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Laboratory Modeling and Theoretical Studies of 
Wave Processes in the Ocean

Part 3: Second Stage Results

Edited by L. A. Ostrovsky

Abstract
The results of theoretical and experimental studies of surface 
water waves and their interactions with subsurface currents 
and turbulence are presented. The experiments were carried 
out in several laboratory tanks of the Institute of Applied 
Physics. The theoretical chapter includes the theory of short 
wind-wave growth rate modulation by long surface waves, of 
nonlinear evolution of a short surface wave train, and of sur­
face wave scattering by a moving body. The experiments de­
scribed below are a detailed investigation of two-dimensional 
contrasts in a surface wave created by an inhomogeneous cur­
rent, optical measurements of curvature and slope distribu- 
lions in gravity-capillary waves, and laboratory experiments 
on surface wave interaction with a small-scale turbulence.

1 Introduction

This is a continuation of the previous ETL Technical Memorandums (see [?] 
and [?]) devoted to the results of theoretical and experimental studies of 
processes in the upper ocean, performed by the Institute of Applied Physics 
under the agreement with ETL and based, to a large degree, on design and 
use of the IAP laboratory complex. This part deeds mainly with some ’’hot 
topics” concerning surface waves and signatures of underwater flows via sur­
face waves.

As in the previous Memorandum [?], this Memorandum is divided into 
theoretical and experimental chapters. In both of them, some results can

1



be considered as a direct development of previous results. In this context, a 
theory of propagation of short, intense, gravity wave trains is developed to 
describe the experimental data given in the previous Memorandum. On the 
other hand, the experimental chapter begins with experiments on construct­
ing two-dimensional contrast patterns formed in a surface gravity wave by 
an inhomogeneous subsurface current created in the large tank by a moving 
sphere. These wave perturbations can also arise around bottom features in 
shallow sea. Experimental data show a good qualitative agreement with the­
oretical considerations of this problem given in the previous Memorandum.

Among the new problems considered here is an important theoretical 
problem of short gravity-capillary wave modulation by longer waves through 
the turbulent atmospheric boundary layer. The variation of short wind-wave 
growth rate due to a long wave is calculated to show that the effect can be 
significant. In the end of the theoretical chapter, surface-wave scattering by 
a moving underwater obstacle is considered; it is shown that such effect can 
be of a resonant character and, as a result, leads to a formation of strong 
surface contrasts.

The experimental chapter, apart from the experiments on surface wave 
modulation mentioned above, describes an optical method of measuring cur­
vature distributions in surface waves, which has been developed and realized 
in the wind-wave tank. This method enables distinguishing positive and neg­
ative curvatures and selecting the ” parasitic” capillary ripples generated near 
the crests of strong gravity waves. Finally, the interactions between a surface 
wave and subsurface turbulence are investigated: additional wave damping 
due to turbulence as well as the effect of the wave on turbulence spectrum 
have been studied experimentally.

2 Theoretical Studies

2.1 Modulation of the growth rate of a short surface 
wave riding on a long wave under the turbulent 
wind

The interactions between short surface waves (of centimeter and decimeter 
wave bands) and long waves (waves close to a peak in the spectrum of wind 
waves or swell) are intensively studied because of their importance for the

2



problem of remote sensing of long surface waves. Numerous measurements of 
the ocean wave-radar modulation transfer function (MTF) have been carried 
out (see survey [3] and references therein). The MTF is defined as the ratio of 
the intensity modulation of the radar signal scattered by a long wave and the 
steepness of the latter. The measurements show that, except in the case of 
small grazing angles of the radar beam, the MTF modulus is mainly defined 
by short-wave modulation; it. increases^ with decreasing long-wave frequency 
/, up to the values of 12 - 15 for / = 0.1 Hz. As mentioned in [3], such large 
values of MTF cannot be explained in the framework of commonly used, 
conservative kinematic models.

One of the possible mechanisms suggested for this effect in [4] and [3] 
is associated with variations of the growth rate (increment) of short waves 
via modulation of wind stress in air. It has been demonstrated in [3] that 
for obtaining the MFT modulus values of 12 - 15, the increment modulation 
coefficient should be 25 - 30. However, the increment modulation values have 
not been calculated in either of works [3, 4]. Such a calculation was prob­
ably made first in [5], where the Orr-Zommerfeld equation that is valid for 
a laminar flow was solved. A detailed calculation of the increment modula­
tion in the framework of the quasi-laminar Miles model [6] was performed 
in [7]. It was then assumed that the air velocity profile over waves was lin­
early logarithmic, while the coefficient of the momentum exchange was taken 
to be equal to the air molecular viscosity va. The coefficient of growth-rate 
modulation for short waves was defined as a combination of the ratio of veloc­
ity gradient oscillations due to the long wave and an average wind velocity
gradient close to the water surface, which was characterized by the value 

2cka . iM = —=— (ckva)2. (Here, c,k, and a are phase velocity, wavenumber, and

the amplitude of the long-wave surface displacement, respectively; u, is the 
wind friction velocity). However, in the framework of that model, the char-
fva\h
acteristic scale of the viscous boundary layer for a long wave, 6W — J , 
greatly exceeds the thickness of the viscous sublayer in the turbulent bound­

ary layer, So =------, corresponding to the wind flow, which is true even at
tz*

weak winds close to the short-wave generation threshold. As a result, the 
ratio of the oscillatory and average velocity gradients and the corresponding 
ratio of the oscillatory and average parts of the short-wave increment proved
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to be approximately 3 times lower than necessary for an explanation of the 
experiment described in [3]. Besides, it should be noted that although for 
short waves, the turbulent momentum exchange can be neglected, turbulent 
stresses should be taken into account for determining the long-wave field in 
air, the characteristic vertical scale of which essentially exceeds the thickness 
of a viscous sublayer.

We have performed calculations of the modulation coefficient for short­
wave growth rate in the framework of a more rigorous and complete model 
of the wind boundary layer over a wavy water surface suggested in [10]. 
It is based on the use of curvilinear coordinates, (f, 77), in which one of the 
coordinate lines coincides with a water surface undulated by a wave. A simple 
gradient approximation with the effective coefficient of turbulent viscosity 
v (77) obtained in [11] is employed to parametrize turbulent momentum fluxes:

9M ,3(^)1
dxj dxj J ’

where

1/(77) = 1 + 0.477+
1

77+ = 7711,/i/a, and L = 22.4 for a hydrodynamically smooth surface.
This model, based on the gradient approximation of the turbulent stresses 

and the use of curvilinear co-ordinates, is applied to the calculation of growth 
rate variations of the short wave in the presence of a long wave. For this 
purpose, the model should be generalized for a case in which the water surface 
is undulated by two waves of strongly different scales (long and short ones). 
The problem is to obtain the equations for the short-wave perturbation in the 
presence of the long-wave disturbance in the air. The procedure of obtaining 
such equations is based on the double coordinate transformation.

First, the transformation is performed from Cartesian coordinates (a:, y) 
to the long-wave coordinates (s, 7) in which the coordinate line 7 = 0 coin­
cides with the water surface perturbed by the long wave.

The equations for the long-wave disturbance in the air are presented in 
terms of the stream function

= -CTf + + <Pi (s>7), (1)
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and vorticity
X = tfor + Xi(s»7).

where t/o(7) is the undisturbed velocity profile in the air. They correspond 
to the reference frame moving with the phase velocity of the steady-state 
long wave, c2 = g/k (g is the gravity acceleration),

^(Uo-c)xu-<Pi»Uorr _(f_ jp\
\ds2 + di*) (Xiu) I =

= 2l/yy(pita Iy ((C/q c) Kj)

frpi.&vi 
= —2kae ^Uqj + Xi-

ds2 a72
The set (2), (3) is supplemented with the boundary "no-leaking” condition

^1^=0 (4)

and the "adhesion” condition, which can be reduced to a form

d<fi/&y\ ^ = 2ckaeika. (5)

Then, in the reference frame moving along the curved surface 7 = 0 with 
the phase velocity of the short wave, where the short-wave disturbance is 
quasi-stationary, the further transformation is performed from the long-wave 
coordinates to the short-wave ones, (£,77), so that the coordinate line 77 = 0 
coincides with the water surface undulated by the short wave riding on the 
long wave. All the subsequent expressions are the approximate ones, valid 
within the first order of the small parameters of the problem: the ratios of 
the short- and long-wave lengths and their periods. In the reference frame 
under consideration, the stream function $ and the vorticity X are

4> = -C (1 - 2a) t) + (v>! (i), E) - 2acq) + I U0 (n) d) + ife (l, {,-£) •

*«Vo, + xifa.E) + »fo.{,E) («)

Here, S is the phase of elevation in the long wave, a = ka cos E, C = 
y/g/K + TK{\ + 3a), K and A being the wavenumber and the amplitude
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of elevation in the short wave respectively, and T is the surface tension coef­
ficient.

As a result of this double coordinate transformation, the system of equa­
tions for short-wave disturbance in the air on the background of the long 
wave is obtained:

(1 — 2a) |($oijX2 — ifaXon)iK “'(spr — -K2) (X2^)J =

= - 2KAe~Kv ,

- K2ip2 = [X2 ~ 2KAe-K'Xo] (1 -2a). (7)

It is similar to the system of equations for the long-wave variations in 
air (2, 3), but the coefficients of the equations contain not only undisturbed 
velocity and vorticity, but the long-wave disturbances of these values :

$<*, = -C (1 - 2a) + (<piv (rj, 2, T) - 2ac) + U0 (rj),

XO = + Xl (*?> T) •

The set (7) should be supplemented by the boundary conditions. The 
first of them is again the ’’no-leaking” condition:

= 0- (8)

The second one is the ’’adhesion” condition, that of the continuity of the
velocity component tangential to the surface:

1%\^,=2C(l-2a)KA. (9)

The system (7) with boundary conditions (8), (9) has been solved numer­
ically by the grid method using the same scheme as in [10]. Before that, the 
long-wave perturbations of the stream function and the vorticity, <p\ and Xi 
included in the coefficients of set (7), were found by employing a numerical 
solution of the system (2, 3) with the same method.

After that, the wind increment (3 = Imu;,,,, depending on the long wave 
phase, was calculated. In the case of rather small steepness of the long wave, 
one can represent the wind increment as

P = Po (l + mka cos (£ — <pm)) -
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The values m and (pm for various lengths of a long wave and of friction 
velocities were calculated using the above numerical results. Figures l(a, 
b), 2(a, b), and 3(a, b) show the dependencies of the modulus m and the 
phase (pm of the wind increment modulation coefficient on the parameter 
c/u, for the cases of u. = 10 cm/s, u,= 20 cm/s, and u,=30 cm/s, and for 
the wavenumbers of a short wave K equaling 0.3 cm-1 and 3 cm-1, respec­
tively. All the curves have a typical shape'with a minimum at c/u,=20-r-30. 
To explain these results, one should determine the position of the region of 
energy exchange between the short wave and wind flow with respect to pro­
files of long-wave perturbations of hydrodynamic fields in air, which cause 
modulation of the increment.

First of all, we define what the region of energy exchange between a wave 
and a flow is. For this purpose, we consider a harmonic short wave without 
a long wave. An integral expression for an energy flux on the water surface 
from wind to waves, which is proportional to their wind increment, has been 
obtained in [12], for this case from the equation of the energy balance for 
wave perturbation. This expression can be written as:

oo oo
- (CP-<S22)V-S12U) I (v) dv + f Tms (v) dr], (10)

0 0
where Ttour (77) = U0 (rj) ^ ((aT) - u?) and

Tvia (17) = —v ((D22 + UqtjX^)2 + (Dn + Uoqy^)2).
Here, the angle parentheses mean averaging over the wavelength; u =
v — _ axe the horizontal and vertical velocities, respectively; p is the 

ox oy
pressure; cr^- are components of the viscous stress tensor; oT is the tangential 
stress; V = p— ip) \ U — u— (u) \V = v — (v); Stj = cr^ — (cr<j); Dij = S{j/u.

Equation (10) has a simple physical meaning. The first term in its right- 
hand side is the work done by the tangential stress force averaged over the 
wave period in the resting reference frame (while in a stationary wave field, 
this force is balanced by a radiation force). The second term describes viscous 
dissipation of the wave energy in air. Thus, the energy flux from wind to 
waves is determined by a balance of the average radiation force power and 
viscous losses.

The vertical profiles of the sum of the integrands T30ur+T^s for the waves
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with K — 0.3cm-1,1cm-1,3cm-1 and the wind friction velocities u*=10cm/s, 
tt.=20cm/s, u. =30cm/s are presented in Fig. 4(a, b, c). It is seen that the 
maximum of Ttour + T„u is located close to the viscous sublayer boundary. 
However, as the wavelength grows, the energy exchange region moves away 
from the surface, and at if=0.3cm-1, its essential part is located in the 
turbulent boundary layer.

Let us now consider the form of the long-wave perturbation fields close to 
the surface where the region of energy exchange between a short wave with 
air flux lies. Hence, we deal with the solution of the set (2, 3). The simplest 
case is when, in the considered region of the stream, c Uq. Since at the 
viscous sublayer boundary, Uq — .10 4- 12u, [9], and the air velocity above 
this level varies relatively slowly, this condition is equivalent to c 12u». 
Then, Equations (2), (3) simplify and can be reduced to the form:

d2!*,.. Tx
d72 1 °v (-y) = 0, (11)

where T\ = X\u has the meaning of the long-wave perturbation of tangential 
viscous stress to an accuracy of the order of kS (where 8 is the viscous sublayer 
thickness).

We assume that the characteristic scale of variability of T\ (7) is large 
compared to 8. Here, v (7) = 0.4u,7, and the characteristic scale for T\ is

u, 10l/q1st = Taking into account that 8 = we write the applicability
kc u.condition Lr 8 in the form:

0.4 u? 

kcua » 10. (12)

If condition (12) is fulfilled, one can easily find expressions for $otj and xo. 
included in (7), for the considered region:

+ Re(^e^-T)) 
Xo 1/(77)

= Uofa) (l + Re (*7°)) .

Hence, obtaining long-wave perturbations of the velocity, vorticity, and other 
hydrodynamic fields in air is reduced to the similarity transformation for the
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velocity and vorticity profiles without variations in their characteristic form. 
For the velocity profile variation given above, the wind increment is

Ti
'=°uV

while
(«. 1 flsr,

. me'*’" = Pkadeu** ^...

Dashed lines in Figs. 1(a), 2(a), and 3(a) show the solutions found from the 
approximate formula (13). T\ was calculated numerically using the solution

o n
of the system (2, 3). The value was calculated for the limit ka = 0

OEemploying the solution of the same system, in which the mean fields were 
assigned as Uq (1 + e), Xo (1 -f e), xon (1 + £)- One can see good agreement 
between precise and approximate curves at large c/ti„ when condition (12) 
is fulfilled.

If the wind velocity Uq is small compared to the wave-phase velocity c, 
and 7 is of the order of the variability scale (Ti - Lr), then one can obtain 
an approximate expression for T\:

Ti = -------- , (14)
, (Z.lhkci/a ln (-04ST* ) +■!

where t]q is the dimensionless roughness parameter expressed in viscous 
lengths. In the case of a hydrodynamically smooth surface, 77o‘=0.15. The

T
dependences of the modulus ~ and the phase tprY of the modulation coeffi-

kau%
Qcient of the tangential viscous stress on —, calculated from formula (14) with

the use of the numerical solution for the set (2, 3), are given in Fig. 5(a,b).
cIt is seen that at large —, an approximate solution is close to an exact
u.

Ti T c
one. Here, ;» 1, while the dependence of -—on — (and thus, the

kaul kaut ti.

dependence of m on — ) is almost linear.
tia

At — < 30, the characteristic scale of the function T\ (tj+) becomes
ti,

comparable to the viscous sublayer width. As an illustration, the profiles
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T\ (rj+) for u, = 10cm/s — — = 10,20,100, and the profiles Ttour + T„u for

k = 0.3cm-1,1cm-1, and 3cm-1 are shown in Fig. 6. It can be seen that at

— = 100, the curve 7\ (tj+) is much wider than the energy exchange region,
c cwhile for — = 10 and 20, these scales are comparable. Here, at = 20,
u, . . u*the energy exchange regions coincide with-the minimum of Ti, and there is

a minimum in plots of 171 '
Tn conclusion, we shall compare the calculated and experimental data; the 

latter, given in [13], are referred to in the survey [3]. In the latter, amplitudes 
and phases of measured modulation transfer functions (MTF) for two wave­
lengths A = 2.1 cm and A = 12 cm in the range of long-wave frequencies / 
from 0.5 Hz to 0.1 Hz are presented. A specific feature of these dependences 
is the growth of MFT modulus, \w.mtf\ with the wavelength, achieving 12
- 15 for / = 0.1 Hz. MFT phase shift with respect to the long wave varied 
from 0 to 30° - 40°. As already mentioned, according to [3], these values 
of \ttimtf\ cannot be explained by the conservative kinematic effect. The 
short-wave increment modulation was discussed in [3] as one of the possible 
mechanisms providing large values of \ttimtf\- And to ensure quantitative 
agreement with observations, the increment modulation coefficient m must 
equal 25 - 30. The dependences of m and (pm on / are presented in Figs. 7 
and 8 (a, b). It is seen that the calculations yield the values m of the order 
of 25 - 30 at / close to 0.1 Hz, which is sufficient for the strong modulation. 
However, the phase values calculated for the same frequency are close to —7r. 
This value strongly differs from the experimentally observed phases of MTF 
and of the modulation coefficient of the short surface wave spectrum. In 
general, however, the phase of the wave spectrum does not coincide with the 
increment modulation phase. This takes place only when the relaxation tune 
for the short waves is small compared to the long wave period. If these values 
are comparable, as they appear in' the considered bandwidth of parameters, 
the phases of the increment and the spectrum modulations are related in a 
rather complicated way. In any case, it is shown here that the modulation 
coefficient of the short-wave increment can be large for a high relative veloc­
ity of a long wave. This effect should be taken into account when calculating 
the modulation of the short wave spectrum by long waves. At the same time, 
the contribution of another factor discussed in [3], i.e., the effects caused by
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the modulation of a wind drift in water, should also be estimated in order to 
obtain a reliable theory of short wave modulation.

2.2 The dynamics of short intense deep-water gravity 
wave trains

In the previous Memorandum [2], the experimental results demonstrating the 
profile distortion of the short (about 2.5 wave lengths), intense deep-water 
gravity wave packets were presented. One of these results is reconstructed 
in Fig. 9. One can see significant asymmetric distortion of the pulse shape, 
which is cumulated with the distance. These distortions cannot he described 
by the nonlinear Schrodinger equation (NLS), which is commonly used for 
nonlinear gravity waves. For this equation, under any symmetric initial con­
dition, only symmetric deformations of wave envelope are possible. Hence, 
the higher-order approximation of the nonlinear dispersion theory is needed 
here.

Upon considering the third-order terms with respect to the wave ampli­
tude and an inverse length of the packet, the corresponding equation for the 
wave-complex amplitude can be written in the following general form:

d2rf>2i^r + 9^ + a M2 =
dt

- 2. (p W21| + - i-r- W (h>|2), (15)

where the coefficients q, a, /?, /x, and 7 are constants. Equation (15) contains 
the main (second-order) terms in its left-hand side, and the third-order terms 
in its right-hand side. In the latter, the parenthetic terms give rise to the 
steepening of the wave envelope fronts. The possibility of self-steepening of 
the envelope wave, including that caused by the nonlinear dispersion, was 
first considered in [14] and [15]. In optics, this effect was studied in detail in
[16] within the framework of the nonlinear geometrical optics method. For 
intense deep-water gravity wave packets, the envelope equation in the third- 
order approximation of the nonlinear dispersion theory was first studied by 
Dysthe [17]. It has the form

l q d2a |2 . &aC J + L>0k% |a a —t—, +4k2 d? 8f4d?
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Ti /. m2 f(^-o2-s2l ,
+ u>0koa / a(f ,t) 7----------------- = 0. (16)

4.' [K-02+*2]

Here, a is the water surface deviation from the equilibrium for a wave train, 
the wavenumber ko and frequency u>o satisfy the linear dispersion relation 
wo = 0*0. Vg — wq/ (2Ao) is the group velocity of the train. In particular, 
the decreasehoth in the growth rate and the modulation instability region in 
comparison with the NLS approximation has been demonstrated. Equations 
(15) and (16) coincide under the conditions

a = A g = a = wo*o, p = \vgLk% \a\2, 7 = -^|.

Note that the integral in the right-hand side of (16) is due to the period- 
averaged flow induced by a gravity wave train near the water surface.

Let us now come back to Eq. (15) and analyze the effects of the higher- 
order approximation.

2.2.1 General properties of the higher-order nonlinear equation

As already mentioned, the first and second terms in the right-hand side of 
Eq. (15) correspond to the dependence of the local wave-train group velocity 
on its intensity |V>|2 (nonlinear dispersion). In order to demonstrate this, we 
assume q = a = 7 = U = 0 to reduce the equation to the simple-wave form

aw2 2 aw2
+ (P + 2/x) |V»|

dt = 0.d(

We see that the wave groups of different intensities move with different group 
velocities

f|=AV/'I = (/? + 2>»)W’|2. (17)

For (P -I- 2/x) > 0, the wave groups of higher intensity move with higher 
velocities so that the leading front of the initially symmetric train becomes 
steeper. In the opposite case, when (P + 2fj.) < 0, the trailing edge of an 
initially symmetric wave train becomes steeper.
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In order to estimate the role of the steepening effects, let us find the 
velocity of the ’’mass center” in a reference frame moving with the linear 
group velocity :

+oo
m2#, as)

—OO

y +CO 1 2 t • * •

where Nq = f \tp\2 d£ is the wave-train energy. For the velocity of the
— OO ? r ■ * ....... "

localized wave trains from (18), in case of a real function U (U = U*), we 
obtain

where • = d/dt, and <p is the wave phase (ip = \if)\ exp (»¥>)). The last term in 
(19) describes the motion of the packet in frames of the NSL. The additional

change of the wave velocity, AV (t), in comparison with the NLS case, is 
described by two other terms: AV = AVNL+AVL. The term AVNL depends 
on the field intensity and is due to the nonlinear dispersion discussed above:

(20)
—OO

The second term, A VL, does not depend on the wave intensity at all. It is due 
to the additional, higher-order dispersion effect (an analog of the aberration 
in optics) existing in a linear wave:

LAV (21)
—OO

This aberrational velocity perturbation is negative for 7 > 0 and positive 
for 7 < 0. Its absolute value , AVL , increases with the decrease of the wave 

train width, i.e., with the increase of its spectral bandwidth.
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2.2.2 Numerical study of intense short 
deep-water gravity wave trains

The propagation of intense deep-water gravity wave trains was investigated 
in numerous experiments (see, for example, (18]). The experimental results 
obtained were in most cases interpreted with the NLS corresponding to the 
second-order (“parabolic”) approximation of the dispersion theory ([18], [19], 
[20]). The discrepancies between these thoretical models and experimental 
results were associated, in particular, with the violation of symmetry of the 
wave-train shape and the dependence of wave velocity on its intensity. Some 
of these peculiarities were investigated numerically in [21] in frames of Dys- 
the’s equation (16). However, important effects of the dependence of the 
velocity of a wave train on its intensity were not analyzed in [21].

For a detailed comparison to the third-order approximation theory with 
the experiments, we have carried out the following numerical experiments.

For the description of the wave-train shape evolution in the third-order 
approximation, we performed numerical simulation on the basis of Eq. (16). 
In the dimensionless variables

t £ . a
t = v = T, if = r> (22)

1 1 a
where

rr_25 5,-2UqT — 9 kgl — ^ ®— g»

Eq. (16) takes the form

+ drP *5a^+mV+

4 Ta(|^(,',r)|2) *,<
~t*J-------- a?-------- (^7)-°- (23)

The initial conditions for Eq. (23) were specified in the form of the even 
function without phase modulation (similar to the known NLS soliton but 
without any fixed relationship between V'o and 6):

TpO7p (7], 0) = (24)
cosh (277/5)
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The dimensionless parameters are V'o = 0.75 and 6 = An. They correspond 
to the experimental values of the gravity wave slope koa = 0.4-00 = 0.3 
and the wave-train length A = 5A6/ (8n) = 145 cm at a distance Lq = A 
m from the wavemaker. The dependences of the train amplitude |^| on 
coordinate rj are shown in Fig. 10 for different time moments r. The distance 
L from the wavemaker to the measurement point is determined by the relation 
L = (4 + 0.29r)m. The moment r = 0 corresponds to the distance L = 
4m (Fig. 10a); r = 6.8 — L — 6m (Fig. lib); r = 13.6 — L = 8m 
(Fig. 10c); r = 20 — L = 10m (Fig. lOd); r = 26.8 — L = 12m (Fig. 
lOe). One can see that first, the leading edge of the wave train is steepened 
(Fig. 10b), and then a short, intense pulse is initiated near the leading front 
(Fig. 10c, d). Comparing these numerical results with experimental data, 
one can see good agreement not only for the characteristic distance LA of 
wave steeepening, but also for details of the packet envelope deformation. In 
particular, the leading front steepening distance is L„t = 8m both from the 
computations (Fig.lOb), and the experiment (Fig. 9b) At larger distances, 
shorter pulses are formed on the leading front both in the numerical (Fig. 
lOd) and experimental (Fig. 9d) pictures, presumably as a result of the 
known modulation (Benjamin-Feir) instability. For smaller values of the 
wave-packet amplitude (a < 2cm), the steepening distance is too large (for 
a = 2cm, the theoretical value is Lateep ~ 12m) to be observed experimentally 
in our tank.

For elucidation of the role of the induced current in the propagation 
of short intense gravity wave trains, we simulated Eq. (23) without the 
corresponding integral term. The result of the calculation for the same initial 
condition (24) as before (V'o = 0.75, and 6 = An) is shown in Fig. 11 for the 
same time moments as those in Fig. 10. In the absence of the induced current, 
the modulation instability occurs at smaller times: r ~ 20, or L ~ 10m (Fig. 
lid), while in the presence of the induced current, the corresponding values 
are larger: r = 26.8, L = 12m (Fig. lOd). Hence, the induced current tends 
to inhibit the modulation instability.

Thus, for deep-water gravity waves, the account of the third-order effects 
yields a good description of the experimentally observed effects concerning 
the shape and velocity evolution of a wave train, which cannot be described 
within the framework of the NLS. Note that for the stratified water, when 
internal waves occur, the third-order approximation effects can play a similar 
role in the interaction between surface and internal gravity waves.
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2.2.3 Steady-state nonlinear solitary waves

An interesting problem in the form of a steady-state wave packet (envelope 
soliton) is too complicated for finding such a soliton analytically. Here, we 
accept a condition under which one can neglect two last terms in equation 
(16), which differs now from the NLS only by the nonlinear dispersion term 
in the left-hand side. This condition can be shown to be the following:

.<*>

where A is the length of the wave packet. Now, Eq. (15) for the packet 
envelope is reduced to a simpler form (we use the dimensionless variables 
here)*

2i(f+^w2f+^¥)+^+w^=o- (26)

Note that Eq. (26) is the particular case of the more general nonlinear

'd?

For /? = 7 = /x = 0, Eq. (27) is the well-known NLS [22]; for a = q = 0 
and real function ip, it is the modified Korteveg-de Vries equation [25,23]. For 
H = 0 and 2q(3 = 37a, Eq. (27) was analyzed by Hirota [24]. All these cases 
were analyzed by the inverse scattering method [22], and exact N—soliton 
solutions of these equations were obtained. In Eq. (26), 2q0 ^ 37a, and 
/i ^ 0; i.e., it is not reduced to the above cases. Eq. (27) has the solution 
in the form of a phase-modulated soliton. To demonstrate this, we seek a 
solution of (26) in the form of a stationary traveling wave

ip (£, t) = A (f — Vt) exp {ifl£ + i<p {£ — Vt)} . (28)

In variables • - _

p = CV2n - V>, B = (29)

Eq. (26), under zero conditions at infinity: B (£ —1> ±00) —» 0, and B' (^ —♦ ±00) 

0, has the soliton solution

B2 (p) =----------------- ——775------------- , (30)
1 4- (1 + 16r/3) ^ cosh (2p)
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A
4d_pV’(p) = (31)1 + (1 + 16r/3)1/2 cosh (2 pj ’

where

r = e (/?-—) (2ft-V2) 0V2ft - V2 , S = V2ft-
(1-20V)2' 2 (1 - 2/?V)

We see from (30) that the soliton exists for the values r > —3/16. The 
dependences of the packet envelope B and phase <p on the coordinate p for 
different values of r are shown in Fig. 12. Fig. 12a corresponds to the 
amplitude B, and b - phase (p for q = r. In both cases, curve 1 corresponds 
to the value r = —2990/16000, 2 — r — 0, 3 — r = 2. The soliton amplitude 
Bo = B (0) and soliton length A decrease with the growth of the parameter 
r. In the limit case r = 0 when the nonlinear dispersion is absent and V = 0,
relations (30) and (31) correspond to the well-known NLS soliton without
phase modulation [22]:

(32)

However, for the modified soliton, when r / 0, there is the nonzero phase 
distribution. As should be expected Tor a conservative system, the soliton 
remains symmetric even in the presence of nonlinear dispersion.

The surface wave train dynamics considered above appears to be impor­
tant for the description of a number of real situations, both of the ’’elemen­
tary” surface wave trains and of the “surface wave turbulence,” which may 
consist of the chaotically distributed nonlinear wave trains.

2.3 Resonance effects caused by surface gravity wave 
scattering by an underwater obstacle

The problem of surface wave scattering by underwater obstacles (bodies, bot­
tom inhomogeneities) is a classical one in hydrodynamics. Various numerical 
[26, 27] and approximate analytical [28, 29, 30, 31] methods have been de­
veloped for its solution. We suggested one of these methods in earlier papers 
[30, 31]. The method is based on the assumption that the instant velocity
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field in the vicinity of an obstacle is quasi-stationary; i.e., it is close to the 
velocity field formed at its stationary streamlining. As is shown in [31], for 
submerged obstacles at h > R (h is the submergence depth; R is the char­
acteristic size of the body), this approximation is applicable over the entire 
wavelength range when calculating the scattered field. In this case, the prob­
lem of the surface wave scattering by an obstacle is reduced to the problem 
of wave radiation by an equivalent mass source, the intensity of which is 
determined by the velocity of fluid particles streamlining an obstacle and by 
the size of the latter.

The surface wave scattering by a small sphere towed with a constant veloc­
ity under a free fluid surface is considered here using this method. It is shown 
that singularities (when the wave amplitude logarithmically diverges along 
some isolated directions) occur in the scattered wave field under definite res­
onance conditions, and the resonant wave parameters are investigated. This 
result is somewhat analogous to that known in the theory of surface wave 
radiation by a source moving with the velocity U and oscillating with the 
frequency Cl. As is already known [27, 28, 32, 33, 34], at Cl —*■ g/AU, the gen­
erated wave amplitude diverges in a three-dimensional case as In |1 — 4ClU/g\, 
while in a two-dimensional one as |1 — 4CIU/g\~1^2. The solution for the case 
of Cl = g/4U is obtained in [27, 33, 35]. In [33], some additional restric­
tions are imposed on the spatial spectrum of the source that enables one to 
eliminate the divergence. The asymptotic behavior of surface waves for an 
oscillating source moving along the fluid surface for fl = g/4U and t —► oo 
is obtained in [35], and it is shown that the generated wave amplitude grows 
in resonance. For a two-dimensional case, the surface wave scattering by an 
obstacle placed in a fluid stream is considered in [27]. Numerical calculations 
have shown that when approaching resonance, the reflected wave amplitude 
grows but remains limited and has the order of the incident wave amplitude.

Let us consider now a simple model: a small sphere of radius Rq is towed 
at a depth h under the fluid surface with a velocity U in the positive direc­
tion of the x axis. The surface wave with an elevation ( = a cos (Clt — k°r) 
propagates at an angle 'Ir to the sphere velocity direction. We consider the 
process of this wave scattering at the sphere. The fluid particle velocities in 
a wave are described by the formulae

“ } = cos ~ & ~ *Jy) { s°n t ’
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w = —aClek°z sin (Qt — k%x — k°y) (33)

Here A:0 is the wavenumber modulus, k® = A:°cos'I', ky = fc° sin 'P, and 
fi2 = gk° is given by the dispersion equation for surface gravity waves in 
deep water.

The intensity of dipole mass sources in the quasi-stationary approxima­
tion [31] is determined by the velocity (33), taken at the body trajectory 
x = Ut, y = 0, z = —7i, and by its dimensions so that

q — ~ (PV) F (x, y> zt t), (34)

where p is the dipole momentum: px = Q(U — aeft cos flit cos ,ir), py = 
—QubSI cos flit sin ty, pz = Qasft sin flit, where fli = Q — k^XJ = Q — 
Cl2U/gcos'# is the wave frequency in the accompanying coordinate system, 
a,B = ae~k°h is the wave ampUtude at the horizon h, Q = 2irF^, and F is the 
function describing the scattering source geometry. Due to the smallness of 
the sphere diameter, it may be represented by a point source:

F (x, y, z,t) = 6 (x - Ut) 6 (y) 6 (z + h). (35)

Then, the final form of the equivalent mass source is

q = —Q (U — obDcosf2itcos’S?)6'(x—Ut)6(y)6(z + h) +

+ Qo-bSI cos Di* sin "if6 (x — Ut) 6' (y) 6 (z + h) — (36)

—QaB^lsmQitS (x — Ut) 6 (y) 6' (z + h).

Now, the potential of the scattered wave field is yielded as a result of solving 
the following set of equations:

A(p = q(r,z,t)

<Ptt + g<pz = 0, for z = 0 (37)

tp —► 0, for z —> —oo.
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Therefore, the problem is reduced to finding radiation from a dipole mass 
source moving with velocity U and oscillating with frequency Such prob­
lems have been considered in the literature several times [28, 32, 33, 34, 35]. 
The difference is, according to formula (36), in our case, perturbations are 
represented by the sum of three dipole sources oscillating with the frequency 

which are "coordinated” by the incident wave field. When solving (37) 
by using the Fourier transformation; we obtain an expression for free surface 
displacement £ = —<ft/g in the form

OO

C = 2tri [ -P*
(38)

J u2 - gk

Here, qa is the spatio-temporal spectrum of the sources, qa = qa\ + q,2, Qa = 
ikxUQ .1

-------^3 e~kh6 (u — kgU) corresponds to the uniform motion of a source, and
qa2 takes into account source oscillations with the frequency Hi:

QQdBie ** 
Qs 2 [(fc* cos ^ + ky sin 4' — A:) 6 (w — k^U + fij) -f-16716T̂3 ^ (39)

(kx cos ^ 4- ky sin ^ 4- A:) 6 (u — kxU — fli)]

The waves radiated by a uniformly moving source satisfy the Cherenkov 
condition u> = kxU. These are well-known Kelvin ship waves [29, 32], and we 
shall not deal with them below. The resonance effects are caused by source 
oscillations with the frequency fix- Here, the source (39) radiates both slower

and faster waves with kx = — ——-. These are waves of anomalous and
normal Doppler frequencies, respectively [36].

By substituting (39) in (37), making integration with respect to kx and 
ky, and introducing dimensionless variables <J = u>U/g, €l\ — CliU/g, x\ = 
(x — Ut) g/U2,x/ = yg/U2 , t = tg/U (primes are omitted further), we obtain 
the following approximation for

u3 j^(o; — nx/) cos + yjuj* — (u> — fl1Z)2sin \I> + u2l 
Qa.Big2£l 

C = ,-iClilt
AttU5 ' ^ -(u- QaZ)2
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exp “ toiQ xi + (<*> — toil)2yj | duo. (40)

Here, Fr = •—=. is the Rroude number. The integration limits are chosen
Vgn

here from the condition of real values of the wave vector transverse component
ky]i.e., ilv-

io2 — (l — ~~~ J >0,a>>0. (41)

The solution of this inequality yields admissible frequency intervals of 

radiated waves. If fii > 1/4, then co > u)\ = - — for / = _and

oj > u/4 = — + —- for 1 = 1. If i2i < 1/4, then co > oox for l = —1,

1 + ^1 — 4fij
while for 1 = 1, there are two admissible intervals: io > u* =

1 - VI - 4f2i
and 104 < io < coz, where 103 = . Therefore, the expression for
C at fli < 1/4 has the form:

LJ3 OO

C = Co Re < a-tflit J +
fi (10) cLo + U>2J (42)

LW4 e^^ fi (10) e^^dcj

LJl

Here,
<pi = (u — fill) xi + y to4 — (co — fill) y (43)

(to — fill) cos + — fill)2 sin \fr 4- co2lIUT
// = (44)

yfo4 -(u- fhlf 

Qaeg2 to
l = ±1, Co = 47rU5 ’
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It is seen from (42)-(44) and expressions for u>i to a>4 that at fix = 1/4, 
(*>2 = U3 = 1/2, and the first two terms in (42) become logarithmically 
divergent. Note that the function d£/dy , the surface slope in the transverse 
direction with respect to the source motion, does not have such a singularity. 

We consider the incident wave parameters in resonance:

ft — i^costf = -7
4 

or

_ 1 ± \/l — cos']/
2cOS\Er

Thus, if a wave and inhomogeneity move in the same direction (cos = 
1), we have ft = 1/2, or in dimensional variables, U = g/20. = cg {eg is the 
group velocity of surface waves); i.e., the incident wave is in group resonance 
with the source. For the counter-running motion (cos’# = —1,) U =0.4cff 
when a wave is incident at a normal angle U=0.5cg. For an arbitrary angle 
cos 'P > 0, there are two values of the resonant frequency, while for cos \& < 0, 
there exists one value. The dependence of the resonant wave frequency on 
its incidence angle is shown in Fig. 13.

Now, we deal with the scattered wave field geometry in the accompanying 
coordinate system X\ = R cos #, y = R sin #. Thus, using the stationary phase 
method, we obtain from (43) and the condition <t>'w = 0:

tan# =
y/u* - (w - ft!*)2 

lj — Cl\l — 2ufi
(46)

Hence, each frequency is radiated at its definite angle 6. The radiated 
wave frequency versus the angle 6 for fti =0.1 and 1 is given in Fig. 14, and 
the phase pattern of scattered waves in the case fti = 0.1 is shown in Fig. 
15. It is seen that at fti < 1/4, the latter represents a set of “ring” waves 
distorted by a translation velocity of the source motion as well as ship waves 
split into two sets because of source oscillations. Phase pictures of waves 
radiated by an oscillating source are thoroughly discussed in [32].

In the resonance case fti = 1/4, u = 1/2, we have from (46):

tan# = ±y/2 
0 = 54.7°,

(47)
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and the resultant phase picture in the plane X\,y will have the form schemat­
ically shown in Fig. 16. The resonant wave frequency satisfies the ratio

£/ = £ = <*; («) 

i.e., the group velocity of a scattered wave equals to the source motion veloc­
ity. The reradiated wave does not move away from the source, and its-energy 
is stored in the directions (47).

Note that in this statement, there is at least one resonant frequency for 
any incidence angle, and in this sense, all the wave incidence angles are 
equivalent. If scattering takes place at obstacles of finite sizes, for example, 
the length L at the x axis, then by substituting (35) by the distribution

1 (x + LI2 -Ut)-l(x- L/2 - Ut) 
F(x,y,z,t) = 8 (y) 8 (z + h) (49)

L

where 1 (x) is the Heavyside unit function, we obtain that the additional

term will be included in expression (40), which achieves its
(u}-Q.l)L/2

mAYimiim at u = ft. As seen from (45) and (48), this equality is fulfilled only 
in the case of the co-running wave and source. Thus, the allowance for finite 
sizes of the source leads to a conclusion that the most intensively scattered 
waves among the resonant waves statisfying (45) are those propagating in 
the same direction as the source.

The results obtained above for the surface wave scattering by a submerged 
body enables one to calculate the domain of parameters for which the incident 
wave is resonant, the geometry of a scattered wave field, and their other 
kinematic characteristics. In this formulation, the scattered wave amplitude 
in resonance tends to infinity. To evaluate the perturbation values for these 
directions, a more detailed analysis of the problem is necessary. Numerical 
calculation results for the. two-dimensional problem [27] show that the. wave 
amplitude grows in resonance, but remains limited and amounts to a value 
of the order of the incident wave amplitude.
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3 Experimental Studies

3.1 Laboratory experiments on surface wave trans­
formation on a inhomogeneous flow around a sphere

The study of the surface wave transformation by the inhomogeneous sub­
surface flows-is of primary interest in connection with the remote sensing 
methods of ocean monitoring. It is not an easy matter to carry out the 
related field experiments, such as a detailed recording of surface wave trans­
formation by an inhomogeneous flow over a bottom elevation or around a 
moving object. Thus, laboratory experiments seem to be of high importance 
at the present stage of research. A laboratory experiment described in [1] 
dealt with an effect of a flow, inhomogeneous along its direction, on the 
characteristics of a counter-running surface wave.

This subsection deals with the results of laboratory studies of the surface 
wave amplitude variability under the action of a flow created by a moving 
sphere with a comparison of the experimental data with the results of re­
lated theoretical calculations made using the model described in the previous 
Memorandum [2].

3.1.1 Experimental method

Experiments were carried out in a large tank, in which an area 10 m x 2 m 
was used for our purposes. A schematic of the experiment is shown in Fig.
17. Quasi-harmonic surface waves of a frequency / were generated by the 
wavemaker (1) placed at one end of the tank and were absorbed by wave 
absorber (7) at the other end of the tank. Sphere (6) of a radius r was fixed 
at the end of a narrow streamlined knife and was submerged at a depth h (a 
distance from the unperturbed water surface to sphere center). The knife was 
attached to a trolley (5) moving it along the tank from left to right with the 
velocity V=QA m/s. A rod with acoustic sensors of water-surface deviation 
was placed across the tank. The acoustic sensors developed in our Institute 
are based on the ultrasound location phase method of measuring reflecting 
surface movements in a continuous regime of ultrasound wave radiation. The 
rod was located at a distance R from the point where the trolley gained 
the velocity V (R is slightly less than the distance from the rod to the 
wavemaker). The instant of a knife intersecting the sensor plane was recorded
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by a special contact marker. In the experiments we used two water surface 
deviation sensors placed at different distances from the tank axis. Data of the 
sensors and the contact marker of the sensor plane intersection by a sphere 
were recorded by an IBM PC computer.

The aim of the experiments was to determine the spatial structure of 
surface wave amplitude anomalies in the vicinity of the sphere. This problem 
was solved iif the-following way:: : v..-**•••■• .

- Based on the assumption that the parameters of the surface wave anoma­
lies do not significantly change during the time r when they pass the acoustic 
sensors (r ~5 s), the recorded time variations of the surface wave amplitude 
were converted into the dependence of the surface wave amplitude on the 
coordinate directed along the tank axis (the x axis).

- After sphere motion ceased, the acoustic sensors were shifted by 0.1 m, 
and a new realization was recorded. Therefore, using the contact marker 
data, we could combine the data of several experimental realizations and 
obtain spatial distribution of surface wave characteristics in the xy plane (y 
is the coordinate across the tank).

17 sets of experimental parameters for which spatial distributions have 
been obtained are listed in Table 1 (see the end of this section).

An image taken by a TV camera (4) during the experiments was recorded 
on an IBM PC. Black cable (8) laid across the tank was in the view field of 
the camera, which could be used to calculate surface wave slopes. Processing 
of data yielded by telecamera is at the initial stage now, and thus only data 
of the acoustic sensors are analyzed in the present report.

3.1.2 Experimental results and their comparison with theoretical 
calculations.

First, the surface wave parameters were measured without a knife, and then 
with a moving knife but still without a sphere. These experiments have 
demonstrated a slight inhomogeneity of the surface wave amplitude vdistri- 
bution across the tank, as well as the fact that the knife itself does not 
noticeably alter the surface wave field.

Spatial distributions of the surface wave amplitude for the parameter sets 
no. 1-3 (Table 1) are shown in Fig. 18, and for no. 6-8 in Fig. 20. The 
horizontal axis in these figures corresponds to the x axis, and the vertical 
to the y axis. Surface deviations were measured only on one side of the
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tank axis, so that the second half of the figure is obtained by reflection 
with respect to the tank axis. The axes are increase in centimeters; the 
position of the sphere center in Fig. 18 corresponds to the point x=400, 
y=0, and in Fig. 20 x=700, y=0. Data on the y axis are given only up 
to y=75 cm, because data from more remote sensors are strongly distorted 
by flow inductor walls. The values of the relative variation of the surface 
wave amplitude A are shown in . the figures by colors. In each experimental 
realization, the surface wave amplitude was normfl.li7.ed by its value in the 
region remote from surface anomalies (the region of unperturbed amplitudes 
was chosen at realization obtained at 10-20 s before the sphere passes by the 
acoustic sensors). Variation of A is shown by color in accordance with the 
scale presented to the right of the spatial distribution. Note that in Fig. 18 
and Fig. 20, the limits of the color scales are different.

As seen from Figs. 18 and 20, spatial structures of surface wave amplitude 
anomalies essentially depend on the surface wave frequency /. Thus, in 
distributions 1 and 6 (/=1.73 Hz, the group velocity of surface waves Vg > 
V), the region of A decrease is shifted forward with respect to the sphere. In 
distributions 2 and 7 (/=2.02 Hz, Vg is slightly less than V), this region is 
practically above the sphere; while in distributions 3 and 8 (/=2.29 Hz, Vg < 
V), the region of the A decrease is shifted back with respect to the sphere. 
For /=1.73 Hz and /=2.29 Hz, one region of increased A is particularly 
pronounced in both figures; in the former case, it is situated mainly to the 
left of the sphere, while in latter cases to the right. In distributions 2 and 7, 
there are regions of larger A both before and after the the sphere.

Analogous spatial structures of surface wave anomalies were obtained 
from theoretical calculations. In the reference system moving with the sphere, 
we deal with a physical situation comparable to that considered in the previ­
ous memorandum ([2]). Some results of theoretical calculations for values of 
the parameters involved in distributions 1-3 and 6-8 are given in Figs. 19 and 
21. Arrangement of regions of larger and smaller A basically corresponds to 
the experimental data; The main difference between theoretical and experi­
mental results is observed in the rear areas: for x < 300 in Figs. 18 and 19 
and for x < 580 in Figs. 20 and 21. Essential anomalies of surface waves in 
these regions observed in the experiment are, evidently, due to the surface 
wave transformation at a turbulent wake of a moving sphere. This effect is 
not taken into account in the developed model, and in Figs. 19 and 21, the 
A variation at x < 300 and x < 580 is inessential.
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Let us consider the dependence of the A variations on the frequency /. 
As a characteristics of A variability, we have taken the value <5.4 equal to 
the difference between the ma-rimum and minimum values of A over the 
entire distribution. In distributions 1-3 and 15-17, the maximum value of 
SA is observed for /=2.02 Hz, when the group velocity of surface waves is 
dose to V. In distributions 4-8, 6A grows with increase of /. Note, that at 
frequencies /—1.02 Hz and 1.30 Hz, surface wave anomalies caused bjnsphere 
motion have not been recorded at all. That is why distributions 4 and 5 are 
not given in Fig. 20. In distributions 9-11 and 12-14, A only slightly depends 
on /.

Theoretical calculations yield for 6A 3-7 the values 3-7 times less than 
in the experiment. In Figs. 19 and 21, the limits of color scales differ from 
those in Figs. 18 and 20. In our opinion, the cause of this discrepancy is 
the difference between the real fidd of sphere streamlining and the dipole 
field assigned in calculations. To elucidate this problem in order to find a 
solution, additional experiments should be carried out. According to the 
theoretical calculations, the dependence of 8A on / is weak in the frequency 
range 1.73 Hz - 2.29 Hz. (The variation 8A amounts, on average, to 10%.) At 
frequencies 1.02 Hz and 1.30 Hz, the value of 8A is very small (0.01 and 0.05, 
respectively). Comparison of distributions 1-3 with 6-8 and 9-11 with 12- 
14 enables one to draw some conclusions regarding the character of surface 
anomaly devdopment with increase of 72. The sizes of the spatial region 
above the sphere increase. Thus, the distance between the characteristic 
surface anomaly structures L for 72=7 m are, on average, 0.3 m larger than 
for 72=4 m. Similar results follow from theoretical calculations. The value 
6A for 72=7 m is, on average, 80% larger than for 72=4 m. Theoretical 
calculations also yield an increase of 6A of 40%.

The character of the dependence of A variability on h can be considered by 
comparing distributions 1-3 with 9-11 and 6-8 with 12-14. With an increase 
of h from 0.3 m to 0.45 m, the distance L grows, on average, by 0.2 m. In 
theoretical calculations, this effect is absent; L is practically independent 
of h. Regarding the value of 8A, in the experiment with h=0.45, it is, on 
average, 1.6 times less than for /i=0.3 m. A more rapid decrease of 8A (2.8 
times) with the same growth of h is observed in theoretical calculations.
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3.1.3 Conclusion

Our experiments have shown that the structure of the surface wave anoma­
lies caused by the flow around a submerged sphere strongly depends on the 
surface wave frequency. On the other hand, such structures depend only 
slightly on the sphere depth. The surface wave amplitude essentially changes 
only in a limited range of surface wave frequency / close to g/AnV , where V 
is the sphere motion velocity; these changes are stronger for smaller submer­
sion depths.' This is a demonstration of the role of the group synchronism 
described in the previous Memorandums [37, ?].

The results of theoretical calculations agree with the experimental data 
in what concerns the disposition of regions of the surface wave amplitude in­
crease and decrease. At the same time, they yield essentially smaller values 
of surface wave amplitude variation than those recorded in the experiment. 
This may be due to the difference between the real flow around the sphere 
and the dipole approximation and to the assumption of surface wave lin­
earity adopted in theoretical calculations. The dependences of the surface 
wave amplitude variation on sphere motion time and its submersion depth 
in theoretical calculations are close to those obtained in experiments.

Further, the plan is to develop the theoretical model in several areas: 
taking account of nonlinear effects in surface waves, which will result in 
a stronger surface-wave amplitude variation; investigation of surface wave 
transformation for the case when surface waves have lengths of the same 
order with characteristic sizes of flow inhomogeneity; and a more correct 
description of sphere-created flow.
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Table 1. Sets of parameters used in the experiment.

number r(mm) h(m) R( m) /(Hz)
1 75 0.3 4 1.73 ±0.03
2 75 0.3 4 2.02 ±0.03
3 75 0.3 4 2.29 ±0.03 ;
4 75 0.3 • 7 1.02 ±0.02 L.
5 2 75 - 0.3 7 1.30 ±0:02 -
6 75 0.3 7 1.73 ±0.03
7 75 0.3 7 2.02 ±0.03
8 75 0.3 7 2.29 ±0.03
9 75 0.45 4 1.73 ±0.03
10 75 0.45 4 2.02 ±0.03 v
11 75 0.45 4 2.29 ±0.03
12 75 0.45 7 1.73 ±0.03
13 75 0.45 7 2.02 ±0.03
14 75 0.45 7 2.29 ±0.03
15 42.5 0.17 7 1.73 ±0.03
16 42.5 0.17 7 2.02 ±0.03
17 42.2 0.17 7 2.29 ±0.03

3.2 Laboratory measurements of gravity-capillary wave 
curvature

The wavy water surface curvature is an important characteristic of wind 
waves, which should be known, in particular, for constructing models of radar 
and optical signal reflections from the sea surface. The hydrodynamic aspect 
of gravity-capillary wave curvature investigations is related to the formation 
mechanisms of a small-scale part of the wind-wave spectrum and to the study 
of strongly nonlinear waves and their stability. Wind-wave curvature was 
investigated under field and laboratory conditions using a method based on 
the light focusing effect caused by its reflection from a wavy water surface [38, 
39, 40, 41, 42, 43]. The curvature radii measured in these works correspond 
to the region of very small values of, primarily, the capillary part of the 
wave spectrum. Only the modulus of the curvature radii was measured, 
which did not enable one, for example, to distinguish differences in wave 
crest and trough curvatures and, thus, to make a judgment regarding the
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wave profile. At the same time, in strongly nonlinear waves, the profile is 
asymmetric and is characterized by the presence of sharp crests. Hence, it is 
necessary to separate positive and negative curvature values. This is helpful, 
in particular, for investigation of the capillary-gravity ripple generation (the 
so-called parasitic ripple) on the crests of longer gravity waves [44, 45, 46, 47, 
48]. Since the parasitic ripples contribute considerably into the formation of 
the wind-wave spectrum, of special: interest is the study of decimeter-range 
wave profile curvature and the influence of capillary-gravity ripple generation 
on statistics of wind-wave curvature.

Here, the first attempt is made to investigate the curvature of decimeter- 
range surface waves, both those of small amplitude and strongly nonlinear 
ones characterized by ripple generation at their profile. The experimental 
scheme and the method of data processing have been designed to provide 
distribution functions for wave crest and trough curvatures, to demonstrate 
an increase of gravity-wave profile asymmetry with the growth of their ampli­
tude, and to illustrate the parasitic ripple generation on their slopes. Analy­
sis of distribution function for time intervals between neighboring crests and 
troughs has enabled us to find out that, besides the previously investigated 
high-frequency parasitic ripple generated at the front slopes of decimeter 
waves, a lower-frequency component is observed on their rear slopes.

3.2.1 Experimental setup

Wave curvature on a water surface was measured in the oval wind-wave tank 
(see the first Memorandum [?]), having two semicircular sections of radius 
2 m and two straight-line sections of length 2 m. The channel width is 30 
cm, the water depth is 25 cm, and the aerochannel height is 35 cm. The 
first experimental run was devoted to measurements of surface gravity waves 
of various amplitudes excited by a mechanical wavemaker at a frequency 
close to 4 Hz (the corresponding wavelength is of the order of 10 cm). The 
measurements'were carried out at a distance of 70 cm from the wavemaker 
for four regimes, with wavemaker oscillation amplitudes 1.5, 2, 3, and 4 
mm. The first two regimes correspond to small-amplitude waves with a 
quasi-sinusoidal profile, regime 3 corresponds to an amplitude critical for 
the parasitic capillary ripple generation onset at a gravity wave profile, and 
regime 4 corresponds to a strongly nonlinear gravity wave with developed 
parasitic ripples. In the second experimental run, the wind-excited wave
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curvature was investigated for two wind velocities: 2.2 m/s and 4 m/s. The 
wind-wave fetch amounted to 6 m. In the "weak-wind” regime (V = 2 m/s), 
there were generated small-amplitude wave trains with a narrow frequency 
spectrum (the characteristic wave frequency is 5-6 Hz), and parasitic high- 
frequency ripple has not been observed in this regime. In the moderate- 
wind regime (4 m/s), energy-carrying waves had a frequency of 3-4 Hz and 
were characterized by essential; steepness. .Developed small-scale ripple was 
observed on their slopes.

A scheme of the laboratory setup designed for measuring surface wave 
curvature is displayed in Fig. 22. The setup includes a laser, a beam forma­
tion system, and a photoreceiver. The laser and the beam formation system 
are located under a transparent bottom of the wind-wave tank; a defocus- 
ing lens varies the initial beam divergence. The photoreceiver has a narrow 
slot diaphragm oriented along the tank. The diaphragm sizes are chosen so 
that the width of the diaphragm is less than the beam width in the receiver 
plane, whereas the slot length is larger than possible beam deviations in the 
transverse direction, all of which enables one to measure the wave curvature 
averaged over the transverse coordinate.

3.2.2 Method for wave-curvature measurement

Let a laser beam pass from water to air through a wavy surface. If the surface 
slope is such that after refraction, the beam reaches the receiver diaphragm 
(in the particular case, when a source and a receiver are arranged coaxially, 
a beam passes through surface without refraction), the signal on the receiver 
is determined by the beam width which, in its turn, depends on the surface 
curvature at the refraction point. When passing through other parts of the 
surface, the beam reaches the diaphragm, and the signal is nonzero. Thus, 
the signal has a character of pulses. An example of temporal record for 
regular waves (regimes 1 and 4) is shown in Fig. 23. If the beam width at 
the receiver plane is larger than the slot size, then for the case when the 
beam passes through a surface portion without refraction, the light power Pi 
recorded by the photoreceiver for a wavy surface is related to the power Po 
for a smooth surface in the following way:

Pi (50)
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Here, Ao and A/ are the beam widths at the receiver plane in the longitudinal 
direction for the cases of a smooth and a wavy surface, respectively. The value 
of A/ in (50) can be written as

Aj = r — (H — f) tan [arcsin (n (sin <pn — <fo/n)) - <pn),

<pn = sin l(r/R), (51)

where r is the half-width of the light spot on the water surface, <po is the 
beam divergence at the ouput of the beam formation system, R is the cur­
vature radius (R*1 is the curvature) of the surface at the intersection point 
of the surface and the laser beam, H is the receiver location height above 
the average water level, f is the surface deviation from the average level, and 
n is the water refractive index. Expression (50) is approximate and can be 
used if the beam size for any R is essentially larger than the slot. For the 
case when r/R -C 1 and f C H, one can easily obtain from (50) and (51) 
the expression for the surface curvature radius:

*-r(i:pJT°’ (52)

fl=r(l lpJp^°-0<R<’-(n-l)H/Ao. (S3)

It follows from here that the curvature may still have more than one value. 
Hence, it is necessary to eliminate this ambiguity by selecting appropriate 
parameters of the system or by providing additional information on the as­
sumed value of surface curvature in order to choose one of two formulae (52) 
or (53). Ambiguity in the curvature modulus can be eliminated if Ao is small. 
This corresponds to the case when troughs and crests defocus the beam. For 
larger surface curvatures, |i2| «r(n-l) H/ Ao, we have from both (52) and 
(53)

\R\ = r(n-l)H/bA (54)
•n

i.e.; unambiguous determination of the modulus curvature is possible. Note 
that the surface curvature distribution in the region 0 < |/2| < r (n — 1) H/Ao 
can be obtained by processing only pulses with Pq/Pi 1 in signal records.

32



Nothing can be said about small curvatures when Pq ~ P/, if such curvatures 
are present.

Formula (52) describes a situation in which a beam is either defocused by 
the surface (R < 0) or focused with formation of a focus above the receiver 
location (R > r (n — 1) H/Aq). Formula (53) corresponds to a situation in 
which the beam is focused by the surface with formation of a focus below 
the plane of-the receiver location (0 < R < r (n - 1) H/A0). If iti^known 
beforehand that only small curvatures, \R\ > r(n— 1) H/Aq, exist on the 
water surface, then

r (n — 1) H/A0 
R = (55)

1 - Po/Pi '
This situation does really occur if waves are gentle and the initial beam 
is defocused. In this case, the surface parts with negative curvature (local 
trough) defocus the beam even more strongly, and the parts with positive 
curvature (local crests) narrow the beam with formation of convergence above 
the receiver plane. As distinct from formula (54), formula (55) yields not only 
the modulus but also the sign of the curvature. If it is known beforehand 
that the surface curvatures are so large that the beam is either defocused or 
focused with formation of a focus below the plane of the receiver location, 
then by applying alternately formula (52) to one pulse in Fig. 23 and (53) to 
the next pulse, etc., one can obtain the curvature distribution with its sign.

Besides the information on the surface curvature distribution at points 
of a definite slope, the signal records of the photoreceiver carry information 
on temporal wave characteristics. For a quasi-periodic wave, the time in­
terval between three neigboring pulses corresponds to the wave period. The 
distribution function for the intervals between pulses enables one to make a 
judgement about the presence of waves of the given frequency in the wave 
spectrum and, in particular, about the occurrence of high-frequency parasitic 
ripple on lower-frequency gravity waves.

3.2.3 Measurement results

1. Regular waves Histograms of pulse brightness amplitudes of a beam 
passed through points of zero slope surface for wavemaker oscillation ampli­
tudes 2 mm and
4 Tnm axe presented in Fig. 24a and Fig. 25a. For small wave amplitudes
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(Fig. 24a), the vicinities of troughs (the curve to the left of the arrow in­
dicating the brightness value for a smooth surface) defocus the beam, while 
the crests (the curve to the right of the arrow) focus the beam above the 
receiver plane, which enables one to use formula (55) in surface curvature 
calculation. For small wave amplitudes, the curves to the left and the right 
of the brightness value for a smooth surface diverge into different sides when 
the amplitude, increases. , Figure 24b demonstrates the absence of ripples 
in this case: there are only two points with zero slope on the wave period 
corresponding to a crest and trough of the wave. Time intervals between 
neighboring crest and trough and trough and crest are close to each other, 
which yields two practically coinciding peaks near the point £=0.14 s; the 
total time interval for these peaks is, evidently, equal to the fundamental 
wave period.

A histogram of beam brightness for strongly nonlinear waves (regime 4) 
is given in Fig. 25a. As might be expected, the curve is shifted to the left, 
which corresponds to larger surface curvatures. In this situation, only those 
points with zero surface slope exist which either defocus the beam or focus it 
below the receiver location. As seen from Fig. 25b, the peaks corresponding 
to time intervals between neighboring crests and troughs of the wave are 
separated more strongly than in the previous case; the latter means growth 
of steep wave slope asymmetry with increase of its amplitude. In this regime, 
ripple having the frequency of the order of 60-70 Hz was excited on crests of 
fundamental waves, which is illustrated by an additional peak in Fig. 25b in 
the region of small time intervals of order 0.007 - 0.01 s. The obtained ripple 
values agree with those measured earlier in [45].

Let us consider now the surface curvature distributions at zero slope 
points for all four regimes of wavemaker operations shown in Fig. 26. His­
tograms in Fig. 26a, b are obtained when processing a signal with formula 
(55); histograms in Fig. 26c, d are yielded by applying formulae (52) and (53) 
alternately to neighboring pulses. It is seen from Fig. 26 that the surface 
curvature increases with the wave amplitude growth, the curvature values 
at crests and troughs increasing differently. If at small wave amplitudes, 
the average surface curvature in the positive and negative regions is approx­
imately the same, for larger amplitudes, the curvature at crests (R > 0) 
increases essentially faster than at troughs (R < 0) (see Fig. 26b, c). Note 
that maximum crest curvature distribution for waves of an amplitude close 
to the critical one for parasitic ripple generation (regime 3) corresponds to
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the curvature value obtained in another way in [46]. For strongly nonlinear 
waves (regime 4) to the right and left of principal maxima of the curvature 
distribution in the region of 60m-1, the second maxima appear due to ripple 
(Fig. 26d).

Now, we consider the measurement results for surface wave slopes. In 
these measurements, the receiver was shifted in the horizontal plane to the 
left or right with respect to its position in the coaxial observation scheme, so 
that a laser beam reaching the receiver was refracted by the surface at points 
with assigned positive or negative slope. At small amplitudes (regimes 1 and
2) , there are only two points with a fixed slope of the surface, which indicates 
the absence of high-frequency ripple. For increased wave amplitude (regime
3) , the number of points on the surface of a given slope grows both on the 
front and rear slopes; in time histograms (Fig. 27), a maximum appears in 
the region of small time intervals that is caused by ripple generation. The 
position of the mavimiim in Fig. 27a associated with the presence of parasitic 
ripple at the front slope of the fundamental wave corresponds to the value t = 
0.007 s, and at the rear slope (Fig. 27b) t = 0.012s. Maxima for t = 0.25 s in 
Figs. 27a, b are, evidently, due to an asymmetric arrangement of points with 
assigned slope at the wave profile (observed by a receiver displaced from the 
coaxial position) and yield totally with the maximum position for t = 0.25 s, 
that is the fundamental wave period. Therefore, it follows from Fig. 27 that 
together with the known (see [44, 45, 46, 47, 48]) high-frequency parasitic 
ripple at front slopes of a steep decimeter wave, there arises a lower-frequency 
ripple at its rear slopes. Note that in regime 3 the number of points with 
zero slope remains the same (two in a period, see Fig. 27c). This indicates 
that, for wave amplitudes slightly exceeding the critical value, the parasitic 
ripple slope at the front and rear slopes is less than the fundamental wave 
slope.

At a further increase of wave amplitude (regime 4), the ripple slope in­
creases, and at some parts, it becomes larger than the fundamental- wave 
slope. This is illustrated in Fig. 25b, where in regime 4 at zero sloperpoints 
in the time histogram, there is a maximum corresponding to the small-scale 
parasitic ripple (there is no such maximum in regime 3). Histograms of time 
intervals for the front and rear slopes of a strongly nonlinear wave (regime
4) are shown in Fig. 28a, b respectively, indicating the presence of ripple 
on both wave slopes as in regime 3. However, the histogram in Fig. 28b 
has a more complicated form, revealing essential ’’splitting1 of all maxima
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described for the case of Fig. 27b, i.e., the presence of more than two points 
with a given slope at the rear wave slope in addition to the ripple. These 
peculiarities of the strongly nonlinear decimeter wave profile require a further 
investigation.

2. Wind waves The peculiarities of mechanically generated periodic waves 
described above can, to a large extent, be transferred to the case of wind 
waves. Figures 29. and-30 .exhibit histograms of pulse signal amplitudes of a 
receiver and histograms of time intervals between pulses for wind waves at 
the wind velocities V = 2.2 m/s and V = 4 m/s, respectively.

Histograms of signal amplitudes at weak wind (Fig. 29a) axe characterized 
by two maxima located at different sides from the signal value corresponding 
to a smooth water surface. This case is close to the examples of regular grav­
ity waves of small amplitude considered above, when the wave curvature was 
rather low and the signal value unambiguously corresponded to wave crests 
and troughs; the amplitude distribution was of the bimodal character (see 
Fig. 24a). It is also seen in the histogram of time intervals (Fig. 29b) that 
pulses with periods corresponding to energy-carrying gravity waves prevail in 
the signal, while the contribution of high-frequency ripple (the left maximum 
in Fig. 29b) is not large.

The wave character for the wind velocity V = 4 m/s is close to the above 
regimes of strongly nonlinear gravity waves. In this case, the amplitude his­
togram is shifted to the region of values corresponding to larger curvatures; 
here, the signal values from crests and troughs He in overlapped regions, and 
the distribution bimodality is not observed (compare with Fig. 25a for a 
regular strongly nonlinear wave with ripple). It also follows from compari­
son of Figs. 29a and 25a that larger curvature values are observed in wind 
waves than in regular gravity waves in the presence of capillary ripple. This 
is, evidently, due to both the wind influence on parasitic ripple generation 
and the free capillary ripple generated directly by wind on the water sur­
face. The essential contribution of high-frequency ripple at stronger wind 
is also illustrated by the histogram of time intervals (Fig. 30b), in which a 
peak at small-scale ripple frequencies dominates over the region of energy- 
carrying frequencies. Therefore, it can be concluded from Fig. 30b that for 
developed wind waves, statistical curvature characteristics are determined 
by high-frequency ripple; this conclusion agrees with those made earlier in 
[39, 40]. Note that the peak shown in Fig. 30b corresponds to characteristic 
ripple frequencies close to the frequencies of parasitic capillary ripple excited
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by steep decimeter waves. The question on the relationship between the en­
ergy of the parasitic ripple generated by decimeter waves and the free ripple 
generated directly by wind needs special analysis.

3.2.4 Conclusion

Let us briefly, formulate the main results of this section.

Laboratory measurements of surface wave curvature have been carried out 
using a defocused laser beam. The method .of measuring and process­
ing the results suggested here has permitted us, for the first time, to 
separate curvature values on crests and troughs of gravity waves and 
construct a curvature distribution with account of its sign.

It has been determined that for growing amplitudes of regular decimeter- 
range waves, the curvature on crests increases essentially faster than 
on troughs. At rather large wave amplitude, this leads to generation of 
high-frequency ripple. In this case, together with the known capillary 
parasitic ripple propagating along the front slope of a decimeter wave, 
a lower-frequency ripple is recorded at the rear slope of the decimeter 

wave.

It has been shown that curvature characteristics of wind waves for a weak 
wind are analogous to the characteristics of weakly nonlinear regular 
decimeter waves with a quasi-sinusoidal profile and small curvature of 
crests and troughs; the influence of high-frequency ripple on wave cur­
vature is small. For stronger waves, the surface curvature is primarily 
determined by high-frequency ripple. .

Investigation of the relative contribution made to ripple energy by mech­
anisms of parasitic ripple generation and the free ripple generated directly 
by wind is of special interest, and it is planned to carry it out further.,

37



3.3 Experimental investigation of surface wave damp­
ing by small-scale turbulence

3.3.1 Background

The gravity surface-wave damping by turbulence was investigated more than 
once, both theoretically and experimentally (see [53,54] and references therein) 
Two damping mechanisms of surface waves propagating in a turbulent medium 
were considered theoretically. The first is wave scattering by turbulent pul­
sations (convective motions), which results in the mean field attenuation. 
The second mechanism is related to the turbulence transformation by or­
bital velocity gradients in a wave, which leads to wave energy transfer to the 
turbulence and can be considered as "turbulent viscosity” effect. The rela­
tionship between these two mechanisms is not quite clear now. It can only 
be assumed that wave scattering is effective in the case when the turbulence 
scales are comparable to or larger than the surface wave length, by analogy 
with electromagnetic wave scattering at refractive index inhomogeneities. 
In the case of small-scale turbulence, the “turbulent viscosity” mechanism, 
probably, prevails; in this case, one should distinguish between the damping 
at “external” turbulence and the damping at the turbulence generated by 
the wave itself as a result of its breaking. The latter case corresponds to 
nonlinear effects in a wave and can be significant only for large-amplitude 
gravity waves.

A common approach to the problem of wave-turbulence interaction is 
based on the semi-empirical equations with the appropriate closure hypothe­
ses. n particular, the turbulent viscosity coefficient in a wave of frequency u, 
can be estimated as

where (t^2) denotes the average of the squared velocity of turbulent pulsa­
tions.

Accordingly, the temporal damping rate for a wave with the wavenumber 
k can be estimated by the formula

71 ~ vtk2 ~ (u2) (57)

Note that for the case of wave damping by turbulence produced by the 
wave itself, a different expression for turbulent viscosity is given in [52] , that
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dU Ut ~ l2 (58)
8z ’

where l is the turbulent scale assumed to be of the order of a + z (a is the 
wave amplitude; z is the distance to free surface). In this case, the viscosity 
depends on the wave amplitude;*thus, damping is nonexponentiaL"**^?--

Laboratory experiments on surface wave damping by turbulence'known 
to us from literature are very scarce. A brief review and criticism is given in 
[54]. If we restrict ourselves by the experiments on wave damping by external 
independently excited turbulence, data of three experiments are available. In 
experiments [53], turbulence was excited by a submerged oscillatory grid with 
r»lls of approximately 1 cm. The oscillating frequency was about 1 Hz; the 
amplitude was. l cm. The frequencies of investigated waves lay in the range 1 
- 10 Hz. The wave energy was comparable or less than the turbulence energy 
in the corresponding spectral frequency band.

Two treatments of the obtained results are suggested in [53]. According 
to the first one, wave damping by turbulence was approximated by the ex­
ponent; i.e., the damping coefficient was assumed to be independent of the 
wave amplitude. Here, the frequency dependence of the damping coefficient 
in space was approximated as u/2. In the other treatment, the damping coef­
ficient was assumed to be dependent on the wave amplitude; in this case, the 
“best fit” dependence was cj5. According to [53], the spread in experimental 
points with respect to the last approximating curve was much smaller than 
in the first case, which permitted the authors [53] to make a statement on 
nonlinear character of wave damping by turbulence.

A more recent experiment [54] dealt with the damping of cylindrical waves 
at frequencies from 4 Hz to 5.27 Hz ( wavelengths between 6 and 10 cm) 
which propagated through the region of turbulence excited by a vertically 
oscillating grid located under a wavemaker. The experiments were carried out 
at various grid oscillation amplitudes (from 1.3 cm to 5 cm) and oscillation 
frequencies 0.62 Hz and 0.9 Hz. Detailed measurements of turbulence spectra 

have been performed, and using them and the turbulence scale L, 
the following empirical formula has been suggested for the spatial damping 
coefficient:
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fit = 0.103 L1/3A2/3
(59)
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in [54], , where the authors of [54] declared their good agreement with the 
suggested dependence (59). It should be noted, however, that the spread in 
obtained values of the damping, coefficient is rather large, which casts doubt 
on universality of dependence (59). ...... ,<•

It can generally be stated that the experiments performed by now are 
insufficient for drawing any definite conclusions on mechanisms of surface 
wave damping by turbulence, which requires further investigations.

3.3.2 Method of the experiment

Gravity surface wave damping by small-scale turbulence was investigated in a 
resonator with a width of 2 cm, depth 40 cm, and length L equal to 29 cm and 
15.5 cm (see Fig. 31). A similar resonator was used previously for studying 
the amplitude dispersion of standing waves. Let us remember that oscilla­
tions in the resonator were excited by an electromechanic wavemaker [49] 
weakly coupled with the resonator through a face wall partially submerged 
in water; the frequency and amplitude of wavemaker piston oscillations were 
assigned by the generator of electromagnetic oscillations GZ-103. The sur­
face oscillation parameters were measured by a wire wave gauge, the wires 
being arranged along the face wall of the resonator (in the oscillation crest).

Turbulent fluid motions were generated by vertical oscillations of the grid; 
this method is often used for investigation of turbulent processes. Grid 4, 
a perforated aluminium plate with a thickness of 1 mm, having holes of di­
ameter d and spacing D, was placed, as a rule, at a depth of 12 cm and 
oscillated with the frequency fg= 3 - 5 Hz and swing 12-16 mm. The pa­
rameters of turbulent fluid motions were controlled by a thermoanemometric 
velocity meter DISA with sensor (5) of the type 55R36. The device measure­
ments were calibrated by submerging the sensor (5) in the crest and node of 
a standing wave. Here, the fluid velocity was calculated by employing the 
wave frequency and amplitude measured by a string wave recorder with an 
accuracy not less than 3%. Note that when treating the measurement results 
of the fluid velocity pulsation paramaters, one should bear in mind that the
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thermoanemometric sensor measures the fluid velocity modulus; thus, the 
frequency of sign-alternating pulsations is doubled.

The method of measuring the damping rate (decrement) for surface waves 
is as follows. Oscillations of the II mode frequency were excited in the res­
onator, and after the wavemaker was switched off, their time damping was 
recorded. A Bruel & Kjaer analyzer measured the sweep of the oscillations B 
from the wave'trough to the wave crest at each decreasing wave period, as­
signed by the number n. Then, dependence B(n) was fitted by the exponent 
function 3:

B(n) = B(0)e-^.

Here, the dimensionless decrement 7 characterizes the oscillation damping 

during the time t equal to one wave period T = /-1; i.e., n = —. Wave 
damping caused by turbulence was found as a difference of the effects in two 
experiments

7 = 7S - 7o,
where 75 is the damping decrement of free oscillations in the presence of 
turbulence and 70 in its absence. Natural damping of surface oscillation in 
the resonator is characterized by the decrement 70 determined by energy loss 
as a result of fluid Motion on walls, radiation at the boundary through a 
partially submerged wall (2), and the presence of a surface active substance. 
Surface oscillation damping in a resonator of length L =29 cm is shown in 
Fig. 32 as an illustration. Note that the decrement values 70 = 0.039 and 7 
= 0.011 are small enough to consider their contribution to 7s additive.

3.3.3 Experimental results
The aim of the experiments was to study mechanisms of surface wave damp- 
ing at small-scale turbulence. The turbulence was generated by a grid with 
holes with a diameter of 2.9 cm and a distance between centers D=3.6 cm; 
that is approximately eight times less than the resonator length (L=29 cm).

As mentioned above, wave damping at small-scale turbulence is accom­
panied by transformation of the latter’s spectrum. This effect is explicitly 
demonstrated in Fig. 33, exhibiting the power frequency of fluid velocity 

pulsations:
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/>M = m’a/-1,

where u is the pulsation velocity, and A/ is the frequency bandwidth of a 
single spectral component window. The spectrum was measured in the cen­
tral part of the resonator at a depth of 1.2 cm. In this case, the grid oscillates 
at a depth of 12 cm with frequency fg—5 Hz and amplitude lg =0.7 cm. .In 
the absence of a surface wave (Fig. 33a), the turbulence spectrum has a max­
imum at a frequency F a 0.4 Hz and decreases as /~2 in the frequency range 
from approximately 0.4 Hz to 3.5 Hz. Note that pulsations at frequency fg 
are spread up to the surface. This is indicated by the corresponding spec­
tral component in Fig. 33a. The above-mentioned qualitative peculiarities 
of the turbulence spectrum were observed for the entire range of values of 
the amplitude Ip and the frequency fg of the grid oscillations. A rather,high 
frequency of /ff=5Hz was chosen to reduce the effect of undesirable surface’ 
oscillations caused by the above-mentioned grid influence. In particular, at 
fg=3 Hz, such oscillations were recorded by a string wave recorder and im­
peded measurement of wave damping rate. The characteristic spatial scale of 
turbulence is determined by the grid perforation spacing D. Besides, the grid 
generated a mean flow in the whole space of the resonator. In the resonator 
center, right over the grid, the fluid ascended vertically with a velocity of 
the order of 12 cm/s (for the case of lg=0.7 cm, /s=5Hz); in the subsurface 
layer, this fluid spread to the resonator boundaries with a horizontal velocity 
of 7-4 cm/s and returned with a velocity of about 3 cm/s to the grid area 
along the walls. This flow transported small-scale turbulence from the grid 
to the surface.

Excitation of a standing wave with the frequency /=2.33 Hz by a wave- 
maker was accompanied by an essential transformation of the frequency spec­
trum of turbulence, as can be readily seen in Fig. 33b, c: the spectrum 
becomes localized in the vicinity of the wave frequency / and its harmonics, 
while the low-frequency components of the turbulence spectrum, at /< /,
decrease practically to zero at sufficiently large wave amplitudes A. The 
corresponding values of the amplitudes are given in Fig. 33.

The turbulence spectrum transformation in the vicinity of the frequency 
/ occurs due to interactions between turbulent and wave fluid motions, re­
sulting in the generation of oscillations with the sum frequency, f + fi, and
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the difference frequency, f — ft- This is evident, in particular, for a “marked” 
component with the frequency fg. In the presence of the wave, oscillations 
with the frequencies f+ = fg + f and f~ = fg — f are seen.

The interaction of the wave with turbulence takes place, primarily, in a 
relatively thin fluid layer adjacent to the surface. Fig. 34 shows the measured 
dependence of the relative change of the pulsation power due to a surface wave 
on depth z in the frequency range from / to 2/ for a fixed wave amplitude 
>1=0.4 cm. This value is defined as

. . 2/ 2/
EfW-EW

m<2> - - v ’-------•
Efl>M
/

where P(z) and Po(z) are the pulsation power densities in the absence and 
presence of a standing wave, respectively. As seen from Fig 34, the experi­
mental data are satisfactorily described by the exponential function (dashed 
line)

m(z) ~ e2k(-z

where k =21,8 m-1 is the wavenumber, and zq = 1.2 cm. This result suggests 
that below z = zq, the rate of the turbulence spectrum transformation is 
proportional to the squared amplitude, (Awe**)2, of the fluid velocity in the 

wave.
The process of turbulence transformation analogous to that considered 

above was also observed in a traveling wave. Fig. 35(a) shows the spectrum 
of turbulence generated in a channel with a length of L « 300 cm by the same 
grid which was used in the resonator; the result of the action of a traveling 
wave with amplitude a ~ 0.25 cm and frequency /=2.3 Hz on turbulence 
can be seen in Fig. 35b.

The turbulence spectrum transformation is accompanied by wave damp­
ing. We shall characterize it by a local decrement 7. The wave damping was 
accompanied by a small amplitude modulation due to the grid action on the 
surface and, probably, to slight random variations of the damping rate. To 
suppress the influence of random factors (such as the surface fluctuations 
due to the direct action of turbulence), the decrement 7 was measured in
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the time intervals of 5/-1 and larger, and the data averaged over several 
experiments were used. In particular, the oscillation envelope shown in Fig. 
32 is obtained as a result of averaging over six realizations.

To be able to judge about the mechanism of wave damping by the tur­
bulence, we analyzed the dependence of 7 on the wave amplitude A. The 
corresponding experimental data are presented in Fig. 36. Two qualitatively 
different attenuation . regimes! were proved: to'be possible depending on the 
wave amplitude, with a conventional boundary between them at some am­
plitude A*. At small amplitudes, A < A*, the turbulent pulsation power 
decreases with A (see Fig. 33b), and the decrement 7 is constant (to an 
accuracy of measurement errors). On the other hand, as is seen in Fig. 33c, 
for A > A*, the total turbulence energy is changed. Here, the decrement 
reduces rapidly with the increase of A\ these data can be approximated by 
the function

7 = 7o

which is shown by a dashed line in Fig. 36; here, 70 is the wave decrement 
for the fixed amplitude Aq > A*.

In conclusion, let us briefly discuss a possible mechanism of wave damping 
by turbulence in our case, in which the frequency F of maximal (large-scale) 
turbulent velocity pulsations is much less them the wave frequency /. In this 
case, the wave-turbulence interaction leads to the appearance in the turbu­
lence spectrum of combinational components with higher frequencies, such as 
f±F. The wave attenuates due to its energy consumption for this process. If 
the wave amplitude is small, a part of the turbulence energy transformed in 
such a way is proportional to the wave power (provided these two processes 
are statistically independent); hence 7 = const. For higher amplitudes, how­
ever, the transformed part of the turbulence is saturated. As a result, with 
further increase of the initial amplitude for a fixed /, the amount of the wave 
energy spent on turbulence transformation remains constant, and its ratio 
to the wave energy decreases as A~2, hence, 7 ~ A~2. Note also that the 
situation when F is comparable with / is of interest. In this case, the wave 
amplification by turbulence is possible in principle.
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4 Conclusion
There were two overal goals of this work. The first was the development 
of theoretical models that will increase our understanding of interactions 
between the main types of motions in the upper ocean layer: surface and 
internal waves, currents, and turbulence. The second goal was to check some 
of these models .in laboratory /tanks of the LAP. • —

In the course of these investigations, the following THEORETICAL MOD­
ELS were developed.

Modulation of the growth rate of short capillary-gravity surface waves by 
long waves in the presence of turbulent wind was studied. This mech­
anism enables us to explain intense interaction between short and long 
surface waves even in the case of small slopes of long waves, and a 
strong difference in scale between long and short waves.

Transformation of surface waves on 2-D inhomogeneous flows on the ocean 
surface were studied. Such flows can be created, for example, in the 
case of streamlining of different submarine obstacles. Resonance effects 
caused by scattering of a surface gravity wave on such moving obstacles 
and internal wave generation by stratified shear flows with critical layers 
around such obstacles were studied.

The ideas that have been developed before in the soliton theory were applied 
for construction of models of different geophysical flows. Perturbation 
theory was developed for the motion of small vortices interacting with 
each other and in a stratified fluid. Stationary nonlinear waves in the 
frames of the modified nonlinear Schrodinger equation were found.

EXPERIMENTAL STUDIES were carried out in the large thermostrati- 
fied tank and other laboratory facilities of IAP. The experimental data were 
compared with the results of the theoretical calculations.

Investigation of the transformation of surface waves on the underwater cur­
rents in the large thermostratified tank comprises an important part of 
the experimental section of this memorandum. In the framework of this 
program, particular attention was given to two problems. The propaga­
tion of short trains of intense surface waves in deep water was studied
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experimentally in the large thermostratified tank. The evolution of 
abrupt changes of the surface-wave intensity for various wave ampli­
tudes was analyzed. Investigation of surface wave transformation on a 
non-uniform current was carried out in the large thermostratified tank. 
The spatial variability of the surface wave amplitude above a moving 
sphere was recorded. The dependence of the parameters of surface 
anomalies on the surface wave frequency was analyzed. At the later 
stage of these experiments use of remote devices (camera connected 
with IBM PC) was started. In future experiments, optical spectrum 
analyzers and microwave scatterometers will also be used.

Finite-amplitude gravity-capillary wave curvature was measured in the wind- 
wave oval tank. The distribution functions of crest and trough curva­
tures of short small-amplitude gravity waves were obtained, the wave 
profile asymmetry growth with its amplitude increase was analyzed, 
and the transformation of the curvature distribution functions on the 
profile of steep gravity waves was studied.

Gravity surface wave interactions were studied. The values of nonlinear 
additions to the wave phase velocity occurring due to the self-action 
and interaction of wave pairs propagating in opposite direction were 
measured. The experimental data were compared to the calculation 
results.

Surface wave damping due to turbulence was investigated. The wave am­
plitude decreases when passing through the turbulent region, and the 
related changes in the turbulence spectrum were measured.

In future studies, it is planned to widely use the remote sensing methods 
of measurements in tanks, along with the contact methods. The long-term 
planning of environmental studies may include field experiments. IAP has 
an automated complex of remote-sensing devices for shipboard use which 
includes optical spectrum analyzers, radar, and Doppler sonar. In the past 
few years, a bulk of data was collected and processed that has permitted us 
to evaluate a number of details of interaction between internal and surface 
waves and confirm some of the theoretical predictions.
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Fig. 1 . Modulus m (a) and phase <pm (b) of modulation coefficient of 
short-wave wind increment versus normalized long-wave phase velocity 

Wind friction velocity is u. = lO cm/s. Short-wave wavenumbers 
arc I • A' = 0.3cm-1, 2 - A' = 3cm'1 Solid lines show data of exact 
calculation, dashed lines - data by approximate formula (13).
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Fig. 2. The same as in Fig. 1, for u. = 20 cm/s.
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Fig. 3.The same as in Fig. I. for u. - 30 rm/s.
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Fig. 4.Energy flux density profiles from wind to waves: a) u. = 10 cm/s, 
b) u. = 20 cm/s, c) u. = 30 cm/s

----------------------------- K =3 cm-1
................................... K = I cm"1

• ----------- K =0.3 cin
+ --H—I—f— is wind velocity profile.
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Fig. 5 . Modulus (a) and phase (b) of modulation coefficient versus tangential 
viscous stress on water surface. Solid line shows numerical calculation, 
dashed line • calculation by formula (14). Wind friction velocity is 
u. = 10 cm/s.
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Fig. 6. Profiles of long-wave perturbation of tangential viscous stress Tt(q*) 
at u. = 10 cm/s. Curves are marked by digits: 1 for c/u.= 10, 2 for 
c/u. = 20, 3 for c/u. = 100. Profiles of energy flux density from wind to
waves ------------------------------ [<= 3 cm"' ..................................... I(^| cm"'
- - - - — - K =0.3 cm"1.
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g. 7. Modulus m (a) and phase <pm (b) of modulation cocllicieul of wind 
increment of A r. 2.1 cm wave on long-wave frequency for various wind 
velocities: I u.-|0 cm/s, 2 u. = l5 cm/s, 3 - u.=20 cm/s, 4 «. -30
cin/s.
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Fig- 8.The same as in Fig.7, lor A = 12 cm.
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g. 9. The oscillograms of the water-surface displacements at different dis 
lances from the wavemaker for the initial amplitude a - 3cm.
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Fig. 10. The result of simulation of Bq. (23) under lite initial conditions 
(24) for the dependence of the wave train envelope modulus |V'I 0,1 

coordinate ?/ at different time moments t.
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Fig. 11. The result of simulation of ISq. (23) without an integral term under 
the same initial condition (24) at the same time moments as those in
Fig. 10.
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Fig. 12. The dependence of the packet envelope D and phase y> on coordinate 
p for different values r a)* envelope B\ b) - phase y> for q = r. Curves 
I corrcspondfthc value r = —2990/16000, 2 — r=0, 3 — r = 2.



Fig. 13. Resonant wave frequency versus incidence angle
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Fig. 14,Scattered wave frequency versus angle 0\ a) Q| = 0.1; bl fl,
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Fig. IS. Phase picture of scattered waves in accompaiiymj*, coordinate sys­
tem for (1| s 0.1.
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Fig. 1G, Schematic form of phase picture of scattered waves in resonance.
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Fig. 17. Scheme of the experiment in the large tank (longitudinal section); 
1-surface wave generator; 2-rails; 3-acoustic wave gauges; 4-camera; 5-

trolley; 6-towed sphere; 7-wave absorber; 8-knife across the bottom.

68



liiiiliiliiiHill lr60
It 51
1743

172*
1*17

1.00

f«1.73Hz

1,60 
1 .51

•!l:34
El;:;:**
1.17 
i. do 
1.00 

,91 
. 80 

:r:,,7:4: 
i T.66-' 

.57

► 40

■r-H-

250

1:60
1.51
1::.;:43
'M&&
% 17

1:00

-ii‘74

00 26 0 :: 300:

* *27 29Hz-

h=0.3m; R=4m; r=75mm

Fig. 18, Experimental spatial distributions of relative variation of surface
wave amplitude (no. 1-3 in Table 1).
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Fig. 22 Scheme of measuring waves with dcfocused laser beam: I laser, 2 
beam formation system, 3 • hydrochannel, 4 photoreceiver.
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Fig. 23. Photoreceiver signal realization for gravity sinusoidal small amplitude 
waves (a) and for sleep gravity waves with parasitic ripple (b).
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Fig. 24. Histogram of photorcccivcr pulse signal amplitudes (a) and his 
logram of time intervals between pulses (b) for periodic gravity small- 
amplitude waves (regime 2). Arrow in (a) indicates signal value of 146 
conv.units for a smooth surface
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Fig. 25. Histogram of photoreceiver pulse signal amplitudes (a) and his­
togram of time intervals between pulses (b) for periodic gravity waves 
with developed parasitic ripple (regime 4).
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Fig.26. Histogram of curvature for periodic gravity waves of dilfercnt ampli 
tudes (a • regime l, b * regime 2, c • regime 3, d regime 'I).
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Fig. 27. Histogram of time intervals for periodic gravity waves with weakly 
developed ripple (regime 3) (a - on front slope, b • on rear slope, c - at 
zero slope points; front slope is 0.03 rad; rear slope is 0.02 rad).
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Fig 28. Histogram of time intervals for periodic gravity wave with developed 
parasitic ripple (regime 4) (a on froat slope, b on rear slope; front 
slope is 0. 03 rad; rear slope is 0.02 rad)
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Fig. 29 Histogram of signal amplitudes (a) and time intervals (b) at zero 
slope points for wind velocity 2.2 m/s.
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Fig. 30. Histograms of signal amplitudes (a) and time intervals (b) at zero 
slope points for wind velocity 4 m/s.
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Fig. 31. Setup for study of surface wave damping at turbulence:
1 -wavemaker; 2,3-submerged walls; 4-oscillating grid; 5-thermoanemometer 
with sensor.
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Fig. 32. Damping of free oscillations of surface in resonator without lurbu 
lence ( + ) aod with turbulence (*).
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a)

c)

Fig. 33. Transformation of turbulence frequency spectrum (a) by the stand­
ing surface wave with amplitude >4=0.3 cm (b) and /4=0.5 (c)
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F«g. 34. Relative change of turbulence power due to surface vave vs. depth.
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Fig.35. Transformation of turbulence frequency spectrum by the progressive 
surface wave.
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Fig.3S. Dependence of decrement on dampiog wave amplitude.
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