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A PROGRAM FOR CALCULATING THREE-DIMENSIONAL
ACOUSTIC-GRAVITY RAY PATHS IN THE ATMOSPHERE

T. M. Georges

The ITS-Jones-Haselgrove ray-tracing program is
adapted to calculate acoustic-gravity ray paths in a
compressible atmosphere with arbitrary three-dimen-
sional wind and temperature variability and spherical
earth. The program and its use are described, includ-
ing deck listings and sample runs. Application to
ocean acoustics should be possible with little modifi-
cation.1

1. INTRODUCTION

This report documents the current state of development of a digital
computer program for calculating three-dimensional ray paths of
acoustic-gravity waves in the atmosphere. The program was devised
in order to extend ray-tracing capabilities for acoustic-gravity waves
to model atmospheres having arbitrary three-dimensional variability
of wind and temperature fields. In addition, these fields can be time-
variable (within certain limitations), permitting the calculation of
Doppler shifts. One program applies to the entire spectrum of acoustic-
gravity waves (i.e., those waves treated by Hines, 1960), although,
for the longer waves, considerable care must be exercised in the inter-

pretation of ray-path calculations when the atmospheric refractive



index is not "slowly varying" in the W.K. B. sense [ Budden, 1961].

The program is written in FORTRAN language for the Control
Data 3800 computer. No attempt has yet been made to run the program
on other machines, but the availability of an IBM version of the radio
ray-tracing program suggests that there would be little difficulty in
adapting the program to run on IBM machines. The CRT plotting
routines present the major compatibility problem.

The method for calculating the ray path is a numerical integration

of Hamilton's canonical equations [Landau and Lifshitz, 1959] written
in a form similar to that given by W. L. Jones [1969], except that the
atmosphere is allowed to be compressible, and spherical polar coordi-

nates (earth-centered) are used. The six equations are:

ck™NQ
gtr 2 2 27+ Vr Q)
2C1 -u) -c k
a
c2ke(Q2-un)
g‘te i 2 2 22 + V6 )
" Q@0 w -c k)
a

The acoustic-gravity wave spectrum includes, as subsets, ordinary
acoustic or sound waves (in the high-frequency limit), so-called
"infrasound™, as well as internal atmospheric gravity waves.
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where (r, 0, 0) are the spherical coordinates of the ray point with
respect to the earth!s center, (k |, kO, kO) are the components of the
wave vector K, and k is its magnritude, ¢ is the local speed of sound,

0) and w are the corresponding acoustic-cutoff and Brunt-Vaisala
ﬂ?equencgies, and fi is the intrinsic wave frequency with respect to the

air moving at a local wind velocity v, whose components are vr, Vb” vo.
The wave frequency measured in a frame moving with the fluid is

Q = 0 - kv, where v is the angular wave frequency measured in a frame
at rest with respect to the earth. A seventh equation integrates Doppler

shift along the ray path:
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This equation may be used to estimate Doppler shift, provided it is
small, and if the medium varies little during ray passage. The develop-
ment of these equations is straightforward and follows the procedure
given by Jones [ 1969]; however, the conversion to spherical coordinates
becomes rather involved, and there the development of Brandstatter

[ 1959] was followed. The Hamiltonian (invariant quantity) along the

ray path is taken from the acoustic-gravity-wave dispersion relation
(Hines, 1960, eq. 21):
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where kTI—TI is the horizontal component of K. The local values of oua and

0) are assumed to be given by their "isothermalll values, i.e.,
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where g is the acceleration of gravity and y is the specific heat ratio.
Certain questions about the definitions of these quantities in non-iso-

thermal atmospheres, admittedly, have been bypassed here.



The basic framework of the computer program is essentially that
of the ionospheric radio ray-tracing program developed (over a period
of some seven years) by Dr, R. M, Jones of the Institute for Telecom-
munication Sciences. That program was first documented in an ESSA
Technical Report [ Jones, 1966] , and, although its details have evolved
considerably since then, the basic programming principles remain essen-
tially the same. An updated report is now in preparation [ Jones and

Stephenson, 1971] . Potential users should study these reports as well.

2. CHANGES IN CONVERSION

The major alterations in converting the program to acoustic -
gravity rays lie in the subroutines HASEL and RINDEX. Formerly,
HASEL contained Hamilton*s equations written in Haselgrove*s [ 1955 ]
formalism, which explicitly contains the'wave refractive index. RINDEX
then calculated this refractive index from the Appleton-Hartree formula,
given an electron-density distribution.

It is easier (and faster in execution) to write Hamilton*s equations
for acoustic-gravity waves in a form that does not explicitly contain
the refractive index (the form that has been given above). Thus HASEL
is entirely rewritten and RINDEX is eliminated entirely. Also, sub-
routines REACH, POLCAR and CARPOL are deleted, since they were
needed for nfree-spacell paths, which do not occur with atmospheric
waves. The remaining subroutines have been modified mainly with
respect to the form of the printed or plotted output, and the nature of
these changes is evident on comparison of program listings. Provision
for punching **raysetll cards has been omitted. Naturally, all new sub-
routines had to be written to describe the atmospheric wind and tempera-

ture field. These are described in Appendix IlI.



3. INPUT

Data are input to the program via punched cards in the data deck
and are stored in a 400-element array called W. The W array is also
used to transmit other variables, not normally input, between sub-
programs. Parameters defining the atmospheric model, wave quantities
and other physical and control variables are all input to the W array.
One element of the W array is carried on each card in the following
format: Col. 1-3 identify the element number, Col. 4-17 contain the
value of that W parameter, Col. 18-24 are provided for logical variables
that permit unit conversion, and Col. 25-80 provide space for identify-
ing comments. The W cards may be read in any order, and only those
need be specified which differ from the previous case (see "Deck Setup)
The user wishing to quickly familiarize himself with the program>*s
operation would do well to study the list of parameters stored in W
(Table 1). Some W numbers have been omitted in Table 1 because they
have been used for the ionospheric program and are not relevant to the
atmospheric-wave case. The 300-series of W*s generally are those
which have been added in the adaptation of the program to acoustic-
gravity waves. (To minimize confusion between the two versions of
the program, the 300-series was added to the W array rather than sub-
stituting new meanings for unused lower numbers.)

The program, in its present form, will accept specification of
wave parameters in only one format: the value of total wavelength
(or k) (W309) and the initial direction of phase propagation (W255-257
and W263-265). In addition, a choice must be made between the acoustic
or internal-gravity wave mode (W305), since waves of either type may
possess the same K, but have quite different frequencies. A new wave

frequency is calculated from the wave dispersion relation for each new



initial value of K (magnitude or direction); thus the option of specifying
(or stepping) frequency explicitly is not presently available. Azimuth
and elevation of transmission may still be stepped, however. Other
input formats could be devised, utilizing various combinations of wave
frequency, the magnitude or direction of K or any of its components;
the present format, however, has been found to be the most convenient
and free of the complications of determining whether a real wave

actually satisfies the input parameters.

4. OUTPUT

Raypath quantities are printed out in the format shown in Table 2.

User controls the intervals along the ray path at which printout is pro-
duced (W180). Plots of the raypaths (projected on either vertical or
horizontal planes) are optionally available with machines having CRT
output facilities. The programs listed here were written for the Control
Data Model 280 CRT plotting system. Those who use the plotting pro-
grams should, of course, check for compatibility with their particular
system. Parameters controlling both plotted and printed output are
input through the W array. Sample plots of each type are shown in

figure 1, for the test case whose printout is Table 2.



TABLE |

W  ARRAY

General Control Variables

W3

w14
W16
W17
W18
W19
W20
W40
W41

W42
W43
w44
W45
W46
W47
W93
W180
W254
W255
W256
W257
W2 63
W2 64
W2 65
W272

angular wave frequency, ¢, in rad./sec.

east geographic longitude of transmitter, radians

north geographic latitude of transmitter, radians

elevation angle of transmission, radians

azimuth angle of transmission (radians, positive E of N)

earth*s radius in km

height of transmitter above earth in km

receiver height above the earth in km

= 1. for Runge-Kutta integration

= 2. for Adams-Moulton integration without error checking

= 3. for Adams-Moulton integration with relative error
checking

= 4. for Adams-Moulton integration with absolute error
check

maximum allowable single-step integration error (S. S.E.)

maximum S. S. E./minimum S.S.E.

initial integration step size in sec.

maximum step size in sec.

minimum step size in sec.

factor by which to increase or decrease step size

maximum allowable number of steps per hop

number of steps per periodic printout

maximum number of hops

initial elevation angle of transmission, radians

final elevation angle of transmission, radians

step in elevation angle of transmission, radians

initial azimuth of transmission, radians

final azimuth of transmission, radians

step in azimuth of transmission, radians

= 0. if no plot desired

1. to plot projection of ray path on vertical plane

2. to plot projection of ray path on ground



W299

W301
W302
W305

W309
W303

TABLE 1 (Con't)

number of equations to be integrated

= 7. if Doppler shift to be calculated

8. if absorption to be calculated

6. otherwise

ground range of ray point, km

maximum value of ground range, km

= 1. for acoustic mode

= -1. for internal gravity mode

total wave number of acoustic-gravity wave, km
maximum value of height above ground, km

B. Variables used to control plotting

Projection on a vertical plane (W 272 = 1.)

W274
W275
W27 6
W277
W287
W286

latitude of left edge of plot, radians
longitude of left edge, radians

latitude of right edge, radians
longitude of right edge, radians

height above ground of plot bottom, km
distance between scale divisions, km

Projection on the ground (W272 = 2.)

W274
W275
W27 6
W277
W271
W286

latitude of left edge of plot, radians
longitude of left edge, radians

latitude of right edge, radians

longitude of right edge, radians

expansion factor for lateral deviation scale
distance between range-scale divisions, km

C. Variables defining atmospheric models

W320

TLNEAR:

W 340
W341

WCONST:

W370
W371
W372
W376

atmospheric molecular weight

ground temperature in °K
vertical temperature gradient in °K/km

constant radial wind in m/s

constant southward wind in m/s
constant eastward wind in m/s

height gradient of eastward wind m/s/kKi



W GAUSS:

W 381
w382
W383
W 384
W385
W386
W387

WTIDE:

W390
W391
W392
W393
W394

ULOGZ:
W372

VVORTEX:

W331
W332
W333
W335

TABLE 1 (Con't)

maximum of Gaussian eastward wind m/s

height width (I/e) of Gaussian eastward wind, km
latitude width of Gaussian eastward wind, radians
longitude width of Gaussian eastward wind, radians
height where wind maximizes, km

colatitude where wind maximizes, radians
longitude where wind maximizes, radians

amplitude of phi component, m/s
amplitude of theta component, m/s
vertical wavelength, km

time in wave periods

wave period in sec.

eastward wind at a height of 1 km, m/s

radius of vortex to V , km
colatitude of vortex center, radians

longitude of vortex center, radians
V , m/s
max

D. Unit-Conversion Characters

Alin
Alin
in
in
in

>> >

Col. 18 converts degrees to radians
Col. 19 converts km to radians
Col. 20 converts cycles/sec to radians/sec.

Col. 21 converts feet to radians
Col. 22 converts sec to radians/sec.

(or wavelength to wave number)

10
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TEST RUN ACOUSTIC-GRAVITY RAY TRACING PROGRAM
'= 475. 16SEC, AZ= 45.00 JiRAVW 100KM/DIV

001 TEST RUN FOR ACOUSTIC-GRAVITY RAY TRACING PROGRAM 06/14/71
PERIOD= 475.16SEC, AZ= 45.00 GRAVITY 100KM/DIV

Figure 1. Raypath for an internal gravity wave in an isothermal atmo-
sphere and a wind that increases with height by 0.1 m/s /km. The
wind blows westward and the initial azimuth of transmission is 45°;

thus, the raypath does not remain in a plane. The lower plot is a
projection on a vertical plane oriented at 45° azimuth, and the upper

plot is a projection of the raypath on a horizontal plane tangent to
the earth at the center of the horizontal axis, which coincides with

the azimuth of transmission.
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5. DECK SET-UP

Arrangement of subroutine and data decks follows the same basic

format as for ionospheric ray-tracing:

-

11.

12.
13.

COONOOA®W N-

PROGRAM NITIAL
SUBROUTINE TRACE +
SUBROUTINE BACK UP
SUBROUTINE PRINTR
SUBROUTINE RAYPLT
SUBROUTINE PLOT
SUBROUTINE LABPLT
SUBROUTINE HASEL
SUBROUTINE RKAM
SUBROUTINE (ANY NAME)

ENTRY TEMP
SUBROUTINE (ANY NAME)

ENTRY WIND
(APPROPRIATE CONTROL CARDS)
DATA DECK"

Title card

Non-zero W cards

Blank to signify end of W's

The order of subroutine decks is unimportant.

This sequence may be repeated indefinitely, changing only those
W values that are to be different from previous sequence.

13



6. ACCURACY

The numerical integration subroutine RKAM performs error-
checking functions and adjusts the integration step length to achieve
roughly the magnitude of integration error specified by the user (W42z).
Thus, by adjusting W42, the user can trade low cost for high accuracy
or vice-versa. The maximum single-step integration error is printed
out in the "ERROR" column. User may also select from several
available modes of integration and error checking by setting the value
of W4l. W41 = 3. is normally used (see Table 1). Further details on
the operation of the numerical integration subroutine may be”ound in

Jones| 1966] .

7. TEST CASE

Those using the program for the first time, or those making
changes in the program and wishing to check its operation, can run a
“"test case™ and compare the output with that shown here. Input
(W array) for the test case is given in Table 3. The printed and plotted
output have already been shown as Table 2 and figure 1. Note that
two runs are required to produce the two plots; one with W(272) = 1,
and the other with W(272) = 2. No "absorption” is indicated in the

output because an absorption equation has not yet been incorporated

into HASEL.

14



19
14
16
20
41
40
42
43
44

46
47

180
254
255
263
272
274
275
276

277
286

287
302
303
305
309
320
340
341
372
376

TABLE 3W VALUES
INPUT FOR SAMPLE RUN

5.00000E-01
400 -

10,

1.0

-50,0

45.0

1.0

-200.0
-POO.

200.

200.
100.

0.0
1000.
500.
-1.0
10.0
29.0
274.
0.1
0.0
-0.1

Radius oe the earth, km

EAST GEOGRAPHIC LONGITUDE OF TRANSMITTER. KM
NORTH GEOGRAPHIC LATITUDE OF TRANSMITTER. KM
HEIGHT OF TRANSMITTER ABOVE GROUND. KM
ADAMS-MOULTON INTEGRATION WTTH PFLATTVE ERROR CHECKING
RECEIVER HEIGHT ABOVE EARTH

STEP SIZE DECREASED IE ERROR LARGER THAN THIS
STEP SIZE INCREASED I|IE ERROR SMAI LER THAN W42/WA43
INITIAL! INTEGRATION STEP SI7E. SEC

MAXIMUM STEP SIZE. SEC

MINIMUM STEP LENGTH, SEC

FACTOR TO INCREASE OR DECREASE STEP LENGTH RY
MAXIMUM STEPS PER HO®

NUMBER OE STE»S BETWEEN PERIODIC PRINTOUT
MAXIMUM NUMBER OE HO*»S

INITIAL! ELEVATION ANGLE IN DEG

INITIAL! AZIMUTH ANGLE OE TRANSMISSION. OEG
PLOT PROJECTION ON VERTICAL PLANF

LATITUDE OE LEFT EDGE OE PLOT IN KM

LONGITUOF OE LEFT EDGE OE Pi OT IN KM

LATITUDE OE RIGHT EDGE OE PI OT IN KM

LONGITUDE OE RIGHT EDGE OE PLOT, KM
distance between tick MARKs in KM

HEIGHT OE BOTTOM OE BLOT ABOVE GROUND
MAXIMUM GROUND range tn km

MAXIMUM HEIGHT. KM

GRAVITY WAVE MODE

TOTAL WAVELENGTH IN KM

ATMOSPHERIC MOLECULAR WFIGHT (TINEAR)
GROUND TEMPERATURE. DEG K (TLNEAR)
TEMPFRATURE GRADIENT, DEG K/KM (G INEAR)
EASTWARO WIND AT GROUND, M/S (WCONST)
HEIGHT GRADIENT OE U®H!» M/S/KM (WCONST)

15
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APPENDIX B

Atmospheric Models

Brief descriptions of several simple models of atmospheric wind
and temperature fields follow. The program requires one subroutine
for the temperature field and one for the wind field; even if an iso-
thermal atmosphere with no winds is being modeled, two of these
routines (TLNEAR and WCONST, in this case, with appropriate input
parameters zero) must be used.

The user may readily devise his own models by writing analytic
descriptions of temperature and wind fields, and their spatial deriva-
tives, modeling the programming after the simple examples given here.

Caution must be exercised when using wind fields near the
earth’s poles; only VVORTEX, of all the wind models given here, has
winds that are continuous and have continuous derivatives there. Other-

wise, large integration errors (and time-consuming step-size reductions)

can be expected.
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SUBROUTINE TLNEAR

This subroutine specifies an atmospheric temperature that

increases linearly with height.

Input to the subroutine are:
(W340) T , the ground temperature, °K
0

(W341) lg the temperature gradient, ° K/km
dz
(set = 0. for isothermal atmosphere)
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SUBROUTINE TTANH +

This subroutine represents the atmospheric temperature
profile by a series of segments in which the temperature gradient is

linear. These segments are smoothly joined by hyperbolic functions:

coshi
n /c. . - c\ R
T=T + 6i
i= cosh @

" §.5RR - R)

Thus, 6. is the half-thickne ss of a region centered at approximately z.km,

in which goes from c, to c.
dz i+

1 |
The parameters c®, 6% z”» may be chosen to fit virtually any

temperature profile.

The U.S. Standard Atmosphere (1962) may be closely represented
by lettingn =4 T = 288 °K,

and
0
o_{ = -6.5 z = 15. 6 = 10.
c2 3.5 *2 = 52, 62=7.5
°q =-3.0 z3 = 95. 63 = 10.
= . = 165. 6. = 50.

- 1.0
c =
These parameters are presently specified in the subroutine's DATA

statement, rather than input through the W array.

+ Adapted from a form used by R. Lindzen.
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SUBROUTINE WCONST

This subroutine specifies constant radial (upward), zonal
(eastward) and meridional (southward) winds, except that a possible

linear height gradient of the zonal component is allowed.

ue m U6o

“n " Ud) o' ‘F)\\
u =U

r ro

Input to the subroutine are:

(W370) U , the constant upward wind, m/s
ro

(W371) U. , the constant southward wind, m/s
90

(W372) U , the ground value of the eastward wind, m/s
<o

(W376) duUd , the height gradient of u , m/s/km
lleH /\

(This subroutine should be used, with its input parameters zero, when

no wind field is desired, )
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SUBROUTINE ULOGZ

This subroutine represents the wind profile of the atmospheric

boundary layer:

Ul
u tn2 In(z+ 1)
Input to the subroutine is:
Ww372) U , the value of the eastward wind (m/s) at a height of 1 km.

é 0
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SUBROUTINE WGAUSS

This subroutine specifies a zonal wind field whose intensity

decays in a Gaussian manner in all three space dimensions.

ug = U exp (\[S§ (&ZMZ "Vw, /

Input to the subroutine are:

(w38l U , the maximum value of u
g0 b

, m/s

(W385) zo, the height where u0 , Mmaximizes

(W382) Wz’ the Gaussian width in height of u0 , km

(W386) 60, the colatitude where ub maximizes, in radians
<

(W383) Wg, the meridional width of u , in radians *

[0}

(w387) ¢ , the longitude where u maximizes, in radians
0 q
(W384) W , the zonal width of u , in radians *
* Setting W , Wg or = 0.

results in no space variation in that direction.
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SUBROUTINE WTIDE

This subroutine represents the wind field of the atmospheric
tides by zonal and meridional height profiles that are sinusoidal and
in phase quadrature. The profiles progress downward with time,

giving a "‘corkscrew" effect:

Input to the subroutine are:
(W391) Ug”, the amplitude of the meridional component, m/s
(W390) U |, the amplitude of the zonal component, m/s

b o

(W392) the vertical wavelength in km

(W393) /T, the time in wave periods
(W394) T, the wave period in seconds

(The earthfs poles should be avoided in ray calculations, as discontin-

uities appear there.)
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SUBROUTINE VVORTEX

This subroutine models a cylindrical vortex with a viscous core.
The axis of the vortex is vertical and may be positioned above any
geographic latitude and longitude. The vortex rotates anticlockwise

looking down. The "core" (inside r ) is essentially a solid-rotating

fluid, while outside r , lul falls off as the inverse radius.

o |

1.397 Rerro -1.26r /r |

Ue 2 0,
r

-1.26 r™Mr
RUT *
u 1.397 e 00 0 o

¢ 2

where r is the radial distance from the vortex center. The numerical

constants arise from a transcendental equation in the development of

the vortex field expression.

Input to the subroutine are:

(W335) U , the maximum tangential wind, m/s
0

(W331) r , the radius of the vortex core (to u = U ), km
0 o

(W332) 9q, the colatitude of the vortex center, radians

(W333) * |, the longitude of the vortex center, radians
0

(W19) Re’ the earth's radius, km
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APPENDIX C

Representative Rayplots

A few examples of the CRT plotted output of the ray-tracing
program follow. The first three figures are reproduced directly from

microfilm and consequently lack some of the neatness of a drafted

figure.
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999 ACOUSTIC WAVES IN USSA 1962 06/21/71
PERIOD= 0.00SEC, AZ= 90.00 ACOUSTIC 100KM/DIV

999 ACOUSTIC WAVES IN USSA 1962 06/22/71
PERIOD2 0.00SEC, AZ= 90.00 ACOUSTIC 100KM/DIV

Figure 2. Raypaths of acoustic waves with a frequency of about 300 Hz
in an atmosphere with no winds and a temperature profile resembling
USSA 1962. At the top, the source is at an altitude of 13 km; at the
bottom, the source is at the ground. Scale is 100 km/div.; increment
in launch angle is 10°. All rays lie in the plane of the page.
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999 ACOUSTIC WAVES IN USSA 1962+ULOGZ 10 M/S 06/23/7!
PERIOD?2 0.00SEC, AZ= 90.00 ACOUSTIC 100KM/DIV

999 ACOUSTIC WAVES IN USSA 1962+ULOGZ 10 M/S CG/23/T!
PERIOD2 0.00SEC, AZ= 90.00 ACOUSTIC 100KM/DIY

Figure 3. Raypaths of acoustic waves with a frequency of about 300 Hz
in an atmosphere with a temperature profile resembling USSA 1962
and a wind logarithmically increasing with height and blowing to the
right. The wind at a height of I km is 10 m/s and at 100 km is 66 m/s.
Scale: 100 km/div; increment in elevation angle: 10
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999 GRAVITY WAVES IN WIND SHEAR, LAM=10 KM 05/21/7!
PERIOD5 324.12SEC, AZ= 90.00 GRAVITY 100KM/DIV

999 GRAVITY WAVES IN WIND SHEAR OF .1M/S/KM 06/21/71
PERIOD5 324.12SEC, AZ= 90.00 GRAVITY 100KM/DIV

Figure 4. Raypaths for internal gravity waves, all with a total wavelength
of 10 km, as the initial direction of phase propagation (labeled on the
curves) is varied. The atmosphere is isothermal and wind increases
linearly with height by 0.1 m/s/km, blowing to the left in the top fig-
ure, and to the right in the bottom. Scale is 100 km/div.
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APPENDIX D

Application to Ocean Acoustics

Although subroutines have not yet been developed to permit direct
application of the program to underwater sound propagation, such an
extension would involve relatively little reprogramming. The effects of
gravity and ocean currents (the analog of winds) on acoustic propagation
in the sea are clearly much smaller than on atmospheric waves, and
appear to be negligible for most purposes. The effects of earth curva-
ture are also much smaller because of the small depth of the sea
compared to the earth’'s radius.

Thus, much of the power of the present program is "wasted on
ocean acoustics, the 3D capability probably being the only asset to
represent a distinct improvement over other existing ray-tracing
programs. The three-dimensional field of sound speed has apparently
not been studied extensively, and the effects of realistic three-dimen-
sional fields on sound propagation has received little, if any, analytical
attention. It might thus be profitable to examine propagation effects
of simple models of certain three-dimensional ocean features.

To apply to ocean acoustics, subroutine HASEL should probably
be modified, eliminating terms in and u) , and replacing all the
Q's with (u's. (These terms could be left in, however, just to examine
the magnitude of their influence.) The statements defining (0 and Q in
NITIAL should likewise be simplified. In TRACE, it is necessary to
provide for specular reflection at the air-sea interface, at some (input)
height above the ground, reflection at the sea bottom is already provided
for by the ground-reflection logic.

Absorption of sound in the ocean is important, and can be calcu-

lated by adding an absorption differential equation in HASEL. Empirical
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formulas are presently used, and a recent one [ Urick, 1967] is

0.1 f2 40 fZ
+ 5 x 10"4 12

1+ f2 4100 + f2

in "decibels per kiloyard", where f is the wave frequency in kHz.
Finally, it is necessary to write new subroutines to describe
various three-dimensional fields of sound speed.
Much more substantial reprogramming would be required to
account for the non-planar and imperfect reflecting properties of the

sea bottom and the sea surface, and is not presently contemplated.
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