (59)
j+l on

The finite difference form and order of calculation of the equations

in the anelastic model are
UT+L = U - At (e @iici-i) - W z¥§izti-o (60)

+ 0 nA).T+1-90) i-i
x(I+D-x(1-1) (from (48)).

15



0 nH i+;~.%)-L4

< (i+i)-x(i—i) (from (51))
~T+1 ~T+1'I
(62)
where
UT+r= (Oj+! +0j!J)/2 (from (50))
i - a .j'mT+i) 0-01.1
0 O - AtV oy +u  IXx(1)-x(I"T, (63)
INMTT / _O~O,_—1/2 ) 0-0:;-1/2
\z[j+1/1D)-z{j-1/z) 2G+1/2)-2(-1/2)
where

UT+1 = (U4t + U hy2

WT+1 = (wj+* + Wj+1)/2 (from (49)).
The finite difference form of the Laplacian for R for variable grid

intervals will be given later in this section. The forcing function of

(46) is approximated by ~ +i
(64)
‘ i 6_61.7\2 WT+1_WT
+ :::::ja _Z/Gi-—# i@yrgﬂ—iIZ) At
0

1 0 + uTt)/wTli ;+I-wi+j+A
zG+D-zG-n  Jir- (fjdt
0

16 ((64) continued, next page)



{{6b) continued)

i ~T+HL .~ T+
U ) (W|+x,J—|~W|,j—x)
0J x(i+i)-x() /

it

- . 4-
TJ+I’1"T|:IT rJ+1 ‘ Z(j+2)_zci Iji
0

where
0 " <\//2+ \A/2>/12 | (from (46)),
AT+ . \T+1 _ _ 0T+ N
nH “OaHGEE 9 —eee (zG+D-z(3)).(from (45))
0
and
V+1 - ShT+* + 1T+l (from 47)).

The finite difference approximation of (54) is
! 0-0;-1/2 W
-J2 z(+1/2)-z(g-1/2) At
0
P). fHHU

(G+i)-z(-i) T3+l v

~t+1 P X1 T+
g+ -zg-n
0
wWTAWT+1-wTH 1 L

Xj-jVztrEHprrv  — jx. (i+i)-x(i-i)
0 0

JJIHfftLr & +0or-:»~p~D

((67) continued, next page)
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((67) conti nued)

L 0w i yiee™ e UL
—J x(+i)-x(-iT i+i  Z(G*D-z(G)" i 2(+D-2()
0

| Ve L)
|/2 - '.|/2 AO ! ' ' *,
+ z(j+1/2) -z( ) Firl2 0j-1/2 (from (5*0)

In order to maintain linear computational stability, the gradient

being advected must always be evaluated upstream. Therefore, the ad-

vective terms in the preceding equations have been defined such that for

examp le:
if0+0>0
evaluate gradient U - Ui-i
x(1)-x(i-1)
ifU+U<DO0 (68)
evaluate gradient U+l - U
x(i+1)-x(i)

The elliptic difference equations for R and 11" are differenced con-
sistent with the difference form of the equation of motion.

The diagnostic elliptic differential equation for R and 11* cannot
be solved by simple integration. The equations for R and Il will be
solved by the method of sequential relaxation as discussed by Thompson
(1961).

The elliptic equations for R and 11* are of the form

V2A = F(x,z,t) (69)

where A= A

The finite difference form of V2A will be formulated for variable

18



grid lengths. The Laplacian of A can be approximated by

v2a - TyTi+i72) - (i-./2)j] WTFXIO -

Lz (i + v2)=z6=~1 L6 7 2Gi-2in

Reordering (70)

P A BRSNS R G RS))
R Y T
and defining
AX = [x(i+ild) -x(i-12)] [x(i+i) -x (i) ] [x (i) -x( i-1) ]
and AZ = [z(+i/2)-z(-iyfo)llzG+1)-z()1 [zA)-z (G -1)] ,
V2A = | [A. +1-Aj]1[x(i)-x(i-i)]AZ
CIAFA] XTIX( +i)-x()]AZ + [AF1“Aj1[z()-z( -1)]AX
©[Aj AT _j] [2G+)-z()JAXIIAXAZ.
Factoring Aj from (73), it follows that
V2A - (-Aj | [NKI-X(i-i)+x(i+i) -tN) JAZ
+ [2Mt-z(f-i)+z( +i)-z ] AX|
+ ATMIX(i)-x(i-D)JAZ + Aj_j [x(i+i) -x(i) JAZ
+ Aj+1[z()-z(i -1)1AX+A]_X[z(j + 1)-Z () TAX)AXAZ .

Defining

Am I:OV,)—x(i—,)IAZ’\U(j’\)—z(j—i)]Ax[A’\J,<(i)'x(I'I)Iglz

+AJ. J[x(i+i)-x(D)]AZ+Aj+1[z(J)-z(J -1)]AX

+Aj-1 [z (g+1i) -z ) 1AX]

19
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&'

(72)

(73)

(7*0

75)



and substituting (75) into (7*0 we have
V2A - + + [A-A] * (76)
If the grid intervals in the x and z directions are identical, (76)

reduces to
V2A * —r~r TaA] 77
TasT [ 1 (77)
which is the standard approximation for V2A for equal grid intervals
given in most texts on relaxation techniques.

Substituting (76) into (69)

78
V2A - [(X(i+1)~x(i~1))AZ+(z0 + 1)~zU~1~X] [A-A] = F(x(,z,)t),
AL
or
§ - A tx(i+i) x0T AZG G Ry -2 -1 ax (79)

The method of sequential relaxation proceeds as follows. A quess

for A is made at an interior grid point. Expression (79) is evaluated.

If A is not the proper value

ere _ T-=AXAZ F(X,z,t) (a ,
[x(i+i)-x(i-1) JAZ+ [z +D-z(-D]JAX

In order to eliminate the residual RES, it is added to the quessed

value of A. Thus,

n T a AXAZ F(x,z,t)) ]
0 "™ A~ANEW [XCGFi)-X(i-i) JAZ+[z(+1i)-z (-1) JAX (81)

and

aNEW “ AOLD + a RES »
where a is an overrelaxation constant. It was found that

a=-16 (82)
gave most rapid convergence. Convergence was defined when

| RES | < .001. (83)

maximum
For a problem with only one interior grid point only one relaxation

20



(witha = 1) would be necessary. However, with more interior grid points
the change of A by a residual at a grid point affects the values of A at
surrounding grid points. Subsequently, the relaxation must be repeated
at all interior grid points until the residuals at all interior grid
points are arbitrarily small. The method of sequential relaxation re-
quires that new values of A be immediately substituted into the express-
ion for A at the next grid point evaluated. Therefore, A consists
of old and new values of A. For a more complete explanation of sequent-
ial relaxation, the reader is referred to Thompson (1961).

In order to solve (81) , the values of A or its derivatives at the
boundary must be known.

In (64) and (67) certain terms can be defined outside

the assumed grid. In these cases the following forms are assumed:

1. For j =2
Wi - 1"W|_2
2. For j = H - | where H is the top grid point of the model
3. For j =2
a._a L ; 1
T - k-2 (V 172+® -3/2) ™~ ("2+1/2 + ®1+1/2)/2
k. For i = N - | where N is the end grid point
(ui+i+ui+i) ,™M-ruifi v - 0*
X(1L+2)-x(1+1)
5.For i =2
(U3t * (Uj. +U._ ) /AN r\/2 | ° 0 *
ox 1 1 >x<(-D—xx<(1-2)

In order to satisfy linear computational stability the inequality

AX
At 1 rm

U +/gH must be satisfied.



6. RESULTS

The models have 13 vertical and 21 horizontal grid points defined

as
Z(J) =0 J =1 (85)
Z(J) =Z(3-)+300m 2 <J< U
Z(J) =Z(3-1)+600m 12 £ J£ 13
and
X(@) = 0 (86)
X(2) = 20Ax
X(3) = 10Ax + X(2)
X(A) = 5AX + X (3)
X(5) = 2.5Ax + X(4)
X(6) = Ax + X(5)
X(17) = Ax + X(16)
X(18) = 2.5Ax + X(17)
X (19) = 5Ax + X(18)
X(20) = IOAX + X (19)
X(21) = 20Ax + X(20) .

The horizontal grid interval isAx. Heat is introduced into the model by

Q= A sin SO 5 < (87)
T 7< 1 <15
where T is defined as
T - #0° sec (-TK-) (88)
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The large scale velocity and thermal stratification are defined as

U =1 misec » (89)
ﬁ(z):B301(;r(r:1' I <J <10, (90)
ﬁg i 456(:m (level 10 to 11) ,

:g - 3(?(:m (level 11 to 12) j

ﬁg 33(2)m (level 12 to 13)

Both models were compared for the values of A, B and AX given in table 1.
These values were chosen to approximate conditions used in most models of

mesoscale atmospheric phenomena.

In order to compare the models, values of the predicted variables
were printed after 800 time steps. This corresponded roughly to the time

of maximum heating. The time step was determined from

At = .5 AX/CIT+ v/H) (91)

where
If= U + U (92)
I max
The wvelocity V is the maximum calculated total wvelocity. There-
fore, a shorter time in one model compared to the other for the same A, B
and Ax implies a larger maximum total velocity.
The maximum absolute values of the nonhydrostatic component of

pressure R, calculated in the first 800 time steps from the anelastic

model, are plotted in figure 2 as a function of Ax.
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Table 1.

AX A
AX(km) AZ B

Il
N o1
w >
I
N
I
w >
I 1
=
o
@w >
"1
&)

N
A S
N

[E=y

W —=Nw hoTOO~N 0OO

33-3
30.0
26.7
23-3
20.0
16.7 / /
13-3

10.0

NNNNNN N
NN NNNNNNNNN
NN N N

For the same thermal stratification, the absolute value of R is
greater with the larger heat input. Clearly the most rapid decrease of
IN'max as a function of Ax occurs for small Ax. In addition, the more

stably stratified cases have smaller |R|max

The approximate corresponding pressure deviation is determined from

fi+n=0CCE.\ (93)
pvV poo)
or
=Y Q VAV Y Gadd 14| (04
where 1l is defined by

p Vpoo
Decomposing p into its large scale and perturbation components and solving

for p we find
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AW

ERGS/g®K

AN
B>2

Ax»b*

A*5°.
Bs?2

4 5 6 7
Ax(km)

Figure 2. The maximum absolute value of the nonhydrostatio
pressure R as a function of horizontal grid interval.
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Assuming

1000 mb 97)

poo = 1000 mb
(96) reduces to

b = 1000 ib |—|i3_1'965 —’} . (mb) (98)

or expanding (98) in a binomial series and dropping higher ordered

terms,
p = .00035 n. (99)

As seen from figure 2, the maximum nonhydrostatic pressure calcula-
ted is of the order of one millibar.

The values of vertical motion w after 800 time steps for the case
(A =5 B=1 with Ax =300 m, | km, 2 km, and 5 km for the hydrostatic
model and the anelastic model discussed in sections 3 and 4 respectively
are plotted in figures 3 through 10. The rest of the cases are analogous
and in order to save space are not reproduced here.

For Ax « 300 m, the hydrostatic model has substantially higher values

of |w| in the regions of maximum convergence (or divergence). In addi-

tion, the convergence zone on the windward side of the heat slab in the

hydrostatic model propagates downwind more rapidly than in the anelastic
model. The maximum velocity difference is 412 cm/sec.

Much of the magnitude and all of the apparent phase difference have

disappeared for Ax = | km. The maximum velocity difference is 16 cm/sec.
Qualitatively, the solutions appear similar; however, the differences may
be significant, particularly in a numerical model in which moist thermo-

dynamics are considered.
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TIME = 578.12 SECONDS

m prime (cm/m)

\I/ 9\j/

105 113 115 11.8 12.1 124 127 130 133 136 139 14.2, 145 148 156 171 20.1 26.1

Figure 3. The vertical velocity in the anelastic model:
Ax-= .3 km3 A = 53 B = 1,

* prime (cm/sec)

105 11.3 11.5 .11 12.7 13.0 13.3 13.6 13.9 14.2, 145 14 15.6 17 20.1 26.1

Figure 4. The vertical velocity in the hydrostatic model:
Ax = .3 km3 A = 53 B = 1.
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TIME * 1924.22 SECONDS
* PRIME (cm/stc)

0 4.20

0 3.00
0 2.70
0 2.40
0 2.10
0 1.80
0 1.50

0 1.20

0 0.00
20.0 30.0 350 37.5 385 ,39.5 405 415 425 435 445 455 46.S 47.5] 485 495 520 57.0 67.0 87.0

Figure 5. The vertical velocity in the anelastic model:
Ax = I km3 A = 5 B = 1.

TIMF = 1923.84____ SECONDS

W PRIME (cm/MC)
0 4.20
0 3.60
0 3.00
0 2.70
0 2.40
0 2.10
0 1.80
0 1.50

0 1.20

263V 2jgyy bl 22 C

0.0 200 300 350 37.5 385 395 405 415 425 435 445 455 465 47°5] 48.5--49*5-—52"0—52+0--62"0—22*0

X(1» KM

Figure 6. The vertical velocity in the hydrostatic model-i
Ax = 1 km3 A =53 B = 1.
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THFTA=- cfi/16c)
4.20
3.60

3.00

o o o o

2.70

o

2.40

o

2.10

o

1.80

0 0.00

0.0 400 600 700 750 77.0 .79.0 61.0 830 650 87.0 89.0 *1.0 93.0 950, 97.0 99.0 1040 114.0 134.0 174.0

Figure 7. The vertical velocity in the anelastic model:
Ax = 2 km3 A =53 B = 1.

TIME * 3847.67 SECONDS

w PKIME (cm/Mc) KM

4.20

3.60

1.50

& 40.0 60.0 700 75.0 77.0 99.0 104.0 114.0 134.0 174.0

X (1> KM

Figure 8. The vertical velocity in the hydrostatic model:
Aar = 2 km3 A = 53 B = 1.
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Figure 9,

W PRIME  (cm/MC)

*---

XU)

The vertical velocity
AX = 5 fan, 4 = 5,

w poimf (cm/uc)

U

in the

TIME =

SCCOWOS

0 4.0

0 *.?e

0210

0 1.20

0 0.00

247.5 260.0 2*5,4 S3**.0 435,0

anelastic model:

9619.23

SECONDS

0 2.40

0 1.80

0 1.50

0 1.20

0 0.00

0.0 100.0 150.0 175.0 187.5 192.5|mMN202"2Q7N"5N1jN217.5 2225 227.5 2325 237.5" 2425 247.5 260.0 285.0 335.0 435.0

Figure 10. The vertical velocity in the hydrostatic model:

Ax = 5 km3 4 = 5,

30
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The solutions converge rapidly as Ax is increased further. At
AX = 2 km the maximum difference between the two models is only 2 cm/sec.

The maximum absolute values of the vertical velocities and their
maximum differences at a grid point at the 800th time step are tabulated
in Table 2 for both models. The maximum differences are not necessarily
at the same point as the maximum absolute velocities.

The model results are significantly different for Ax = 300 m. Even
for the most stable case (A = 5, B = 2) the difference is over | m/sec.
For the most unstable case (A = 10, B = 5) the difference is 25 m/sec!
For all cases with Ax = 300 m the hydrostatic model has the larger maxi-
mum absolute velocities. In addition, the windward convergence zone of
the hydrostatic model propagates downwind more rapidly than the anelastic
model. This accounts for part of the difference in velocities at a grid
point between the two models. The increase of heat input for the same
stratification increases the difference between the results.

As Ax is increased to ! km, the solutions are more similar. Only
the most unstable case had a difference in velocities greater than
I m/sec. The differences in the other cases, however, may be significant
patticularly in a numerical model which incorporates moist thermodynamics.
There is no apparent phase difference in the propagation of the convergence
zones between the models.

For larger Ax the differences become progressively smaller. A num-
erical modeler must ascertain for his individual case whether the differ-
ences are significant.

The ratios of the maximum velocity difference and the maximum
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A=5 B=2 A=10 B =2 A=5 B=1 A= 10 B = A=10 B =5
DD DD DD DD DD
H N HN H N H N H N
AX(Km) 4 N D H N D H N D H N D H N D
0. o. 0. o. .on .011 .008 .008
10 12 12 0 a4 0 90 90 1 132 132 !
.010 .010
9 100 100 !
.009 .009
8 113 113 1
.008 .008
7 129 129 1
.007 .007
6 151 151 |
.043 .043 .012 .012 .018 .018 .006 .006 .015 .015
9 23 23 1 83 82 1 55 55 1 181 181 1 264 267 4
.029 .029 .009 -009
4 69 69 2 225 226 2
.022 .022 .020 .020
8 92 91 2 301 303 6
.034 .037" .019 .019 022 .022 .038 .037 7068 Tott
2 58 58 2 206 206 4 138 136 33 451 454 17 661 687 45
.069 .068 .056 .057 .062 .065 .092 .092 TT50  mrj
1 116 117 8 413 A07 23 276 260 17 902 903 83 1321 1382 198
2$6 . 314 .379 .392 AA7 561 732 .957 .588 1.166
.3 388 371 115 1376 1331 522 921 735 612 3005 2300 2201 4404 2219 2588
H= 11 max N = B I max D = IV Imax

Comparison of the maximum absolute vertical velocities,
maximum absolute difference in vertical velocities, and
their ratios in the hydrostatic and anelastic models.

absolute velocity for the two models are included in table 2. For Ax =
300 m the percentages range between 25 percent for the most stable case
to over 100 percent for the most unstable case. For Ax = | km and larger,
the percentages are less than 15 percent. Of course, in a nonlinear
model, small differences can be important. Nevertheless, there is some
support to the adequacy of the hydrostatic model for horizontal to verti-
cal scale ratios as small as 3. as long as heat is introduced into a

model over a number of grid points.

The values of the nonhydrostatic component of pressure R and the

total pressure at the 800th time step for the case (A =5, B = 1) are

plotted in figures 11 through 18. The maximum absolute value of R occurs
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TIME 578.12 SECONDS

iMONhYOROSTATIC PRESSURE (10"4 ERGS/g*K) KM
0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 4.20
07000.001 -.000 -.004 -.OO"pP MYT-.012 -.013 -.015 -.016 -.017 -.018 -.018 -.016 -.014 -.QIV.~.009 -.006 -.002 .000 0.000 .1.60
0.000 .001 -.000 -.007VC»1J  Filf™* il “  WTTI )it 0w  HT )41 4T 011 1"~o 111) ~Toi"sk -+003 .000 0.000 3.00
0000 001 -.001 -,QTi-.016/7023(«<I0J1 -.03/ -.038 -.036 -.036-.039"T042-704~039 1029 -.0~3-.015 V.004 .000 0.000 2.70
0.000 .002 -.001 -jNO -yH9 -~2/ — _ _ 046 -.047 -.042"»Qixfl"~r044 -.0~g™.(Tjz*»Vi049SSg03%5-.028 \.Q18 -.005 .000 0.000 2.40
0.000 .002 -.001 -006 .000 0.000 2.10
0.000 .002 -.002 .007 -.000 0.000 1.80
0.000 .002 -.002 -008 -.000 0.000 1.50
0.000 .001 -.003 009 -.000 0.000 1.20
0.000 .001 -.004 0 -.001 0.000 .90
0.000 .001 -.005 .OIK -.001 0.000 .60
0.000 .001 -.005 -012 VV.001 0.000 .30
0.000 .001 -.005 .012 ~.001 0.000 0.00

0.0 6.0 9.0 , 11*8 12.1 12.4 12.7 13.0 13.3 13.6 13.9___14.2~ 145 14.6 15.6 17.1 20.1 26.1

X (1) KM
Figure 11. The nonhydrostatic component of pressure R:
Ax = .3km, A =5, B = 1.
TIME = 578.12 SECONOS
total pressure  (t0~4 ERGS/g*K)km_

0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 4.20
0.000 017 0.000 3.60
0.000 ,028 0.000 3.00
0000 ,033 0.000 2.70
0.000 ,034 0.000 2.40
0.000 ,035 0.000 2.10
0.000 037 0.000 1.80

0.000 038 0.000
0.000 040 0.000 1.20

0.000 ,041 0.000

0‘000 043 0.000

043 0.000

0.000
0.000

105 11.3

Figure 12.

115 ,11 124 127

X(1)

The total

13.0

13.3 136 139 14.2. 145 148 156

pressure : Ax = .3km, A = 5,

B
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TIME « 1924.22 SECONDS

NONHYDROSTATIC PRESSURE (10"4 ERG6S/fI*K) KM

0.000 0.000 0.0000.000 0.000 0.000 0.000 0.000 0.0000.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 *=°
0.000 .000 .000-.000 -.001 -.002 -.003 -.004 -.004 -.002 -.002 -.002 -.003 -.004 -.004 -.002 -.001 -.000 .000 -.000 0.000 3.60
0.000 .000 .000-.000 -.001 -.003 -.006 -.009 -.008 -.004 -.003 -.004 -.006 -.009 -.009 -.004 -.003 -.001 .000 -.000 0.000 3.00
0.000 000 0.000 =7°
0.000 000 0.000 *“°
0,000 000 0.000 **°
0.000 000 0.000 **°
0.000 008 000 0.000 *-*°
0.000 000 0.000 *=°
0.000 000 0000 °
0.000 "o 000 0, ©0
019 -.016 >002 -.000 000 0.000 '30

000 0.000 0.0<

0.0 20.0 30.0 350 375 385 t39.5 405 415 425 435 445 455 46.5 47.5, 485 495 520 57.0 67.0 87.0

X (1) KM

Figure 1S. The nonhydrostatic component of pressure E:
Bx = Ikm3 A = 53 B = 1.

11Mb * 1924.22 SECONOS
TOTAL PRESSURE  (KT4 ERGS/gHK) KM

0.000 0.000 0.000 0.000 0.000 0Y0OcTo.00Q 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 4.20

0.000 3.60
0.000 0.000 3.00
0.000 0.000 2.70
0.000 0.000 2.40
0.000
0.000 0,000 2.10
' 033 0.000 1.80
0.000 034 0.000 1.50
0.000

035 0.000 1.20
0.000

036 0.000
0.000 037 0.000
0.000 250\-.1 038 0.000
0.000 ' :
">.000 43>04T50< -.42i

20.0 300 35.0 37.5 385,395 405 415 425 435 5 455 46.5 47.5, 48,5 495 520 57.0 67.0 87.0

XU)

Figure 14. The total pressure ! hx = Tkm3 A = 5j
B = 1.
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TIME. = 3847.86 btCONUS

---------------------- NONRYJRUBIAIIL PRESSURE tKT* ERGS/&*K> PR

0.000 0.000 0.000 0.000 0.000 0.000 u.000 0O.00u 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 4.20
0 000 000 0.000 3.60
' -TOOfT-".000 -.wr-.rt0O2 -.003 -.003 -.o0o0l -.000 -.O00T ,000 0.000 3.00
0 000 000 0.000 2.70
0000 000 0.000 2.40

' 006 0.000 2.16

0000 000 0.000 1.80

0.000 000 0.000 1.50

,000 0.000 r.2<r

0.000
0.000 000 0.000

0.000 000 0.000 0.00
0.0

40.0 60.0 70.0 750 770 790 g1 830 «50 87.0 890 91.0 93.0 95.0, 97.0 99.0 104.0 114.0 134.0 174.0

Figure 15. The nonhydrostatic component of pressure R:
Ax = 2km, A = 5 B = 1.

TIME = 3847.86 SECONuS

TOTAL PRESSURE (KT4 ERGS/g*K) KH
0.00D 0.000 o.ootj 0.000 o.uTnr n.onn ©0.00t 0.000 0.000 O.0O0tttjvttoo 0O;000 0O.000 0"'.000 0.000 0.000 0.000 0.000 Trurofl
0000 017 0.000 3.60
0000 026 0.000 3.00
! 030 0.000 7.70
o
0000 032 0.000 2.10

0,000
0,000
0,000
0,000
0,000

01000 .004
0.0 400 600 70.0 750 79.0 M.O 830 eSO 870 89.0 91.0 93.0 950 97 99.0 104.0 114.0 134.0 174.0

X< KM

Figure 16. The total pressure 11 Ax = 2km3 A S,
B = 1.

35



62000

62060

0Zz060

0Z0o0oo

0Zooo

0.000

0Zooo

0.000

0Zooo

6«060

0Z000

0Zooo

0.000

olo

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000

O 100.0 150.0 175.0 187.5 192.*,197.5 202.5 207.5 212.5 217.5 *22.5 227.5 232.5 237.5,1242.5

0.000
.000
~000
.000
.000

+000
Z000

Z000
iooo
Zooo
Zooo
Zooo
2000

iooZo

0Zooo
Zooo
Zooo
.000
Zooo
Z000
Zooo
yTooo
-Z000
-Zooo
-Zooo
-Zooo

-Z0ooo

150.0

0Zooo

-.000
-.000
-Z000
-.000

-.000
-Z000

-'.000
-.000
-.000

-.000

-Zooo

-Zooo

0.000
.0oc
.000
.000
.000
.000
.000

¥

-.000

-.000

-.000

-.000

0.000

-Zooo

-.000

-Zooo

-Zooo

-Z*00

-Zooo

-Z000

-.000

-Zooo

-.000

-.000

-Zooo

NONMYORO9TATIC

-Zooo
-.000
-.001
-.001
-Zooi
-.001
-.001
-.001
-.001

-.001

-Zooo

0Z000 (.000 0.000
000 - 000
-Z0ooo - 001
-Z0oo - 001
-Zooo _ oo1
-Z0o00 _ 001
-Tool _ o1
-Zooi - 002
-ZoOl - 002
-.001 _ o2
-ZoOl - 002
-.001 -.001
-Zooi _ 001

1Ts.0 1875 19275,197.5 2025

Figure 17.

0.000

.004

.006

.006

.006

.006
.006

.006

.004

.005

.005

.005

.00*

X «l>

-.000

TIME
PRESSURE  (10*4 ERGS/g*K)

0.000 0.000 0.000 0.000 0.000
-.000 -.000 -.000 -.000 -.000
-.000 -.000 -.000 -.000 -.001
-.000 "Z000 _ 00 -.000 -.001
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The nonhydrostatic component of pressure R:
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-.004 .012
-.009 .025
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Figure 18.
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.003
- Oil
.012
«014
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0.000

-.006

-.014

-.024

-.029

-.035

-.037

+.036

-.057

SECONOS
11.000 0.000
-008" -.011
-017 -.019
.017 -.025
-019 -.026
.020 -.028
.020 -.031
.017 -.036
Cp -.046
76 _ o3
~.091 -.085
-?135"

r.179 T MA

0.000

+006

+008

.007

.006

.005

-.000

-.004

-.009

-.015

-.018

-.022

0.000

-.017

-.027

-.031

-.032

-.033

-.034

-.035

-.036

-.037

-.038

-.039

-.039

2475 260.0 285.0 335.0

Skm3 A

51

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000

435.0

KM

4.20

3260

sZoo

2Z70

2740

2710

1.80

1Zso

1z20

Z9n

z60

Z30

0Z00

4.20

3.60

3.00

2.7*

2.40

2.10

1.80

1.50

1.20

.90

.60

.30
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above the maximum convergence zones for all Ax. R approaches zero rap-
idly as Ax is increased.

In the hydrostatic model, the low level heating creates a low
pressure which causes low level convergence. The subsequent vertical
motion in a stably stratified atmosphere causes cooling and the genera-
tion of a high pressure aloft. The resulting divergence at that level
maintains the circulation. The nonhydrostatic pressure gradient is count-
er to the hydrostatic pressure gradient. The nonhydrostatic pressure
creates a relative low pressure aloft and a high pressure near the sur-
face. The result is a smaller amplitude vertical motion field. As Ax is
increased, the nonhydrostatic pressure gradient becomes less important.
The effect of the nonhydrostatic pressure gradient is sketched schematic-

ally in figure 19-

nonhydrostatic hydrostatic total
pressure pressure pressure
R + nA
Figure 19.
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To verify that the pressure calculated using(64), (65) and
(66) corresponds to the pressure calculated using (67), a third model
was developed. The equations are identical to the anelastic model already
discussed, except that (67) is used to compute the pressure
rather than (64), (65) and (66). The elliptic equation for nA is
solved as discussed in section 5.

In order to compare results, the third model was run for the case
X =300 m A=5and B= 1. The values of W calculated from the third
model and the anelastic model after 800 time steps are given in figures

20 and 21. Interestingly, the results do not agree. The source of the

difference was traced to the term

TI+TTTFZTJTTTIT

which appears in (67). The problem occurs because 0O is
assumed identically zero at the top, but w is not. Therefore, w values
near the top are not forced to be close to zero as in the case of a

rigid top. Subsequently, values of 0 significantly different from zero
occur one grid point below the top of the model. The individual terms of
(67) were written out and indeed, term (100) was the most significant
term near the top. A relative minimum in term (100) occurred in the

middle levels of the model.

To further clarify the problem, the anelastic and third model were

run without buoyancy effects. Term (100) was neglected in (67) and
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nH was neglected in (66) and (61). Motion was initiated by an initial

velocity perturbation given by

U= -1 misec M J <2 (101)
7 < | < 15-

The results after 800 time steps are given in figures 22 and 23. Despite
the obvious inconsistency of the boundary condition at the top and the
lack of damping of convergence by the stable stratification, the results
are almost identical. Indeed, when the individual function values in
V2R = F(X,z,t) (102)
and
V2n A = G(X,z,t)
are written out

G(x,z,t) - F(x,z,t) (103)

at each grid point despite the fact that they are calculated somewhat
differently.

The model results using (67) to calculate the pressure were not
improved by increasing Ax. The same inconsistency was introduced and
rapidly destroyed the similarity with the anelastic model discussed in
this paper.

7. SUMMARY AND CONCLUSIONS
The hydrostatic assumption is invalid for Ax = 300m for all cases
investigated in this study. This corresponds to a D/L ratio of order
unity. For Ax to AZ ratios of three and greater, the hydrostatic assump-
tion may be adequate. The more stable the thermal stratification and the

smaller the heat input, the better the approximation is for a given Ax.



Each numerical modeller, however, must ascertain for his particular case
if the hydrostatic assumption is satisfactory. Certainly the introduction of
moist thermodynamics will complicate the consideration.

The non-hydrostatic pressure gradient is counter to the hydrostatic
pressure gradient. For most cases, particularly with Ax = 300m, the result
is a smaller amplitude vertical motion field in the anelastic model as
compared to the hydrostatic model. In addition, the propagation of the
windward convergence zone is slower in the anelastic rnodel for Ax = 300m.

A new technique to compute the anelastic pressure has been intro-
duced. This method has the advantage that the effect of buoyancy on the
pressure is integrated as in a hydrostatic model rather than being differ-
entiated and included in an elliptic differential equation. In addition,
because this term is evaluated separately from the elliptic equation, any

errors introduced by inconsistencies in the boundary conditions are

minimized rather than propagated through the entire field as is the manner
of solving an elliptic differential equation. Also, by decomposing press-
ure into a hydrostatic and non-hydrostatic component, additional informa-
tion regarding pressure can be obtained.

Finally, this paper does not represent an exhaustive study of the
subject. Variations of number of grid points in which heat is introduced,
different vertical grid intervals as well as different synoptic veloci-
ties have not been examined. However, the author feels the results im-
prove our quantitative understanding of the adequacy of the hydrostatic
asuumption for various grid intervals as long as heat is introduced over
a number of grid points. Individual modellers must judge the applicabil-

ity of these results to their models.
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APPENDIX

List of Symbols

Uj velocity
U horizontal velocity
W vertical velocity
Xj space coordinate
t time
X horizontal coordinate
VA vertical coordinate
p density
g gravity
rotation
0 potential temperature
Il c (—I?—) “ (scaled pressure)
P poo
H depth of model

Cp specific heat at constant pressure
poo reference state pressure
< Rd/cp - .286
gas constant for dry air
1 hydrostatic pressure

nA total pressure: hydrostatic pressure plus nonhydrostatic pressure

-\ eddy exchange coefficient for momentum
\j
eddy exchange coefficient for heat
A IxX) .
temperature amplitude

T half period of temperature oscillation

R nonhydrostatic component of pressure



Note on tensor notation

1. Repeated indices are summed over the indicated range. A line under
an index indicates that index is not summed over.

2. Single indices are not summed over. They assume the values indicated.

Finite difference notation

U = u7
';; 5 wT .

.
L=qT .

[ .j
=z QTj+1/2
© % %341/
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