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ABSTRACT. When two targets are simultaneously tracked by a single radar, the atmosphere can 
introduce errors in the observed relative positions of the targets. These errors arise because of 
average gradients and turbulent fluctuations in the index of refraction. When the observations are 
made with a radar interferometer, the important quantity is the difference between the signals 
from the two targets of the phase differences across the interferometer. If the profiles of the 
average refraction index and of turbulence are known, the performance of such a system can be 
estimated. In this case, performance is expressed as the root-mean-square (rms) of the error in the 
angular difference of the two targets. If these profiles are known, the angles can be corrected for 
the average refraction effect, which leads to improved performance. In this report a geometrical 
optics approach was developed for calculating phase and interferometric bearing angle 
variations of radio waves propagating in an inhomogeneous vertically stratified atmosphere with 
plane homogeneous layers. Effects of the atmospheric refraction on the angular difference errors 
of two simultaneously interferometric tracking target’s were investigated analytically for two 
different scenarios of that targets rapprochement:

a. horizontal missile approaches to the target at the same altitude as the target, and
b. inclined missile approaches to the target along the line connecting the interferometer and the 

target.
Numerical calculations of refraction angle errors were carried out for the following:

a. standard exponential radio atmosphere profile,
b. exponential radio atmosphere profile with the near-earth refractive-index value adjusted to 

the real measured (balloon) data,
c. real refractive-index profiles retrieved from the standard balloon meteorological data for 

specific climate conditions at Denver, Colorado, for two daytime and nighttime measurements 
for two seasons, summer and winter.

Effects of atmosphere turbulence on the angular difference errors of two simultaneously 
interferometric tracking targets were investigated analytically in framework of geometrical optics 
for isotropic locally homogeneous turbulence with an infinite turbulence outer scale: it was 
shown that the correlation between bearing angle fluctuations of two simultaneously tracking 
targets leads to a considerable reduction in the angular difference error compared to the bearing 
angle errors for each of the targets. The program and the computer code for retrieving the 
turbulence structure parameter Cn2 altitude profile from the routine meteorological balloon data 
were created and tested on the eight samples of data (two daytime and nighttime balloon 
launchings for winter and summer seasons). It is shown that although the errors due to the 
average refractive-index profile exceed essentially those due to the turbulent fluctuations of the 
refractive index, they can be corrected if the average refractive-index profile is known.
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1 Phase Variations - Geometrical Optics Ap
proach

We will consider propagation of centimeter-decimeter radio waves in the in
homogeneous atmosphere for a distance of R ~ 10 km or less. Since the 
dielectric constant of air e(r) varies slowly on the scale of the radio wave
length A, and the following inequality is usually fulfilled:

A |Vr«| « e, (1)

we can represent the spatial dependence of the electric field E (r) as:

E (r) = .Aexp[i$] = Aexp[iA:5], (2)

where k = 2tt/A = 27t//c is the wave number, / is the radio signal frequency, 
c is the velocity of light, and the amplitude A, phase gradient v$> and eikonal 
S are slowly varying (on the scale of A) functions of the coordinate r. For the 
distances R under consideration, the Fresnel zone size V\R is much smaller 
than the outer scale size L\ i.e. the following inequality is fulfilled:

VAR < L0. (3)

Conditions (1) and (3) allow us to use the geometrical optics approach for 
solving the propagation problem and to represent the phase $ as an integral 
over the ray trajectory r (s) (see, for example, [1] and [2]):

$ = k [ v/^]F00jds, (4)

where s is the distance along the ray. In the worst case, this approximation 
will overestimate the error by no more than a factor of 2. For the radio wave 
band considered here, the deviation of the dielectric constant e(r) from unity 
is small and can be represented as:

e (r) = 1+ A e (z) 4- 6e (r), (5)

where A e (z) corresponds to the “regular refraction” (large-scale variation 
of e with height z above the earth’s surface ), and 8e (r) is the small-scale 
random turbulent fluctuation of e with a mean value equal to zero: (8e (r)) =



0; here and below (...) denotes the statistical average over the ensemble of 
random function 6e (r) realizations. Assuming that

A e (z), 6e (r) < 1, (6)

we can use the small perturbation method for solving the equation for the 
ray trajectory r (s) as well as for the integral (4) expansion of the series for 
small A e (z) and 6e (r):

$ = kR+^- [ [A e(z) + 6e (r)] ds, (7)
2 Jo

where the integral is along the straight ray path connecting the initial and 
the final points (s = 0 and s = R, respectively). Instead of the dielectric 
constant e(r), the refractive index n (r) = -y^e(r) is often used, and it can be 
represented in a form similar to (5) :

n (r) = 1 + An (z) + Sn (r), (8)

where An (z) =A £ (z) /2 and Sn (r) = Se (r) /2. FVom (7) and (8) we obtain 
the following expression for the eikonal S :

S = R + [An (z) + 6n (r)] ds. (9)

2 Interferometric Angle Measurement Errors
Unlike optical propagation, where the arrival direction is defined as normal 
to the phase wave front (see, for example, [3]), for radio waves, an inter
ferometric system that measures the phase difference is usually used. The 
simplest interferometric system consists of two receivers located at points a 
and b (Fig. 1) with distance (base) L between them. The zenith angle C be
tween the normal to the base (axis Oz) and the direction to the point source 
M can be found if we measure the signal phases $a smd $*> at points a and 
6, respectively:
sinC = —~ ~ ~ = sin Co + \ An (z) dsa - jf An (z) ds6j 

+~ J Sn (r) dsa — J Sn (r) dsb| , (10)
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where Ra and Rt, axe the distances from the source M to the points a and b, 
respectively, dsa and dsb axe the differentials of length along the correspond
ing rays, and Co is the unperturbed zenith angle, defined by the equation:

sm C° = —£—• (11)

Because of the random fluctuations of 6n (r) , the zenith angle C defined 
by (10) is a random value that consists of three components:

C = Co + AC + *C, (12)

where AC is the regular error due to refraction by the An (z) profile:

A<=L^rB[rAn{z)ds-~rAniz)dsi’] • (13)

and <5C is the random error due to scattering by the turbulent refractive-index 
fluctuations 6n (r):

*c = 1
L cos Co

(14)

It is evident from the last equation that (6Q = 0, i.e. <5C is a fluctuating 
error on zenith angle measurements. Equation (13) for a regular refraction 
error can be simplified if we replace the integrals along the rays by an integral 
along the axis Oz (see Fig. 1):

AC =
L cos Co

_L1_| rZM 
COS Ca coscj Jo An (z) dz, (15)

where zm is the altitude of the source M, and the angles Ca and C& are defined 
by the following equations:

* zm . zm COsCa = -5", COS Cb = "o-■lta lib
(16)

Substituting (16) into (15) and using definition (11), we obtain the fol
lowing expression for the “regular” (or “systematic”) error:

AC = (17)

3



3 Atmospheric Refraction Errors for Two 
Targets

Let us consider now two targets, 1 (M) and 2 (T) (see Fig. 2), with corre
sponding zenith angles and (2, and an angular distance 0 = C2~Ci between 
them in the vertical plane. According to (17), the refractive (nonfluctuating) 
error A9 of the angular distance 9, is equal to the following difference:

A0 = AC2 - ACi = t-^L r An (*)dz ~ I"' An (2)dz- (18)
Z'2, Jo Z\ Jo

Introducing the “mean” zenith angle C = (Ci + C2) /2, we can express Ci 
and C2 through ( and 0:

Ci = C ~ 0/2 and C2 = C + 0/2.

For small angular distances between targets (0 1) we may expand (18) in
0 and confine it only to the linear term:

A0 = [q (z2) - q (*i)] tan C + 2“^ fa (Z2) + 9 (*i)l» (19)

where we introduce the function:

q(z) = ^  An (z 'j dz . (20)J
It is worthwhile to draw attention to two limiting cases:
1. If the altitudes of the sources are equal (z\ = z2 = z), then the relative 

error A 9/0 can be estimated by the simple formula:

A9 _ q(z)
9 cos2 £

2. If the two sources are along the same ray so that the angular distance 
0 = £2 - Ci between them is equal to zero, a measurement of 9 will differ 
from zero by the value:

A9 = [q (z2) - q (zi)] tan C- (22)

It should be noted that, because An (z ) —► 0 when z —► 00, the function 
q(z) decreases at the rate of 1/z for high altitudes, and, according to (19), 
A9 —* 0 for distant targets. This result is valid only for a planar layered 
atmosphere. For spherical layers A9 —*■ const, when z —* 00.
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3.1 Refraction Angle Errors in the Standard Atmosphere

The atmosphere refractive index for super-high frequency (SHF) radio waves 
(“//” waves) can be represented as:

n = 1 + N • HT6, (23)

where N is the reduced refractive index that depends on air temperature T 
(in K), pressure P, and humidity e (both in millibars mB) according to the 
formula (see, for example, [1]):

4810e\ 
T ) (24)

Because of the exponential average dependence of pressure P and humid
ity e on altitude z, the large-scale behavior of the reduced refractive index 
N with z is also exponential, and therefore can be written as:

n (z) = 1 + N0 • 10-6e-^z, (25)

where (3 ~ 0.13 (km)-1, and No is the value of the reduced refractive index 
at the surface that can be estimated by Eq.(24). For standard atmospheric 
conditions (P = 1013.2 mB, T = 288.2K), it follows that No = 335.3. For 
this “standard radio atmosphere,” function q (z), introduced by (20), takes 
the simple form:

q(z) = ^-(l-e^). (26)

The dependence of the angular error A9 (rad) on the source M altitude 
zi is exemplified in Fig. 3 (a,b,c) for the case 9 = 0 (Ci = C2) and zx < z2 
[calculations by Eq.(22)]. The plots of the relative angular error A6/9 for 
the special case z\ — z2 and for four zenith angles ( are shown in Fig. 4 
[calculations by Eq.(21)].

3.2 Refraction Angle Errors in the Real Atmosphere

Generally, the vertical profile of refractive index n (z) in the real atmosphere 
will differ from the standard exponential model (25). The profile n (z) could 
be obtained, for example, from radiosonde (balloon) data like those in Table 
1, where RH is relative humidity in % and z is altitude above sea level in
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m. Some examples of altitude profiles of meteorological parameters P(mB), 
T °C and RH(%) are shown in Fig. 5a,b,c trough Fig. 8a,b,c for summer 
and winter seasons and day- and nighttime. To use Eq.(24) for calculating 
the reduced refractive index N (z), we have to express the vapor pressure e 
through RH% according to the equation (see, for example, [4]):

7 63*i C oe (mB) = 6.11 - RH • 10^+^~2. (27)

Examples of calculated profile of N (z) axe shown in Fig. 5d trough Fig. 
8d. For comparison, in the same figures, we plot the adjusted exponential 
profiles (25) with the near-earth values N0 = N(0) that correspond to the 
real experimental data obtained from the balloon measurements (the first 
fine from Table 1).

Refraction error calculations were performed for two different cases:
1. The altitudes of the sources are equal (zi = z2 = z). Then the angle dif

ference error A 9 is a function (21) of the mean zenith angle C = (Ci 4* C2) /2 
and the angle difference 9 - C2 ~ Ci between these two sources. It follows 
from (21) that in this case the relative error A 9/9 depends on the zenith 
angle £ only through the factor 1 /cos2 The value (A 9/9) cos2 £ is shown 
as a function of altitude z in Fig. 5e-Fig. 8e as a solid curve, the long- 
dashed curve corresponds to the “adjusted” (for near-earth refractive index 
/V (0)) exponential profile (25), and the short-dashed curve corresponds to 
the standard radio atmosphere with Nq = 335.3 .

2. The two sources have the same zenith angles Ci = C2 = C- The angular 
distance error A9 in this case depends on £ only through the factor tan £, 
as in (22). The value of A0cot< is shown as a function of the source M 
altitude Z\ for three values of the source T altitude z2 in Fig. 5f,g,h through 
Fig. 8f,g,h by the solid curves. The dashed curves are, as in Fig. 5e-Fig. 8e 
, the “adjusted” exponential profile (longed-dashed) and the standard radio 
atmosphere profile (short-dashed).

In addition to these two general cases, we consider in detail the specific 
case when the target (T) is located at the range R2 — 10 km. at an altitude 
z2 = 6 km. (C2 = 53°). Two different scenarios of a missile (M) approaching 
the target (T) are investigated (see Fig. 9):

1) Missile (M) approaches the target (T) horizontally at the same altitude 
Z\ as that of the target {z\ = z2 = 6km) shown in Fig. 10a,b,c,d.

2) Missile (M) approaches the target (T) along the direction (OT) from 
the interferometer to the target (£x = C2 = 53°) shown in Fig. lla,b,c,d.

6



In both of these scenaxios, we denote the distance between the target (T) 
and the missile (M) as s.

In the upper plots of Fig. 10a,b,c,d and Fig. lla,b,c,d, three different 
refraction errors A0(firad) are shown. The solid curves correspond to the 
refraction error A0reaj due to the real refractive-index profile obtained directly 
from the balloon data. The short-dashed curves correspond to the refraction 
error A0stand predicted by the exponential (25) standard atmospheric (N0 = 
335.3) refractive-index profile. The long-dashed curves correspond to the 
refraction error A0^ predicted by the exponential refractive-ndex profile 
(25), adjusted to the real value at the surface, i.e. No = N(0).

In the lower plots of Fig. 10a,b,c,d and Fig. 1 la,b,c,d two residual errors 
are shown. The long-dashed curves correspond to the residual A0<rtand — 
A0reai, and the solid curves correspond to the residual error ResA0 = A0a# —
Aureal-

The main results of these calculations for the refraction error A0reai ob
tained by integrating the real refractive-index profile, and for the residual 
error ResA0 = A0adj — A0reai, are represented briefly in Table 2. for target 
separation distance s — 5km between two simultaneously tracking targets T 
and M. For smaller or larger separations s, the value of error can be esti
mated easily because of approximately linear dependence of these errors on 
target separation s, as it follows from Fig. 10 and Fig. 11.

Table 2.

s=2 km. Scenario 1 (z\ = z2) Scenario 2 (£x = £2)
A0reai (jar) ResA0 (fir) Aureal (fJ-r) ResA0 (fir)

Summer Night 70 1.5 21 -1
Day 70 3.5 21 -0.5

Winter Night 60 0 16 1.5
Day 60 -1 16 1.2

In summer the refraction error A#reai is larger than in winter, and in 
Scenario 1 it is much more (about four times) then in Scenario 2. These errors 
can be compensated almost entirely (with the accuracy of several firad) using 
the exponential refractive-index profile adjusted to the real near-earth value 
of refractive index.
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4 Tracking Errors in the Turbulent Atmosphere
Let us consider now the fluctuating error <S£ of the zenith bearing angle £ 
of point source M in the turbulent atmosphere described by Eq.(14). If we 
introduce the fluctuations 6Sa and 6Sb

rR*,bSSa,b= / <5n (r) dsa<b,
Jo

(28)

of the ftiWnna.1 S over the propagation paths Ma and Mb (see Fig. 1), then 
the fluctuating error <5£ takes the form:

5£ = L cos£
(6Sa - 6Sb) (29)

Statistical averaging of the square of the error (5£)2 leads to the following 
expression for the error variance er2:

= {(Kf) = Ds (Mo, Mb) / (L cos C)2, (30)

where Ds (Ma, Mb) is the structure function of the eikonal fluctuations at 
the final points a and b of the paths Ma and Mb, respectively:

Ds (Ma, Mb) = ((6Sa - SSb)2) (31)

Substituting (28) into (31) we can express Ds (Ma, Mb) through the spa- 
tial structure function Dn of the refractive-index fluctuations :

Dn(*i,r2) = (r2) - Sn (ri)]2) . (32)

We confine ourselves to consideration of the special case of a locally ho
mogeneous and isotropic refractive-index random field n (r), when Dn(ri,r2) 
is a function only of the distance p = |r2 — ri| between points ri and X2 that 
varies slowly with the “mean” coordinate R = (r2 + ri) /2. Spectral expan
sion of Dn{vx, r2) = Dn (p? R) in this case has the form:

Dn(p,R) = 2 JJJ l1 “ cos KP\ (K>R)d3/c = (33)
R)K2d«,

8



where the spatial spectral density $n (k, R) of the refractive-index fluctua
tions is connected with their structure function Dn(p, R) by the formula:

$n(/c,R) =  «VpD„(p,R)sin«pd3p= (34)1 r°° d
J (sin Kp — up cos up) —Dn(p, R)dp.
JJJ

Using expansion (33) we can represent Ds (Ma, Mb) (31) in a form that 
generalizes the well-nown result of [1] and [2] for wave propagation in an 
inhomogeneous medium:

Ds (Ma, Mb) = 8tr2 $n (k,t (s)) {1 - Jo [kp (s)]} KdK, (35)

where Jo is the zero-order Bessel function of the first kind, r (s) is a radius- 
vector of points on the ray OM (see Fig. 1), s is the distance along this 
ray from the origin of coordinates O, R is a distance between the origin of 
coordinates O and source M, and p(s) is a separation between rays aM and 
bM in a direction orthogonal to the ray OM at every point r (s):

p(s)=LcosC(l--^). (36)

Denoting spatial spectral density <&„ (k, r (s)) as a 4>n (k,s) we will repre
sent it for further derivations as follows:

(k,s) —
0.033Cl (s)

(37)[k2 + k§(s)]U/6’

where Cn is a so-called “structure constant,” k0 = 2-k/Kq, and A0 is the outer 
turbulence scale - the dimension of the largest turbulence vortex in the at
mosphere. Generally speaking, these parameters axe slowly varying functions 
in space, so we can consider here not only a statistically homogeneous but a 
“locally homogeneous” turbulent atmosphere as well. Substituting (37) into 
(35), we can rewrite (35) after the variable changing Kp = x in the following 
general form:

Ds (Ma, Mb)

Jo

•6 [ Cl(s)p5/3(s)dsx
Jo

[1 — Jo (x)] xdx

(38)

0 [x2 + /eg (s) p2 (s)] 11/6 ‘f
9



Using (30) and (38) for estimating the zenith angle dispersion error a2, we can 
calculate this value for very different states of atmospheric turbulence. If the 
outer turbulence scale Ao exceeds essentially the interferometer base projec
tion in a direction orthogonal to the mean ray direction r (s), i.e. the inequal
ity Ao L cos £ is fulfilled, then we can neglect the term Kq (s) p2 (s) <C 1 in 
(38), and after calculating the integral over dx we obtain:

Ds (Ma, Mb) = 2.9 p5/3 (s) ds. (39)

In most atmospheric turbulence models C2 is considered as a function of 
altitude z above the earth’s surface. Therefore, it can be more convenient to 
change (39) from integrating over ray length s to integrating over the altitude 
z using the obvious relation s — s(z) = z/ cos £ :

O Q rzMDs (Ma, Mb) = —- / Cl (z) p5/3 [s (z)] dz, (40)
COS £ Jo

where zm is the point M altitude. For a rough estimation of the Ds (Ma, Mb) 
we can replace the value of Cl (s) in (39) by its mean value Cl on the path 
OM, and then fulfill integration on ds taking into account (36):

Ds (Ma, Mb) 2.9 Cl
Jo([rp<o) I4p/<k|

108C"* p(R)-p( 0)

(41)

where p(0) = L cos £ and p (R) = 0 according to (36). Substituting (41) into 
(30) we obtain the following simple formula for the error dispersion:

a\ = 1.08 CIR
Jl/3 ’

(42)

where l = L cos £ is the projection of the interferometric base L on a plane 
that is orthogonal to the direction OM. It follows from this formula that for 
a=io-» m-2/3, range R = 10 km and l = 5 m, the rms error of the zenith 
angle measurement is cr^ — 8 • 10-6rad. It should be noted that cr2 decreases 
very slowly with the interferometric base increasing as ~ l1^3. This means 
that even increasing l ten times results in reduction of cr^ of less than 1.5 
times.

10



5 Atmospheric Turbulence Errors for Two Tar
gets

Let ns consider again two point sources 1 (M) and 2 (T) (Fig. 2) that are 
simultaneously tracked by a single radar interferometer consisting of two 
receivers at points a and b separated by a distance L, interferometric base. 
Fluctuations 6Cxand S(2 of each of zenith angles and £2 are given by (29):

*‘-1=5 <**>-**•>• <**•-*«• (43)

where 6Sai is a fluctuation that eikonal acquires on the way from the source 
i — (1,2) to the receiver a = (a,b). The fluctuations 66 of the angular 
difference 9 — C, 2 — Ci between that two sources is equal to the following :

69 = S(2 - 6C1 - y (6Sa2 - 6Sb2 - 6Sal + 6Sbl). (44)

Here, we confine ourselves only to the linear terms of 6Sai and introduce 
the mean interferometric base projection l = L cos where C = (Ci + C2) /2, 
assuming that the angular distance between the points M and T is small 
enough (6 <C 1). To simplify the subsequent formulae we number the rays 
connecting receivers a, b and points M,T as shown in Fig. 12. After squaring 
(44) and statistical averaging, we obtain with these notations:

C? = ((S0f) = ^((SS3-6Si-6Sl+SSif)= (45)

p (^12 + ^34 + L>i3 + D24, ~ D-23 ~ £>14) ,

where the eikonal structure functions Dik were introduced according to (31):

Dik = ((6Si-6Skf). (46)

Without loss of generality we can assume that R2 > R\ and then each
of these structure functions can be calculated by the formula (38) with the 
following parameter R value: R = R2 for D34, and R — Ri for the all other 
Dik. As to function p (s) it can be written in a general form (for straight
rays):

P(*)=P(0) + |H*)-P(0)] (47)

11



with the following values of parameters p (0) and p (R) for each A*:

£>12 and £>34 
D13 and £>24 

D 23 
D14

p(0) = l, p(R) = 0; (48)
P (0) = 0, p{R) = A; 
p(0) = l, p (R) = —A; 
p(0) = Z, p(R) = A.

where A = A# is the spatial separation between rays OM and OT at a 
distance R.\ from the radar position. For a large enough turbulence outer 
scale Ao » /, A we can use the simpler formula (39) for A* calculations 
if we know the C\ as a function of the coordinates. For a plane layered 
atmospheric model when C2 depends only on the altitude z, we can use (40) 
instead of (39). In the simplest case C2 = const we have the explicit form 
(41) for the eikonal structure function Dik, substituting of which in (45) and 
taking into account (48) we obtain:

<j\ — (t\x + <y\i - 2<j2aB (x), (49)

where the error dispersions cr%vcr%2 of zenith angles Ci and C2 ^ given by 
(42) :

,C2nRx 9 , nnClR2
<j\x = 1.08- /i/3 >

a\2 = 1.08: /i/3 ’ (50)

and the correlation coefficient B (x) of their fluctuations as a function of
x = A/l has the form:

B(x) =
1 - x5/3 
1 — x2

In the limiting case of a very small angular difference between two sources, 
i.e. when i<l, the value of correlation coefficient B (x) is very close to the 
unit:

— x5/3 + x2... (x 1) , (52)

and from (49) it follows:
2 _ Jl _2ae — ~ °ci- (53)

It should be noted that (j\ ± 0 even for the case A = 0 when both sources 
are on the same ray but at different distances Rx 7^ Ri- Taking into account

12



(50) and the fact that in the real atmosphere C% decreases with altitude we 
can give a rough upper estimate of crj in this case:

cr| < 1.08 (i*2 - Ri) (54)

From Fig. 13a,b it is easy to see that with x increasing the correlation 
coefficient B (x) decreases very slowly according to (52), so that formula (53) 
remains valid with a great accuracy even for x ~ 1. For x » 1 the correlation 
coefficient B (x) tends to zero very slowly:

(*»1). (55)

and it follows from (49) that in this limiting case, when we can neglect the 
correlation of signal phase fluctuations of the two sources, the error dispersion 
on interferometric measurement of angular difference 9 is equal to the sum 
of error dispersions for measurement of each angle Ci and Ca :

= ac2 + °iv (56)

It might be worth emphasizing that such slow decreasing of B (x) as
shown by (55) with the increase of value of x takes place until the distance 
between rays remains less than the outer turbulence scale:

max{/, A} < Aq.

In the opposite case, i.e. for large space separation between rays, the 
correlation coefficient B (x) decreases much more rapidly than (55), and 
formula (56) becomes valid for lesser values of x.

For small enough angular difference when x C 1 it is more convenient to 
use the following formula instead of (49) :

= ^2 ~ ah + 2o?iF (x), (57)

where

F(x) = 1 — B(x) =
xs/3 (! _ xi/3) 

1 — x2
(58)

The F (x) plots are shown in Fig. 14a,b,c. For targets that are close 
enough it may be assumed that cr22 = cr^ = cr^ , x <£L 1 and from (57) it 
follows:

Og = 2cr*F (x) ~ 20-j?x5/3. (59)
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Numerical estimation of erg by this formula and (42) for the following pa
rameter values: C2 = 10-14 m-2/3, range ~ i?2 — 5 km, interferometer 
base l = 5 m and A ~ 0.1Z, leads to the result: erg a 0.9 • 10-7 rad. Even 
for twice the ranges Ri — A2 — 10 km and ten times more target separation 
A— l, which corresponds to x = 1 and F (x) — 1/6), we obtain all the same 
extremely small rms errors: erg ~ 4.6 • 10-6 rad.

6 Retrieval of C2n from Meteorological Bal
loon Data

The structure function Dn (p) of atmospheric refractive-index fluctuations 
8n (r) in the frame of the theory of local homogeneous and isotropic turbu
lence can be represented in a simple form (Obukhov-Kolmogorov “2/3 law”):

Dn (P) = ([&» (r + p) - fin (r)]2) = C2 (z) p2/3. (60)

It is easy to prove that the spatial spectral density $n (K> s) of this struc
ture function Dn (p) coincides with the (37) if k,q = 0, which corresponds 
to the infinite outer scale Ao of turbulence. The structure parameter C2 is 
a slowly varying function of height and for optical waves depends on at
mospheric parameters such as (see, for example, [1]):

cL = (79 * 10“5^) °T’ <61>

where P is air pressure in millibars, T is air temperature in Kelvins (K°), 
Cj- is structure parameter of temperature fluctuations in {K°/m1/3) .

The structure parameter (72 for the radio waves depends not only on air 
pressure and temperature but on humidity as well (see [5]):

C\ — ^6.1 * 10-4^2^ [C% — 2arCrq + «2Cr] > (62)

ar = 0.13 (l + 15.4|;) ,

where q is the moisture content in grams of water per kilogram of air, C2 
is the structure parameter of the moisture content q fluctuations. Assuming 
that

Ct, = -(CJCJ)'/2, (63)
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we obtain from (62)(see [6] and [7]):

(64)
Cl = (7.9 * l<r‘£) [7.7C, + (l + 15.4|) CT]2 •

The structure parameters Cq and Ct of moisture q and temperature T 
fluctuations can be retrieved from the meteorological balloon data using the 
existing theories of turbulence in stratified media.

6.1 Free Atmosphere Turbulence
At high enough altitudes it is possible to neglect the earth’s influence on the 
turbulent processes in the atmosphere. This assumption leads to the so-called 
“free atmosphere model.” The free atmosphere stratification is characterized 
by the Brunt-Vaisala frequency ub :

“1 gdo
edz

(65)

where g =9.8 [m/s2] is the gravity acceleration, and 9 is the so-called “po
tential temperature”:

9 = T
0.286

(66)

where Po is a reference pressure, usually taken as a pressure at the level of 
the earth’s surface. The greater the Brunt-Vaisala frequency u)b is, the more 
hydrostatically stable is the condition of the atmosphere. Turbulence in the 
free atmosphere appears in regions where temperature and wind gradients 
create conditions favorable for generating internal gravity waves, propagation 
and breakdown. The greater the wind vertical gradient (so-called “wind 
shear”)

5 = (67)

(u and v are the projections of wind speed on the horizontal plane), the 
more unstable the atmosphere becomes (often referred to as Kelvin-Helmholz 
instability). The Richardson number Ri is the ratio of the stabilizing factor 
u2 to this destabilizing factor S2 :
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Ri =§|. (68)

Prom experimental investigation it follows that if Ri <0.25, then the at
mosphere is dynamically unstable so that small disturbances (like the inter
nal gravity waves, for example) grow until they break down into turbulence. 
After turbulence breakdown occurs, the turbulence mixes the atmospheric 
layers and the wind gradients S are reduced until Ri becomes greater than
0.25 and the turbulence in this particular layer begins to decay. These ac
tively turbulent regions are on the order of a few meters to hundreds of meters 
thick, with 30 m being typical.

The structure parameter C% of any passive (or conservative) variable 
fluctuations x relates to the local vertical gradients d (x) /dz of average value 
(x) by an approximate equation [1]:

C,2 = 2.8(^)2a5/3, (69)

where Ao is the outer scale of turbulence. Using this formula for estimation 
of Cq and Cl we have to take into account that the temperature T is not a 
passive addition, but the potential temperature 0 is.

It is follows from (69) that

c* _ \dWJdzV
Cl d{0)/dz

(70)

Compare (64) with (61), and using (70) we obtain:

d {g)[dz 
d(0) /dz (1 +15.4 (T)

(71)

For free-atmosphere conditions we can use (69) for calculating the tem
perature fluctuation structure parameter Cl and obtain from (61), (71):

r2n0

d (q) /d*
d(9) /dz

'i+i5-4M
r2nO* (73)
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6.2 Planetary Boundary-Layer Turbulence

For the near-earth atmospheric turbulence description [in the planetary bound
ary layer (PBL)] it is necessary to distinguish two different limiting cases: 
stable (nighttime) conditions and unstable (daytime) conditions. In contrast 
to the free atmosphere the main reason for turbulent processes in the PBL is 
not Kelvin-Helmholz instability (produced by the large values of wind shear 
S) but the convection processes due to near earth-heating fluxes.

6.2.1 Nighttime PBL turbulent parameters

During night -time (mostly stable conditions with small turbulence) the 
depth of the PBL, denoted below as z*, is typically about 100 m, and surface- 
layer parameterization for Cf. valid at altitudes z < z* can be written in a 
form [7]:

1 + 2.7 (74)

where L is the Monin-Obukhov similarity (MOS) stability length:

L =
T_
kgTS (75)

k =0.4 is the von Karman constant, u, is friction wind speed

n*
k
In (Zr/Zo)

« {zr) > (76)

u (zr) is the horizontal wind speed at the reference height zr above the earth’s 
surface, zq is the roughness length, and the MOS surface-layer parameter T* 
is connected with the surface turbulent heat flux Hao :

pCptx*
(77)

where p = 1.29 [kg/m3] is the air specific density and Cp = 103 is the
specific heat of air. In its turn the turbulent heat flux Ha0 can be expressed 
through the land net radiation Rnet, Bowen ratio /30 and the soil flux partition 
ratio a:

_ (1 ~ a) Rnet
l+ 1/(3
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The structure parameter C% of humidity fluctuations is given by the equa
tion similar to (74):

Cl = qlz-2/3 1 + 2.7 (79)

where q* is the humidity MOS surface-layer scaling parameter:

Sz
LePo'

(80)

and Le is the latent heat of water vaporization. Substituting (74) and (80) 
in the general equation (64) we can obtain the profile in the PBL for 
nighttime conditions.

As an example of the typical values of all PBL parameters introduced 
above for Colorado in the Denver/Boulder area are given in Table 3.

Table 3.

Winter Summer

Po
Day 
1 

Night 
10

Day
2

Night
10

a
u* (m/s)
Rnet (W/m2) 

0.4 
0.5 
300 

0.9
0.1
-100

0.2
0.35
600

0.9
0.1
-100

Zi (m) 1200 100 2000 100

6.2.2 Daytime PBL turbulent parameters
During day-time (usually unstable conditions) and cloud-free skies the depth 
Zi of the PBL is typically between 1 km and 2 km, and the profile of Cf. is 
given by the following equation (see [8]):

Cl = Q(o• 10-*^)’/,({)cl (81)

where Q* is the standard moisture convective scaling parameter (connected 
with the moisture turbulent scalar surface flux):

Q. = (82)
Le
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and the value of standard temperature convective scaling parameter 0* is 
connected with the vertical turbulent heat flux Htb

Htb = -u.% = ^ (83)

by the following relation:

e. = (3LT)1/3 (84)

In (81) the following functions of the dimensionless height variable £ = 
z/zi, surface Bowen ratio /30 and inversion Bowen ratio j3t are introduced :

f + (85)

h (?)=M?)+*rM?)+4M?) (86)

f, (0 = A* (?) + jRrha, ({) + ^ (?) (87)

/r, (?) = (f) + 0.5 (l + ^) (£) + jR^h, (fl (88)

B, = -0.2 (l - 3.2 j) , (89)

(90)

A»(fl=8(l-0.8f), (91)

A,(e) = 10(l-fl-2/3(2-<)-'. (92)

In Fig. 15 through Fig. 18 the potential temperature 9 and the specific 
humidity q profiles, obtained from the balloon data of the Denver Meteoro
logical Observatory (longitude 104.87, latitude 39.75; altitude above the sea 
level 1611 m), are represented for two winter and summer days at daytime
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and nighttime conditions. To calculate the average temperature and humid
ity gradients, the balloon data (given with the 6s interval that corresponds 
to a 20-30 m difference in altitude) were averaged by three consecutive in
dicators. The altitude Z* of the PBL for daytime conditions was found as 
the altitude of the characteristic ’’step” in the 9 (z) and q (z) plots (see the 
dashed lines in Fig. 16a,b winter daytime and Fig. 18a,b summer daytime). 
For nighttime conditions the altitude Zi of the PBL was chosen as equal to 
100 m for winter as well as for summer.

According to the [7] and [6] we choose Ao = 35m as a mean value of the 
turbulence vertical outer scale, and z0 = 0.1 as an intermediate roughness 
length value between farmland (zo = 0.05) and woodlend (zq = 0.3). The in
version Bowen ratio /3i was chosen as equal to (- 0.4) as a mean value for the 
Central Plains according to [8]. The other parameters were chosen from Table
3. The structure Cl profiles obtained as a result of balloon data processing 
according to the above described theoretical approach are presented in Fig. 
19 through Fig. 22 for the same four days as the meteorological data pre
sented in Fig. 15 through Fig. 18. Above the PBL (z > Zi) the results of Cn 
calculations by equations (72) and (73) were rejected to the zero value (for 
logarithmic scale in these graphs we choose this value as 10 19) in the stable 
condition layers where the Richardson number Ri exceeded the 0.25 value.

7 Conclusions
We will summarize separately the main results obtained for the regular re
fraction error A9, for the rms error erg due to the scattering by.turbulent 
inhomogeneities, and for C\ profiles retrieved from the balloon data.

7.1 Regular refraction error
1. According to (19) the value of the regular refraction error A9 on mea
suring the angular difference 9 between two targets in the planar stratified 
atmosphere depends only on the integral (20) of the average refractive-index 
deviation An (z) — (n (zx)) — 1. It means that this kind of ‘regular error 
does not depend on the details of altitude behavior of An (z), but mainly 
only on a difference (n (0)) — (n (zt)) between the near-earth value (n (0)) 
and its value (n (zT)) at the target altitude zT.
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2. The value of A9 increases drastically (see Fig. 3a,b,c and Fig. 4) for 
low-grazing angles ( when the zenith angle £ tends to 90°) .

3. The value of A9 increases when the range separation AR = R2 — Ri 
between targets increases, but it decreases with the “mean” distance R = 
(i?2 + Ri) /2 increasing.

4. It follows from the real balloon data processing that in summer the 
regular refraction error A9 is larger than in winter. The diurnal difference of 
errors A 9 is much smaller than the seasonal one.

5. The value of the refraction error A9 for the fixed separation distance s 
between two simultaneously tracked targets depends on the scenario of their 
approach: for a horizontal trajectory it is several times more than for an 
inclined trajectory (when the interferometer and these two targets are in the 
same fine).

6. The refracting errors A9 can be compensated for almost entirely (with 
the accuracy of several fj,rad for distances s about 2 km) using the exponential 
refractive-index profile adjusted to the real near-earth value of the refractive 
index.

7.2 Error due to scattering by turbulent inhomogeneities
1. The dispersion aj of the random fluctuations 89 of the angle difference 9 
between two targets due to scattering by turbulent refractive-index variations 
8n is determined by the altitude dependence of structure constant C2 and 
the outer scale of turbulence Ao.

2. If the projections of the interferometric base l and the spatial separa
tion A between targets on the plane perpendicular to the mean direction to 
the targets, are small enough (l, A -C Ao), the value of crj depends only on 
integrals of C2 (z) over the height z of Eq.(40) .

3. Although the rms value <r^ of the zenith angle £ (missile and target) 
fluctuations according to (42) can nm into enough large values (a^ ~ 10-4rad 
for the mean value C2 — 10~12m-2/3 ) the rms angular difference error erg 
is much smaller as it follows from (57) and (59) because of the high level of 
these fluctuations correlation for a small angular difference 9 between targets 
and their spatial separation A R.
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7.3 
C2n

 profile altitude behavior
1. The procedure of C\ profile retrieval from the meteorological balloon data
includes information about the near-earth values of temperature, humidity,
heat flux and wind speed in addition to the balloon data for heights above
several tens of meters.

2. For more precise profile determination it is necessary to use the 
procedure of turbulence outer scale Ao estimation from the radiosonde data 
(we used for the above calculations only statistical mean value Ao = 35m ).

3. The profile plots given in Fig. 19 through Fig. 22 show the very 
fast oscillation of C% for every realization of balloon data and can be used 
only for a rough estimation of seasonal or diurnal C\ profiles variations .

4. It follows from Fig. 19 trough Fig. 22 that on average the value 
in summer is several times larger than in winter.
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Fig .1
Interferometry
of a point source M (distance - R# zenith angle -go) , 
receiver positions - "a" and "b" , 
interferometric base - L.
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Fig.2title.nb \

Fig .2
Interferometry of two sources - 
m (distance - Ri, zenith angle -Si) and T
(distance - R2/ zenith angle - £2) with the angular 
difference 0 and the space ray separation - A
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Fig 10,11.nb 2
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Appendix

The numerical results concerning the refraction errors in the stratified atmosphere for two 
scenarios (see Fig. 9) of approaching missile (M) to the target (T) are attached below for three 
additional sets of geometrical parameters compared with those in Fig. 10(a-d) and Fig. 1 l(a-d):
A) . R2=5 km, z2=3 km, c;2=53° - Fig. Al- Fig. A8;
B) .R2=8 km, z2=l km, <;2=82° - Fig. Bl- Fig. B8;
C) .R2=5 km, Z2=0.7 km, q2=82° - Fig. Cl- Fig. C8.

Scenario 1 corresponds to a horizontal approach (zpzj), and Scenario 2 corresponds to an 
inclined approach (^,=^2); s is the distance between the missile and the target.
In the upper plots of all of these figures three different refraction errors A0 (prad) are shown:

1) - the solid curves correspond to the refraction error AG^ due to the real refraction-index 
profile obtained directly from the balloon data;

2) - the short-dashed curves correspond to the refraction error A0s(and predicted by the 
exponential standard atmospheric (N0=335.3) refractive-index profile (25);

3) - the long-dashed curves correspond to the refraction error A0adj predicted by the 
exponential refractive-index profile (25) adjusted to the real value at the surface, i.e. N0 =N(0).

In the lower plots two residual errors are shown:
1) - the long-dashed curves correspond to the residual AG^-AG^;
2) - the solid curves correspond to the residual error Res A0=A0adj-A0real.
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Table 1.

No.
1

Altit(m)
1611.

Press(mb)
842.5

Temp(C)
23 .

Humid(%)
65.

Ux (m/s)
0.

Wind (m/s)
10.

2 1650. 838.7 22.4 63. 6.5 13.1
3 1684. 835.5 21.9 62. 5.1 6.8
4 1710. 833 . 21.6 64. -1.1 3.5
5 1727. 831.4 21.3 65. -4.1 7.6
6 1756. 828.6 21.1 66. -4.5 9.
7 1783 . 826. 20.9 67. -1.1 8.7
8 1822. 822.3 20.6 68. 1.6 8.
9 1851. 819.5 20.3 69. 1 o • 4.4
10 1875. 817.3 20. 69. 1.5 4.1
11 1902. 814.7 19.7 71. 1.6 6.2
12 1938: 811.3 19.4 72. -0.9 4.4
13 1968. 808.5 19.2 72. 0.2 2.4
14 1991. 806.4 19. 73. 0.4 4.4
15 2023. 803.4 18.9 72. 0.1 5.9
16 2058. 800.1 18.7 70. 0.4 6.4
17 2087. 797.4 18.5 69. -0.2 5.
18 2121. 794.3 18.4 64. 0.9 3.2
19 2150. 791.6 18.3 63. 0.9 6.2
20 2192. 787.7 18.3 58. 1.6 6.5
21 2222. 785. 18.1 57. 1.7 4.8
22 2255. 782. 17.9 57. 2.6 6.1
23 2291. 778.7 18.1 56. 2.8 - 4.6
24 2319. 776.1 17.9 56. -0.7 3.4
25 2357. 772.7 17.6 55. -0.4 4.1
26 2390. 769.7 17.4 55. 0.5 4.5
27 2424. 766.7 17.2 55. -1.3 4.4
28 2457. 763.7 16.9 55. 0. 4.5
29 2493. 760.5 16.7 56. -0.5 5.
30 2529. 757.3 16.6 56. -1.8 4.8
31 2559. 754.6 16.5 56. -1.5 3.7
32 2591. 751.8 16.4 56. -1. 3.8
33 2616. 749.6 16.1 57. -1.7 6.9
34 2670. 744.9 15.8 57. -2.1 5.4
35 2700. 742.2 15.5 58. 0. 2.5
36 2723. 740.2 15.3 59. 1.3 4.4
37 2753 . 737.6 14.9 60. 0.6 4.9
38 2792 . 734.2 14.6 62. 0.4 6.6
39 2827. 731.2 14.3 63. 0.3 5.9
40 2856. 728.7 13.9 64. 0.6 3.7


	Structure Bookmarks
	QC807.5.U6W6no.295c.2
	Contents
	ABSTRACT
	1 Phase Variations - Geometrical Optics Approach
	2 Interferometric Angle Measurement Errors
	3 Atmospheric Refraction Errors for Two Targets
	3.1 Refraction Angle Errors in the Standard Atmosphere
	3.2 Refraction Angle Errors in the Real Atmosphere

	4 Tracking Errors in the Turbulent Atmosphere
	5 Atmospheric Turbulence Errors for Two Targets
	6 Retrieval of C2n from Meteorological Balloon Data
	6.1 Free Atmosphere Turbulence
	6.2 Planetary Boundary-Layer Turbulence

	7 Conclusions
	References
	Figures
	Appendix





