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REFRACTIVE INDEX VARIANCE AND ITS HEIGHT 
DISTRIBUTION IN DIFFERENT AIR MASSES

Earl E. Gossard

With the advent of radars capable of detecting backscatter from turbulent 
inhomogeneities in the clear air, there is renewed interest in the refractive char­
acter of the atmosphere. The radio refractive index structure function and its 
spatial and temporal distribution are of particular importance.

The general refractive properties of air masses and their associated frontal 
discontinuities are discussed in this report, and the refractive index distribution 
with height is calculated. Based on certain assumptions, the distribution of re­
fractive index structure constants is then deduced and the results are compared 
with the limited observational data available.

Introduction
The coverage of microwave radar and com­

munications systems depends critically on the 
refractive structure of the atmosphere, and its 
refractive properties have been investigated 
for many years (see Kerr, 1951; Bean and Dutton, 
1966). It has also been long recognized that 
turbulent fluctuations in atmospheric refractive 
index can produce a kind of Bragg scattering 
of energy beyond the geometrical horizon that 
can greatly extend the coverage of microwave 
communications systems (Booker and Gordon, 
1950). However, such scattering strongly favors 
the forward direction and seems to be of little 
interest for monostatic radar systems, although 
a long lasting controversy developed about the 
subject of “angels” producing radar returns 
from the clear air. One school of thought argued 
that the returns were indeed from refractive 
index fluctuations in the clear air, while another 
argued that they were from birds or insects.

With the advent of powerful, narrow-beam radar 
systems with sophisticated processing capa­
bilities, such as the NASA radar at Wallops 
Island and the Lincoln Laboratory radar at Mill­
stone Hill in the U.S.A., and the Royal Aircraft 
Establishment’s radar at Defford, England, it 
became evident that returns from the clear air 
could, in fact, occasionally be detected (Brown­
ing, 1972; Hardy, 1972; Ottersten, 1969).

A further breakthrough occurred with the 
development of a frequency modulated, con­
tinuous wave radar (FM-CW) sounder capable 
of sensing targets very close to the radar, thus 
taking advantage of the inverse-range-squared 
strength of the received signal to study the lower 
atmosphere (Richter, 1969). This sounder also 
had a capability of viewing the atmosphere with 
very fine resolution, and it was immediately 
evident that there were commonly returns both 
from diffuse clear air structures (Gossard et al.,
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Figure 1 a. Mean global air mass distribution for summer (adapted from Chromov, 1937).

1970) and from point targets such as insects and 
birds (Atlas et al., 1970). More recently a Doppler 
capability of measuring the velocity of dis­
tributed, clear airtargets has been demonstrated 
in a microwave FM-CW radar at NOAA’s Wave 
Propagation Laboratory (Strauch et al., 1976), 
and actual wind profiles have been measured 
in the clear air to a height of about 2 km (Chad­
wick et al., 1976). The potential of microwave 
radars not only for sensing the refractive index 
turbulence structure, but also for measuring the 
atmospheric wind velocity distribution, creates 
fresh interest in the influence of meteorological 
conditions on the atmospheric refractive index 
and particularly their influence on the in­
tensity of refractive index fluctuations and their 
spatial spectrum.

One approach to associating meteorology 
with changes in refractive index structure is 
through the classification of air masses and the 
mechanisms of their modifications. This report 
includes a description of one air mass classi­
fication system and a discussion of the transfer 
and dynamical processes by which air masses 
are modified. The radio refractive index is then 
analyzed and its dependence on the meteoro­

logical variables summarized. Special emphasis 
is placed on the relationship of refractive index 
variance to the variance of meteorological prop­
erties. Mean refractive index profiles are calcu­
lated for the various air masses. Furthermore, 
height profiles of the ratio of the radio refractive 
index structure constant to the temperature 
structure constant are calculated. This ratio is 
believed to be important because many more 
measurements of optical refractive index struc­
ture constant (which depends only on tempera­
ture) have been made than of radio refractive 
index. In fact, a tentative model of the height 
variation of optical refractive index structure has 
been proposed by Ffufnagel (1974).

This report attempts to “calibrate" the radio 
refractive index structure constant using the 
Hufnagel optical model and thus to deduce 
absolute quantities from what would otherwise 
be only a relative comparison between air mass 
types. Finally, the deduced height distributions 
of refractive index structure function are com­
pared with the very limited amount of observa­
tional data that exist-data collected by the 
powerful Millstone Hill L-Band radar of Lincoln 
Laboratory (Crane, 1970; unpublished).
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Figure 1b. Mean global air mass distribution for winter (adapted from Chromov, 1937).

Air Mass Classification
An air mass is an extensive portion of the 

earth’s atmosphere with meteorological proper­
ties which approximate horizontal homogeneity. 
Thus the refractive index within an air mass is 
also approximately horizontally homogeneous.

One classification of air masses divides them 
into two basic types according to latitude in the 
northern hemisphere. Those originating in 
sources north of approximately 40° lat. are 
designated “arctic” (A) or “polar” (P), depend­
ing on their temperature, and those originating 
south of 40° lat. are called “tropical” (T). Source 
regions are classified as “primary” and "sec­
ondary.” A primary source region is an ex­
tensive area favorable to air stagnation for 
appreciable periods of time. A secondary source 
region is one in which stagnation does not occur, 
but in which the air trajectories are so long that 
the air mass takes on characteristics associated 
with the underlying surface.

The two air mass types, polar and tropical, 
are further subdivided according to the nature 
of the surface in the source region. Air masses 
originating over snow, ice, or land surfaces are 
called continental, while those originating over

the sea are called maritime. Continental air 
masses are designated by a lower case c pre­
ceding the capital P or T designations and a 
lower case m indicates maritime. The average 
location of the various air masses is shown for 
January and July in Fig. 1a,b (adapted from 
Chromov, 1937).

Further subclassifications are often used. 
Probably the most common indicates the tem­
perature of the air mass relative to the surface 
over which it is passing. If the air mass is warmer 
than the surface, a lower case “w" follows the 
capital P or M, and if it is colder it is so desig­
nated with a lower case “k”. Air masses with 
the k designation are thermally unstable, gusty, 
and turbulent with cumuliform clouds and 
showers. Those with the "w" designation are 
stable with steady winds, stratiform clouds, 
and drizzle.

In addition to the air masses described above, 
a third classification called “Superior” is often 
used. This describes a mass of air formed at 
high levefs in the atmosphere. However, this 
air mass may, on occasion, descend to the sur­
face of the earth. In midwestern United States 
this most commonly occurs during sustained
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subsidence in a southward moving cP air mass. 
Superior air usually has a large lapse rate; in 
addition, it is low in humidity, so such air masses 
tend to be comparatively subrefractive except 
at night when clear skies may lead to a surface-

based inversion due to strong radiational cool­
ing at the ground. Source regions and air mass 
properties are summarized in Table 1, adapted 
from Plank (1952).

Table 1.
Meteorological Properties in Air-Mass Source Regions (Petterssen, 1940; Willett, 1944; Anderson, 1951) 

Type Source-Region Characteristics Air-Mass Properties in Source Region

CONTINENTAL-POLAR
WINTER

1 Land, snow, or ice surface
2. Excessive outgoing radiation

1. Strong surface temperature inversion
2. Isothermal middle layer (no change of temperature with 

3. Average 80% reflection of sun’s height)
insolation 3. Steep temperature lapse rate aloft; approximately 8° C/km 

4 Low temperature; -25° to -50° C 4 Very dry, mixing ratio less than 1 gm/kg
5. Average high pressure, with sub­ 5. Small diurnal temperature range

siding air aloft and horizontal diver­
gence at the surface

6 Slight surface evaporation

SUMMER 1. Snow-free land areas 1. Steep temperature lapse rate in lower levels, approxi­
2. Strongly-heated, long days, short mately 8° C/km

nights 2. Convective-type stability aloft
3 Relatively dry area, surface mois­ 3. Dry; mixing ratio approximately 5-6 gm/kg 

ture available only from vegetation, 4 Large diurnal temperature range
rivers, lakes, etc

CONTINENTAL- 
TROPICAL* 

1. 
2. 

Dry land area 
Extreme heating (greater than 

1 
2 

Adiabatic lapse rate of temperature to high 
Superadiabatic lower levels in daytime

levels

30° C during daytime) 3. Warmest possible air
3. Thermally created low surface 4 Mixing ratio of 3-4 gm/kg; very dry at all levels 

pressure with high-level anti-cy- 5. Large diurnal temperature range 
clone aloft

MARITIME-POLAR 1. Ocean surface Western Section
WINTER 2. Water relatively warm compared 1. Steep to superadiabatic temperature lapse rate in the first 

with air in western section; in 50-100 ft above the sea surface 
central and eastern sections, air 2 Convectively unstable lower levels
and water temperatures approach 3. Steep lapse rate aloft
equilibrium 4. Rapid decrease of moisture in first 50-100 ft.

3. General low pressure 5 Little diurnal temperature variation
4 Convergence
5 Rapid moisture lapse near surface

Eastern Section
1 Convectively unstable lower strata; temperature lapse rate 

approximately 6-7° C/km
2. Uniform moisture distribution with height; mixing ratio 

averages 6-8 gm/kg
3. Cold and dry above 10,000 ft
4 Little diurnal temperature variation

SUMMER 1. Ocean surface 1. Convectively unstable lower layers to 6,000 or 8,000 ft, 
2 General moderate pressure with lapse rate about 8° C/km

weak gradients 2. Uniform moderate decrease of moisture with height
3. Water temperatures which may 3 Dry aloft, with subsidence above the level of convection

be warmer or colder than air 4 Slight diurnal temperature variation

MARITIME-TROPICAL 1. Ocean surface 1. Moderately steep lapse rate, approximately 7-8° C/km
SUMMER 2. Water temperature approximately 2. Convectively unstable below 6,000 to 10,000 ft

25-28° C 3. Very moist air; surface mixing ratios range from 18-24 gm/kg 
3. Average high pressure 4 Large moisture gradient to top of convective mixing layer
4 Weak air flow 5. Subsiding air aloft, which tends to cap convective activity 

6 Little diurnal temperature variation

WINTER 1. Ocean surface 1 Moderately steep lapse rate, 7-8° C/km
2 Water warmer than adjacent land; 2 Convectively unstable below 8,000 to 10,000 ft

water temperature average 20- 3. Moist air; surface mixing ratios range from 13-15 gm/kg
23°C 4 Moderate uniform decrease of moisture with height

3 Average high pressure 5 Subsidence above level of convection
4 Weak air flow 6 Little diurnal temperature variation

♦Because the characteristics and properties of both summer and winter cT air are essentially the same, only summer is covered
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Figure 2a, b Height distribution of refractive index N{ left frame) along line xx' through a frontal system shown 
in the right frame.

Weather Fronts
Air masses are separated from each other 

by discontinuities in temperature, humidity, 
wind, and pressure gradient. Such discontin­
uities are termed “fronts.” Because refractive 
index depends on temperature and humidity, 
it is to be expected that the fronts may some­
times have important effects on the propagation 
of radio and radar transmissions. An example 
of the way in which a front can modify the re­
fractive index along a radio path is shown by 
the soundings in Fig. 2b taken along the line 
xx' in Fig. 2a at the locations indicated.

Figs. 3a and 3b are schematic representations 
of various types of fronts. Fig 3a shows plan 
views of frontal patterns at the earth's surface 
and Fig. 3b shows vertical sections through the 
fronts at the locations indicated by the line 
segments cc\ xx', ww', yy'. The figure illustrates 
a warm front, a cold front, and a frontal occlu­
sion (one front riding aloft over another). Cold 
fronts are typically indicated by pointed bumps, 
warm fronts by rounded bumps and occluded 
fronts by hollow bumps spaced uniformly along 
the frontal surface.

In what follows, we will analyze the refractive 
structure of air masses and frontal surfaces and 
examine their effects on the propagation of short 
radio waves. ■

Air Mass Modification
Air mass modification occurs primarily due to 

two classes of processes:
1) Transfer processes that take place at the 

air-earth boundary.
2) Dynamical processes that cause conver­

gence and divergence within the air 
mass.

The first class of processes includes transfer 
of heat, moisture, or momentum between the at­
mosphere and the earth's surface. Transfer 
processes are especially active when a dry 
continental or arctic air mass moves out over a 
relatively warm sea surface. However, significant 
modification of the surface layers also occurs 
when air moves over a relatively cooler surface. 
An example of the modification of the refractive 
structure in the lower layers as air moves south­
ward from its source region in central Canada is 
shown in Fig. 4 Refractive index can also be 
modified by transfer processes that result from 
radiational heating or cooling. Temporal changes 
in structure then occur that are somewhat analo­
gous to spatial changes that result from transport 
over a different surface. Diurnal radiational cool­
ing of the earth-air interface is an important 
example of this kind of modification. In the cal­
culation of mean refractive index structure and 
refractive variance for air masses, it must be 
remembered that an important diurnal variation 
in the lower layers should in fact be superim­
posed on the means. Temporal changes can also 
occur over a much longer time span due to rad­
iational cooling when a winter air mass stagnates 
for a considerable length of time in an arctic
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Figure 3a, b Schematic distribution of air masses in a vertical plane along lines cc\ ww , xx , and yy' through 
fronts shown in upper frame.

source region. An example is shown in Fig. 5 
which illustrates the progressive cooling of the 
surface layers of an air mass at Fairbanks, Alaska.

The second class of processes results in 
stretching or subsidence within the air mass. If 
stretching due to convergence takes place, the 
air mass will tend towards thermal instability 
and turbulent mixing, its temperature lapse will 
approach the adiabatic, and the potential refrac­
tive index* gradient will tend toward zero. The 
refractive index variance will be small compared 
with that of stratified air masses for a given in­
tensity of mechanical mixing. Such convergence 
is typically associated with a northward-moving 
cyclonic trajectory.

*Potential refractive index will be more explicitly defined 
later. It is a quantity defined such that it is invariant when 
its air parcel undergoes adiabatic change

Subsidence within an air mass can be the 
result of descent of the air mass due to topo­
graphy or it can result from divergence in the 
lower levels. One classical example of topo­
graphic subsidence occurs when air from the 
high desert interior of the western United States 
flows down toward the coast of southern Cali­
fornia and out over the sea. A strong low-level 
inversion forms, often surface based, in the air 
over the coastal water. A very strong refractive 
gradient results from the temperature inversion 
and also from the evaporation of moisture into 
the dry continental air. Spectacular refraction of 
both optical and radio waves then occurs and, 
when this condition is coupled with a strong trade 
wind inversion, it is not uncommon for VHF trans­
missions from the United States west coast to be 
received in Hawaii. Optical refraction is even
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Frame 4a, b Modification of the surface layers of an air mass as it moves southward along a trajectory shown 
by the solid arrows on the map at the right. (Adapted from Plank, 1952)

more vividly apparent. Images of islands and 
ships beyond the geometrical horizon are often 
seen over paths with several combinations of 
atmospheric and oceanic reflection as shown in 
Fig. 6. Similar cases of topographic subsidence 
occur over the coastal waters off Alaska.

A somewhat different kind of topographic sub­
sidence is common on the eastern slope of the 
Rocky Mountains and the adjacent plains. This 
subsidence occurs when a deep, wide-spread 
westerly circulation dominates the area. When 
enhanced by a surface-based radiation inver­
sion, it can produce severe air pollution in the 
Denver area as well as strong radio refraction. 
An example of the refractive index distribution 
during this subsidence condition (without the 
surface radiation duct) is shown by the Denver 
sounding in Fig. 7. In spite of subsidence, solar 
heating often creates a nearly adiabatic layer 
near the ground. Because the humidity is low in 
this air mass, the potential refractive index gra­
dient can be very small and the refractive index 
variance is then also small (Bean, 1968).

Another type of subsidence occurs within an 
air mass due to divergence. This commonly 
occurs in a southward moving air mass having 
an anticyclonic circulation pattern. To see this,

i—i—i—i—i—i i—r
Fairbanks, Alaska
----------- 22 Dec 1963

After 4 Days 
After 11 Days 
After 26 Days

a> 500

250 270 290 310 330 350 370 390 410 430
N

Figure 5. Modification of the surface layers of an air 
mass in its source region as radiational cool­
ing of the underlying surface proceeds.
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Figure 6 Mirage showing an over-the-horizon submarine with two elevated images demonstrating intense 
refraction of optical and radio waves under conditions of strong subsidence off the coast of south­
ern California.
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Figure 7. Refractive index N distribution resulting from 
two kinds of subsidence in different climatic 
regimes.

consider a column of air whose rotation about 
a vertical axis is given by the angular velocity 
oj, chosen positive for cyclonic rotation. We de­
fine w to be the angular velocity relative to the 
surface of the earth. The angular velocity of a 
point on the earth's surface beneath the air par­
cel is given by ft sin <f>, where ft is the angular 
velocity of rotation of the earth about its axis and 
<t> is latitude. It is counterclockwise in the 
northern hemisphere. Suppose we represent the 
air column as a cylinder of height H and radius 
R. Its total angular velocity will then be w + ft 
sin <f>, and if its angular momentum is conserved 
we may write

(w + ft sin <i>) R1 = constant.

Assuming the mass within the cylinder to be also 
conserved while it undergoes divergence or
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Figure 8. Height distribution of radio refractive index N in an air mass which is subsiding as it moves southward 
anticyclonicaily along the trajectory shown by the solid arrows on the map to the right.

convergence, its volume will then be conserved 
if density changes are ignored. Therefore lateral 
convergence will be compensated by vertical 
stretching and divergence by vertical shrinking 
(subsidence). Under these assumptions, the 
volume is

V = w R’H,

so (<o + Cl sin </>)/// = constant. Substitution of 
the Coriolis parameter /= 2(1 sin <f> in place of 
the angular velocity of the point on the earth’s 
surface and substitution of the vorticity £ = 2a> 
in place of angular velocity of the column rela­
tive to the earth’s surface, gives

^rr = constant

where £ is positive for cyclonic curvature of the 
airflow. This is one form of Rossby’s vorticity 
equation. It is immediately apparent that 
decreasing absolute vorticity leads to shrinkage 
of the air column. The following conclusions may 
be stated:

1) Decreasing vorticity (increasing anti- 
cyclonic circulation) at a given latitude 
leads to subsidence within the air mass 
and vice versa.

2) In the absence of lateral convergence or 
divergence, increasing vorticity results 
from a northerly (equatorward) flow in

the northern hemisphere or a southerly 
flow in the southern hemisphere.

3) If vorticity in the air mass is conserved, 
subsidence (i.e., divergence) occurs in 
a northerly (equatorward) flow in the 
northern hemisphere or a southerly flow 
in the southern hemisphere.

An example of the modification of radio refrac­
tive index due to air mass subsidence resulting 
primarily from 1), but also with some contribu­
tion from 3) is shown in Fig. 8. That is, it results 
from a southward flow pattern in which the anti- 
cyclonic circulation is increasing. An example 
of a radio refractive index profile resulting pri­
marily from 3) is illustrated by the "San Diego” 
sounding in Fig. 7. This sounding is typical of 
an mP air mass originating in the north Pacific 
and moving southward around the periphery 
of the large subtropical high pressure system 
which dominates the eastern Pacific during the 
period June through October. During this period, 
radio refraction can be so strong that television 
coverage can be greatly enhanced for these 
transmitters located at elevations just beneath 
the inversion. However, such coverage tends to 
be quite sporadic and is characterized by fading.

In what follows we will analyze the refractive 
structure of air masses and frontal surfaces, and 
examine' some of the implications of this refrac­
tive structure on the propagation of short radio 
waves. 
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Figure 9. Typical radio refractive index N distribution 
in some North American air masses (Asian 
winter).

Figure 10. Typical radio refractive index N distribution 
in some North American air masses (Asian 
summery.

Figure 11. Typical radio refractive index N distribution 
in some North American air masses (winter).

Figure 12. Typical radio refractive index N distribution 
in some North American air masses (summer).

Figure 13. Height distribution of radio refractive index 
in maritime tropical air mass at Nanking, 
China (summer).
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Radio Refractive Index at Microwave Frequencies

The refraction of radio waves in the non-ionized atmosphere depends on both non-polar and polar 
gaseous constituents. However, for comparable concentrations, the effect of the polar constituent, i.e. 
water vapor, is much greater than that of the non-polar. The expression relating the refractive index 
m to the various meteorological measurables is:

(/i-D x w* = +Kiy +k*y (1a)

where Ku K >. K:t and K4 are constants, T is absolute temperature, pri is partial pressure of the dry air 
constituents, e is partial pressure of water vapor and pc is partial pressure of carbon dioxide. The first 
and fourth terms represent the effects of non-polar constituents and the second and third represent 
the effects of polar constituents. A summary of the values of K found by various workers has been 
given by Bean and Dutton (1966). Here, we simply adopt the values of Smith and Weintraub. If we de­
fine N = (n - I) x I0‘, this gives

/V = 77.6^ +72 y+3.75 x I05 y (1b)

where p,i and e are in millibars. Because total pressure p is the easy quantity to measure, substitute 
p<t = p — e and (1 b) becomes

N = 77.6 ^ - 5.6 y + 3.75 X 10s y

Therefore, for T = 300

N = 77.6 y + |r2 (3.75 X 10s - 5.6 T) = 77.6 + 3.73 X 105 y (1c)

which is commonly written in the form

77.6 f /48IO*yi ....N ■—l"+(~HJ ’ (1d)

Typical refractive index height distributions in North America and Asia are shown in Figs. 9,10,11,12, 
and 13, modified from Plank (1952). Refractive index distributions at specific locations in the United 
States, calculated from temperature and humidity profiles published by Showalter (1939), are shown 
in Figs. 14 to 22.
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Figure 14. Height distribution of radio refractive index 
in various North American air masses 
measured at the locations and seasons 
indicated.

Figure 15. Height distribution of radio refractive index 
in various North American air masses 
measured at the locations and seasons 
indicated.

Figure 16. Height distribution of radio refractive index 
in various North American air masses 
measured at the locations and seasons 
indicated.

Figure 17. Height distribution of radio refractive index 
in various North American air masses 
measured at the locations and seasons 
indicated.

Figure 18. Height distribution of radio refractive index 
in various North American air masses 
measured at the locations and seasons 
indicated.
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Figure 20. Height distribution of radio refractive index in various North American air masses measured at the 
locations and seasons indicated.

Figure 21. Height distribution of radio refractive index in various North American air masses measured at the 
locations and seasons indicated.

Figure 22. Height distribution of radio refractive index in various North American air masses measured at the 
locations and seasons indicated.
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Refractive Index Variance
In problems dealing with scatter and backscatter of radio waves from the clear air it is important 

to know how perturbations of the meteorological quantities e, p and 7 affect perturbations of N. At a 
fixed height in the atmosphere perturbations of 7, e, and p are essentially independent, so*

... dN dN , , dN ,dN = — dT + -— de + — dp. dT de dp y (2)

Then from (1d)

d_N_
dT

d/V
de

77.6 p 
T- - 7.46 X

3.73 x 10r>
T- = b

dN _77.6_ 

dp ~ T ~C

which define the quantities a, b, and c.
Using primes to indicate dN. dT. dp, and de, (2) can be written

N'=-a T' + be' + cp'

and the variance of refractive index is related to the variance of the meteorological quantities by

N'2 = a2 T'2 + b2 e'2 + c2 p'2-2ab T'e' -lac T'p' + 2bcp'e'. (3)

The possible importance of the term in T'e', when temperature and humidity fluctuations are correlated, 
was pointed out and evaluated by Gossard (1960).

Refractive Index Structure Function
Suppose the refractive index fluctuations are spatially statistically uniform and define N — N + N'. 

The structure function D\ (l) is then defined as

Ds(l) = [N'(r) - N'(r + {)]2

= 2 N'2(r) N'(r) N'(r + l) 

N'2(r)

(4)

*Rigorously, potential temperature and potential vapor pressure should be used here, but the relationship is to be applied at a 
constant pressure level (i.e., constant height) so no distinction needs to be made.
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where we recognize the last term inside the brackets as just the spatial auto-correlation function, 
say p.AD- Then similarly

DAD = [T'(r) - T'(r+ /)]*-2 7'*(r)[l-pr(/)]

D,(/) = W(r) -f'(r + /)]* =2e'Hr) [1-p,(/)]

£>„(/) = fp'(r) -p'(r + /)]2 =2 p'*(r) []

For convenience we redesignate /V'(r) = Ni, N'(r +1) = N2, etc.
Then from (4)

Dn(D = NT2 + N72 -2 N,N2. (5)

From our assumptions of statistical uniformity and Eq (3)

NV* = ~n71 = a2 r2 + b2 7* + c2 p72 - 2 ab TV - 2 at- Ty + 2 be p77. 

Also assuming TiT2 = T2T, , etc.

N|iV2 = a2 T'T2 + 62 + c2 pip-z - 2 ab Tte> -2 ac Tip< + 2 cb etp>.

Recalling that DAD. DAD, D„(D are of the same form as (5), e g.,

DAD = T,2+ T22 — 2 T,T2l

we see that

D.\(D = a2 DAD + + c2 D,,(/)

— 2ab [T(r) p(r) — T(r) e(r + D]

- 2ac [T(r) p{r) - T(r) p[r + D]

+ 2be [e(r) p(r) — e(r) p(r + /) ] .



Therefore:

Dsd) = a-Dr (D + b- DAD + c2 DM) ~ 2ah DrM) ~ 2ac Dt„(D + 2cb DnM) (6)

where

DAI) = 2 l^V-p.M)]

DAD =2T^[\-PAD] 

dad =2 77r[i-pAD ] 

di,(D=27t[)-pAD]

DtAD =2r?[\-prAD ]

DtM) = 2 rp'[\-pt„(D]

DeM) = 27y[\-peP(D]

Table 2.
CONTINENTAL POLAR-WINTER

Oklahoma City

Ht a . bHR IBHH C a2 b2 c2 2ab 2ac 2bc■■■

0 1.09 5.19 0.29 1.19 26.9 0.08 11.3 0.63 3.00

500 1.02 5.17 0.29 1.05 26.7 0.08 10.6 0.59 2.98

1000 0.96 5.15 0.29 0.92 26.5 0.08 9.88 0.55 2.97

1500 0.90 5.19 0.29 0.81 26.9 0.08 9.37 0.52 3.00

2000 0.84 5.15 0.29 0.71 26.5 0.08 8.70 0.49 2.97

16



and the p’s are the spatial auto- and cross-correlation functions. They are, of course, normalized, 
so the variance and covariance appear as factors outside the brackets.

Within the inertial subrange we can express the structure function D(7) in terms of the structure 
constant C2, e g.,

D.vU) = C\2 im

So, for any given t,

C2 = dlC\ + b*Cj + c*C* - lab C2, - lac C\p + Ibc C%. (6a)

It is reasonable to suppose that the quantity in brackets, in the expressions for £>, is very nearly 
the same for all D, so all D (or C2) can be expressed m terms of one (say Cr) by simply multiplying 
by the ratio of their variances or covariances, and the ratios of the factors a2, b2, c2, ab, ac, cb multi­
plying the appropriate terms. The values of the coefficients in Eq. (6) and (6a), for a variety of air 
masses and locations, are shown in Tables 2 through 9.

Table 3.

MARITIME POLAR-WINTER

Seattle

Ht. a b c a2
M

b2 c2 2ab 2ac
■■■■■■■■ 2bc

0 1.27 4.76 0.28 1.62 22.6 0.08 12.1 0.71 2.63

500 1.22 4.84 0.28 1.49 23.5 0.08 11.8 0.68 2.71

1000 1.13 4.93 0.28 1.28 24.3 0.08 11.2 0.64 2.78

1500 1.06 5.05 0.28 1.13 25.5 0.08 10.7 0.61 2.88

2000 1.00 5.15 0.29 1.00 26.6 0.08 10.3 0.58 2.97

2500 0.29 2.01 -0.18 0.08 4.03 0.03 1 16 -0.10 0.72

3000 0.86 5.42 0.30 0.75- 29.4 0.09 9.43 0.51 3.21

4000 0.77 5.73 0.30 0.60 32.8 0.09 8.87 0.47 3.48

5000 0.70 6.13 0.31 0.49 37.6 0.10 8.61 0.44 3.86
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Table 4,
MARITIME TROPICAL-WINTER

Canal Zone

Ht. a b c a2 b2 C2 2ab 2ac 2bc

0 1.64 4.21 0.26 2.69 17.7 0.07 13.8 0.85 2.19

500 1.56 4.28 0.26 2.44 18.4 0.07 13.4 0.82 2.25

1000 1.41 4.37 0.27 1.98 19.1 0.07 12.3 0.75 2.32

1500 1.26 4.46 0.27 1.60 19.9 0.07 11.3 0.68 2.39

2000 1.12 4.52 0.27 1.25 20.4 0.07 10.1 0.60 2.44

2500 0.99 4.59 0.27 0.99 21.0 0.07 9.11 0.54 2.49

3000 0.89 4.66 0.27 0.79 21.7 0.07 8.30 0.48 2.56

4000 0.76 4.81 0.28 0.58 23.1 0.08 7.33 0.42 2.67

5000

0

500

0.61

1.54

1.42

4.99

4.36

4.40

0.28

0.26

0.27

0.37 24.9

Pensacola

2.37 19.0

|,02
19.4

0.08

0.07

0.07

6.12

13.4

12.5

0.35

0.82

0.76

2.82

2.31

2.35

1000 1.32 4.50 0.27 1.74 20.2 0.07 11.9 0.71 2.43

1500 1.16 4.60 0.27 1.35 21.2 0.07 10.7 0.63 2.51

2000 1.09 4.69 0.27 1.19 22.0 0.08 10.2 0.60 2.58

2500 1.01 4.81 0.28 1.01 23.1 0.08 9.69 0.56 2.68

3000 0.92 4.91 0.28 0.85 24.1 0.08 9.04 0 52 2.77

4000 0.76 4.91 0.28 0.58 24.1 0.08 7.46 0.43 2.77

5000 0.68 5.37 0.29 0.47 28.9 0.09 7.36 0.40 3.16
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Table 5. SUPERIOR AIR-WINTER

Oklahoma City

1 C II aHt. b b2 c2 2ab 2ac 2bca wUMwHBM

1.06 4.76 0.28 1.12 22.7 0.08 10.1 0.59 2.64

500 0.99 4.66 0.27 0.97 21.7 0.07 9.20 0.54 2.56

1000 0.92 4.59 0.27 0.85 21.1 0.07 8.45 0.50 2.50

1500 0.86 4.61 0.27 0.73 21.3 0.07 7.91 0.47 2.52

2000 0.80 4.73 0.28 0.64 22.4 0.08 7.56 0.44 2.61

2500 0.75 4.86 0.28 0.57 23.6 0.08 7.31 0.42 2.72

3000 0.69 4.89 0.28 0.48 24.0 0.08 6.77 0.39 2.75

4000 0.63 5.25 0.29 0.39 27.6 0.08 6.59 0.36 3.06

5000 0.56 5.54 0.30 0.32 30.7 0.09 6.26 0.34 3.32

Pensacola

"~ - - - - - -

500 1.15 4.51 0.27 1.33 20.3 0.07 10.4 0.62 2.43

1000 1.06 4.65 0.27 1.12 21.7 0.07 9.8 0.58 2.55

1500 0.95 4.74 0.28 0.91 22.5 0.08 9.06 0.53 2.63

2000 0.89 4.79 0.28 0.79 23.0 0.08 8.53 0.49 2.67

2500 0.83 4.86 0.28 0.70 23.6 0.08 8.16 0.47 2.72

3000 0.79 4.96 0.28 0.63 24.6 0.08 7.85 0.45 2.81

4000 0.71 5.15 0.29 0.50 26.6 0.08 7.29 0.41 2.97

5000 0.63 5.40 0.29 0.40 29.2 0.08 6.83 0.37 3.19
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The pressure fluctuations are typically more than an order of magnitude smaller than the water 
vapor or temperature fluctuations, and c1 and products of c with a and b are typically orders of magni­
tude less than a-, b2 or ab. Consequently, the important terms are

Cl- = a2Q + blCl - lab Q, (7)

where

T'e’Cl = —— riv" Tp pi2 ^ t *

Table 6.
CONTINENTAL POLAR-SUMMER

Omaha

Ht. a b c a2 b2 c2 2ab 2ac 2bc

0 1.22 4.42 0.27 1.48 19.5 0.07 10.8 0.65 2.36

500 1.25 4.35 0.27 1.57 18.9 0.07 10.9 0.66 2.31

1000 1.14 4.42 0.27 1.29 19.5 0.07 10.0 0.61 2.36

1500 1.06 4.51 0.27 1.11 20.3 0.07 9.53 0.57 2.43

2000 0.98 4.59 0.27 0.96 21.1 0.07 9.04 0.54 2.50

2500 0.91 4.67 0.27 0.83 21.8 0.07 8.52 0.50 2.57

3000 0.89 4.70 0.28 0.79 22.1 0.08 8.34 0.49 2.59

4000 - — - - - - -

5000 - - - - - -
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If we presume it is possible to acquire information about the height distribution of Cr2 in a variety of 
air masses, a convenient form of (7) is

Q
Q

ri C2a2 + b2^-2ab Te
Cl Cl

or

Q

Q

e'T'a2 + b2 - lab___
c 2

(8)

To proceed further with the analysis of C$, having only mean profile data from many air masses, 
requires additional assumptions. One assumption with some physics to support it is the classical 
mixing length concept, in which one assumes that

e„',0'=L
0)

dz

where L is a mechanical mixing length, analogous to the molecular mean free path in Brownian 
diffusion, and e,, and 6 are the potential vapor pressure and potential temperature, respectively. They 
are the values of e and T that a parcel of air would have if it were taken adiabatically to some reference 
pressure without change of state. The reference pressure is usually 1000 mb, so 0 = T {IOOO/p)02Hfi 
and ep = e (1000/p). To illustrate, suppose the 
line segment in the schematic at right repre­
sents a portion of the height profile of potential 
temperature. If an air parcel, A, with potential 
temperature 6> is mixed downward a distance 
L, it will cause a perturbation of 0 at that level 
equal to L ddldz. In like manner, if an air parcel,
B, with potential temperature 6i is mixed upward 
it will cause a similar perturbation in 6 at its new 

[Ai—z+l

level. The same arguments apply to e„, so, if the same mechanical mixing length applies to 0 and e„

and

e'2 _ e',2 (dejdz)2 _ Aep

V2 0'2 (d0ldz)* A0-
(9)

lOOPy714 e'T' = e^£ s 

T ’ V2 0'2
(10)

From mean profile data in various air masses, the terms on the right-hand side of (8) can be estimated 
and thus an estimate of C.v2/Cr2 can be obtained.

If the quantities 0 and e^ are used instead of T and e, Eq. (1cf) yields the potential refractive index 
referred to earlier. It will be designated <t>.
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Table 7
MARITIME POLAR-SUMMER

Spokane

Ht. a b c a2 b2 c2 2ab 2ac 2bc

0 1.18 4.48 0.27 1.40 20.0 0.07 10.6 0.63 2.41

500 - - - ~ — - ~ -

1000 1.05 4.35 0.27 1.09 18.9 0.07 9.11 0.55 2.31

1500 0.94 4.35 0.27 0.89 18.9 0.07 8.22 0.50 2.31

2000 0.88 4.54 0.27 0.78 20.7 0.07 8.03 0.48 2.46

2500 0.83 4.68 0.28 0.69 21.9 0.08 7.80 0.46 2.57

3000 0.78 4.79 0.28 0.60 22.9 0.08 7.44 0.43 2.67

4000 0.68 5.15 0.29 0.46 26.5 0.08 7.04 0.39 2.97

5000

0

0.58

1.32

5.29

4.26

0.29

0.26

0.34 28.0

Omaha

1.74 18.0

0.08

0.07

6.14

11.2

0.34

0.69

3.09

2.22

500 1.19 4.23 0.26 1.41 17.9 0.07 10.1 0.62 2.21

1000 0.98 4.26 0.26 0.96 18.1 0.07 8.38 0.52 2.23

1500 0.87 4.41 0.27 0.76 19.5 0.07 7.72 0.46 2.36

2000 0.80 4.52 0.27 0.64 20.4 0.07 7.25 0.43 2.44

2500 0.83 4.72 0.28 0.68 22.3 0.08 7.81 0.46 2.61

3000 0.77 4.84 0.28 0.58 23.4 0.08 7.41 0.43 2.70

4000 0.67 5.05 0.29 0.44 25.5 0.08 6.74 0.38 2.88

5000 0.58 5.29 0.29 0.33 28.0 0.08 6.12 0.34 3.09
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Table 8 MARITIME TROPICAL-SUMMER

Pensacola

Ht.

0

a

1.65

b

4.23

a2 b2 c2 2ab c■■■■ mmmm&m mmmmmm mmmmmmmmm

0.26 2.70 17.9 0.07 13.9

2ac

0.86

2 be

2.21

500 1.50 4.22 0.26 2.24 17.8 0.07 12.6 0.78 2.20

1000 1.35 4.30 0.26 1.82 18.5 0.07 11.6 0.71 2.27

1500 1.24 4.40 0.27 1.54 19.4 0.07 10.9 0.66 2.35

2000 1.13 4.49 0.27 1.28 20.2 0.07 10.2 0.61 2.42

2500 1.04 4.58 0.27 1.08 20.9 0.07 9.52 0.56 2.49

3000 0.94 4.67 0.27 0.88 21.8 0.07 8.79 0.52 2.56

4000 0.82 4.88 0.28 0.66 23.8 0.08 7.97 0.46 2.74

5000

0

0.69

1.31

5.09

4.21

0.29

0.26

0.48 25.9

Omaha

1.71 17.7

0.08

0.07

7.07

11.0

0.40

0.68

2.92

2.20

500 1.22 4.15 0.26 1.48 17.3 0.07 10.1 0.63 2.15

1000 1.10 4.13 0.26 1.20 17.1 0.07 9.06 0.56 2.13

1500 1.00 4.21 0.26 1.01 17.7 0.07 8.46 0.52 2.19

2000 0.93 4.33 0.26 0.87 18.7 0.07 8.07 0.49 2.28

2500 0.87 4.45 0.26 0.76 19.8 0.07 7.78 0.47 2.39

3000 0.81 4.56 0.27 0.66 20.8 0.07 7.41 0.44 2.47

4000 0.69 4.80 0.28 0.48 23.0 0.08 6.66 0.38 2.67

5000 0.61 5.09 0.29 0.37 25.9 0.08 6.18 0.35 2.92
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Table 9.
SUPERIOR AIR-SUMMER

Omaha

Ht. c a2 b2 c2 2ab 2ac 2bc
—----------—

Discussion
Four types of plots are included in Figs. 9 to 

43. The first set of plots (Figs. 9-22) shows the 
distribution of N with height for summer and 
winter in the various air masses for selected 
locations in the Western Hemisphere. This infor­
mation is mainly of value in calculating the 
refractive properties of the troposphere and esti­
mating the variability of the effective radio 
horizon of short radio waves during changing 
weather conditions.

The second set of plots (Figs. 23-36) shows 
the height distribution of the ratios CY2/CV, 
CeT ICt and CY/CV for a variety of air masses 
and locations. These quantities are calculated 
from equations (8), (9), and (10). The assumption 
on which these plots are based is relatively de­
fensible, requiring only that the quantities ep, 
0, and <t> be mixed by turbulence in the same 
way; it is generally assumed that the eddy coef­
ficients of the various conserved quantities are

virtually the same. Because we deal with ratios, 
we need assume nothing about the intensity of 
mechanical turbulence.

The incentive for these plots is the belief that 
more measurements exist for Cf (or the CY for 
optical refractive index) than exist for the CV of 
radio refractive index. Therefore, these plots 
permit one to make use of measurements made 
for optical systems to infer the scattering and 
scintillation characteristics of the atmosphere 
for radio waves.

Figs. 37, 38, and 39 show the distribution of 
CY with height in various air masses, where 
C„J is the structure constant for optical wave­
lengths. To make these calculations from mean 
temperature profile information, it was necessary 
to assume that the temperature variance caused 
by vertical mixing was proportional to the square 
of the height gradient of potential temperature. 
The validity of this assumption requires that the
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mixing length, L, be statistically independent 
of air mass type and height within the air mass. 
After plotting profiles of (AdlAzY for the various 
air masses, the plots were “calibrated” in terms 
of CY by assuming the Hufnagel model to rep­
resent a median profile for the various air 
masses. Hufnagel’s model is shown superim­
posed on Fig. 38. It is evident that the scatter 
of the air mass profiles about the Hufnagel pro­
file is very large. However, measured profiles 
deduced from optical scintillation of stars show 
great scatter also, as seen in Fig. 40, from Ochs 
et al. (1976). In the calculated profiles CY oc­
casionally drops to very low values. This occurs 
in height regions where the temperature gradient 
is very nearly the adiabatic lapse rate. There is 
some evidence of such deep troughs in the data 
of Ochs et al. even though the measurement 
technique had poor height resolution and must 
have smoothed the true profiles appreciably.

These data were acquired in just one location 
(Boulder, Colorado) on only a few days.

Finally, having calculated the profiles of the 
optical structure constant, we can calculate the 
profiles of radio refractive index structure func­
tion with no additional assumptions. These pro­
files are shown in Figs. 41, 42, and 43 and are 
labeled CY to distinguish them from the optical 
refractive index structure constant labeled 
CY; however, CY has not had the factor 10-6 re­
moved from the refractive index as has N in 
Eq. (1b) and so differs from the structure con­
stant of N by the factor 10-’2. There are several 
points worth noting:

-1) The value of radio CY is not always lar­
ger than the optical CY. Note, for example, the 
topmost value in winter cP air at Oklahoma City. 
This occurs when temperature and moisture 
fluctuations are’ positively correlated. Then the 
last term in Eq. (8) can potentially subtract more

Continental Polar Air - 
Summer Boston3000 Figure 23. Ratios of the structure constant of refractive 

index and humidity to the structure constant 
of temperature for various North American 
air masses at the season and location 
indicated.

Continental Polar Air - 
Summer Omaha

''''

Figure 24. Ratios of the structure constant of refractive 
index and humidity to the structure constant 
of temperature for various North American 
air masses at the season and location 
indicated.
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Figure 25.
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Ratios of the structure constant of refractive 
index and humidity to the structure constant 
of temperature for various North American 
air masses at the season and location 
indicated.
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Figure 26. Ratios of the structpre constant of refractive 
index and humidity to the structure constant 
of temperature for various North American 
air masses at the season and location 
indicated.
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1000
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Figure 27. Ratios of the structure constant of refractive 
index and humidity to the structure constant 
of temperature for various North American 
air masses at the season and location 
indicated.
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Figure 28. Ratios of the structure constant of refractive 
index and humidity to the structure constant 
of temperature for various North American 
air masses at the season and location 
indicated.
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Figure 29. Ratios of the structure constant of refractive 
index and humidity to the structure constant 
of temperature for various North American 
air masses at the season and location 
indicated.
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Figure 30. Ratios of the structure constant of refractive 
index and humidity to the structure constant 
of temperature for various North American 
air masses at the season and location 
indicated.
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OMAHA
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Figure 31. Ratios of the structure constant of refractive 
index and humidity to the structure constant 
of temperature for various North American 
air masses at the season and location 
indicated.

Maritime Polar-Summer 
SPOKANE

Figure 32. Ratios of the structure constant of refractive 
index and humidity to the structure constant 
of temperature for various North American 
air masses at the season and location 
indicated.
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Figure 33. Ratios of the structure constant of refractive 

index and humidity to the structure constant 
of temperature for various North American 
air masses at the season and location 
indicated.
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Figure 34. Ratios of the structure constant of refractive 
index and humidity to the structure constant 
of temperature for various North American 
air masses at the season and location 
indicated.
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Figure 35. Ratios of the structure constant of refractive 
index and humidity to the structure constant 
of temperature for various North American 
air masses at the season and location 
indicated.
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Figure 36. Ratios of the structure constant of refractive 
index and humidity to the structure constant 
of temperature for various North American 
air masses at the season and location 
indicated.
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Figure 37. Distribution of optical refractive index struc­
ture constant in continental air masses at 
the locations shown. The winter and summer 
seasons are indicated by the small s and w 
following the air mass type. CV is in nr21*.
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Hufnagel Model ^

Figure 38. Distribution of optical refractive index struc­
ture constant in maritime air masses at the 

' locations shown. The winter and summer 
seasons are indicated by the small s and w 
following the air mass type. CY is in nr*19.
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Figure 39. Distribution of optical refractive index struc­
ture constant in superior air masses at the 
locations shown. The winter and summer 
seasons are indicated by the small s and w 
following the air mass type. CM2 is in m2/3.

5 io.o

Figure 40. Measured distribution of optical refractive 
index structure constant compared with 
Hufnagel model indicated by dashed curve. 
(From Ochs ef a/., 1976).
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Figure 41. The height distribution of radio refractive 
index structure Constantin some continental 
air masses at the location indicated. The 
winter and summer seasons are indicated 
by w or s following the air mass type. The N 
subscript designates radio refractive index 
as opposed to optical refractive index. How­
ever, the factor (10 6)1 is included in this 
structure constant in contrast to the defini­
tion of N given above Eq. (1b). CV is in nrm.
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Figure 42. The height distribution of radio refractive 
index structure constant in some maritime 
air masses at the locations indicated. The 
winter and summer seasons are indicated 
by w or s following the air mass type. The N 
subscript designates radio refractive index 
as opposed to optical refractive index. How­
ever, the factor (10 6)3 is included in this 
structure constant in contrast to the defini­
tion of N given above Eq. (1b). CV is in m2/3.
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Figure 43. The height distribution of radio refractive 
index structure constant in some superior air 
masses at the locations indicated. The winter 
and summer seasons are indicated by w and 
s following the air mass type. The N sub­
script designates radio refractive index as 
opposed to optical refractive index. How­
ever, the factor 1012 is included in this struc­
ture constant in contrast to the definition of 
N given above Eq. (1b). CV is in nrm.

Minimum Detectable

1500 GMT

Figure 44. Measured height distribution of radio refrac­
tive index structure constant recorded with 
the Millstone Hill radar at the times indicated 
in December, reported by Crane, 1970. The 
circles, squares, and triangles are calculated 
values for winter c/\ winter mP, and winter 
mT air masses, respectively.
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Figure 45. Diurnal distribution of C„ measured at a height of 2 m above the ground. 
(From Clifford et al., 1974).

from C.v* than is contributed by the moisture 
(middle term). This occurs when moisture in­
creases with height, because potential tempera­
ture must always increase with height (except 
in rare superadiabatic layers) in order that the 
atmosphere be statically stable.

2) The scatter of C.v2 is less than that of 
CV. This is because the temperature lapse rate 
approaches the adiabatic more often than the 
gradient of potential refractive index approaches 
zero since nearly zero gradients of both humidity 
and potential temperature are usually required 
in the latter case. Thus CY reaches very low val­
ues more often than C.v2.

3) There is a dramatic decrease in C.v* 
above 2 km altitude in continental air masses, 
but in maritime air masses C.v2 does not decrease 
with height any more rapidly than CY up to a 
height of 5 km.

The calculated values of C.v2 agree fairly well 
with the limited observational data available. 
For example, Fig. 44 shows protiles of C.v2 re­
ported by Crane (private communication). These 
data were collected by the large, powerful Mill­
stone Hill L-Band radar in December 1967. At 
that time of year one of three air masses might 
well have been in the area. Consequently, points 
representative of winter cP (circles), winter mP 
(squares), and winter mT (triangles) air masses 
were superimposed on Crane's data. The agree­
ment is generally satisfactory except for the 
surface values. This discrepancy probably rep­
resents a diurnal effect, as Crane’s observations 
were made near mid-day when surface heating 
and turbulent convection were probably occur­
ring. Fig. 45, taken from Clifford et al. (1974), 
shows the diurnal variation of C„ measured at a

height of 2 m. Apparently more than an order-of- 
magnitude enhancement in C«2 is to be expected 
around mid-day. Such an enhancement would 
bring our calculated values into good agreement 
with Crane’s observations. ■
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